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ABSTRACT

Knowledge of the latitudinal variations in the occurrence of gravity waves is important for their parameter-
ization in global models. Observations of gravity waves with short vertical scales have shown a pronounced
peak in wave activity at tropical latitudes. In this paper, it is shown that such a peak may be a natural consequence
of the latitudinal variation in the Coriolis parameter, which controls the lower limit for gravity-wave intrinsic
frequencies . Two distinct but related effects of this parameter on observations of gravity-wave activity arev̂
explained and explored with a simple model. The results are also compared to observed latitudinal variations
in gravity-wave activity. The authors formally distinguish between observed gravity-wave spectra and what is
called gravity-wave ‘‘source spectra,’’ the latter being appropriate for input to gravity-wave parameterizations.
The results suggest that the 25/3 dependence of the gravity-wave energy spectrum commonly assumed as inputv̂
to parameterizations is likely too steeply sloped. Much more shallowly sloped spectra for gravity-wave param-
eterization input } 20.6 2 20.7 show better agreement with observations. The results also underscore the potentialv̂ v̂
importance of intermittency in gravity-wave sources to the interpretation of gravity-wave observations.

1. Introduction

Several recent studies have derived geographical var-
iations in gravity-wave activity from observations in the
lower stratosphere. Tsuda et al. (2000) used data from
the Global Positioning System (GPS) Meteorology
(GPS/MET) project, Allen and Vincent (1995) and Hir-
ota (1984) analyzed observations from high-resolution
radiosondes, Eckermann et al. (1995) analyzed rocket
measurements, Fetzer and Gille (1994) used data from
the Limb Infrared Monitor of the Stratosphere (LIMS)
satellite data, Wu and Waters (1996) and McLandress
et al. (2000) used Microwave Limb Sounder (MLS) sat-
ellite data, and Eckermann and Preusse (1999) show
results from Cryogenic Infrared Spectrometers and Tele-
scopes for the Atmosphere (CRISTA). Such observed
variations provide potentially useful constraints for
gravity-wave parameterizations that must specify grav-
ity-wave sources somewhere in the lower atmosphere
in global models. How these sources vary remains an
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enormous source of uncertainty in the application of
these parameterizations (e.g., Rind et al. 1988; Kinner-
sley 1996; Medvedev et al. 1998; Manzini and Mc-
Farlane 1998; Alexander and Dunkerton 1999). Ideally,
our knowledge of wave sources and our understanding
of the mechanisms for wave generation would be com-
plete enough that parameterized gravity waves could be
specified with realistic properties at appropriate times
and locations according to these sources. Currently only
topographic wave sources are parameterized this way
with moderate success. State of the art global models
that try to include parameterized gravity waves from
other sources specify some simple latitudinally varying
distribution of gravity waves at an arbitrary level in the
troposphere or lower stratosphere (Scaife et al. 2000;
Manzini and McFarlane 1998; Medvedev et al. 1998).

Although it is hoped that global variations observed
in gravity waves can be used to constrain these param-
eterizations, the interpretation of these variations must
first be considered carefully (Eckermann 1995; Alex-
ander 1998). Because each observation method has a
unique set of capabilities and limitations, and because
gravity wave properties cover a very broad range, each
observation method will only detect some fraction of



15 APRIL 2002 1395A L E X A N D E R E T A L .

FIG. 1. Observations of gravity-wave potential energy vs latitude averaged over 18–25-km altitudes in the lower
stratosphere. (a) Diamonds show GPS/MET observations (Tsuda et al. 2000) filtered to include vertical wavelengths
1.5–10 km and averaged over all the available data, including months May through Feb. Triangles show Australian
radiosonde data (Allen and Vincent 1995) averaged over a full year. The radiosondes include vertical wavelengths
0.75–7 km. (b) Diamonds are the same as in (a) and squares show the same GPS/MET data filtered to include vertical
wavelengths 1.5–5 km. The dashed and dotted curves represent theoretical potential energy for Kelvin waves with 10-
and 5-km vertical wavelengths, respectively. These represent the Kelvin wave energy superimposed on a background
level of contstant gravity-wave activity with latitude.

the waves that may be occurring. Alexander (1998) re-
ferred to these limitations as ‘‘observational filters.’’
Fairly simple models can be used to quantify the effects
of observational filters in order to aid in the interpre-
tation of patterns observed in gravity-wave activity. Re-
cent studies employing these methods include Ecker-
mann and Preusse (1999) for interpreting a CRISTA
mountain wave event, McLandress et al. (2000) for in-
terpretation of geographical variations in the MLS grav-
ity-wave observations, Alexander and Vincent (2000)
for interpretation of seasonal and interannual variations
in gravity waves appearing in tropical radiosonde pro-
files, and Preusse et al. (2000) for use in a comparison
study of different satellite observations.

Gravity wave temperature variance derived from both
GPS (Tsuda et al. 2000) and radiosonde (Allen and Vin-
cent 1995) observations show peaks at low latitudes
when averaged over annual or seasonal timescales (see
Fig. 1). These data were analyzed by subtracting a
smoothly varying background vertical profile then as-
suming that the remaining fluctuations were gravity
waves. This procedure applies a high-pass observational
filter on the vertical wavenumber spectrum of the waves
that may be present. (There is also a limit on the shortest
observable vertical wavelengths related to the vertical
resolution.) Previous analyses of radiosonde and rocket
profiles have demonstrated that these short vertical scale
fluctuations display properties of low intrinsic frequency

inertia–gravity waves (Hirota 1984; Hamilton 1991;v̂
Eckermann et al. 1995; Vincent et al. 1997; Vincent and
Alexander 2000; Alexander and Vincent 2000). It will
be shown below that observations like these that include
low-frequency waves can be expected to show a peak
in gravity-wave activity at the equator. Other examples
are observations from the LIMS satellite (Fetzer and
Gille 1994, 1996) and the Space Shuttle CRISTA ex-

periment (Eckermann and Preusse 1999; Preusse et al.
2000).

Some of these studies have also inferred a preference
toward eastward propagation of these waves leading to
the suggestion that the equatorial maximum in potential
energy Ep may be due to short vertical-wavelength
Kelvin wave modes (Eckermann 1995). Indeed, Kelvin
waves with vertical wavelengths as short as 3 km have
been observed at the equator (Holton et al. 2001). How-
ever, Kelvin wave variance has a predictable latitudinal
width that varies in proportion to the vertical wave-
length. It will be shown in section 2 that this width is
much narrower than the equatorial peak in Fig. 1.

We present two perspectives on the interpretation of
the observed latitudinal variations in gravity-wave en-
ergy. Both perspectives will be shown to imply that
these observations are dominated by the lowest intrinsic
frequency gravity waves, and that the occurrence of a
low-latitude peak is directly related to the variation in
the Coriolis parameter with latitude. An issue that we
try to emphasize here is that observed spectra of gravity
wave energy do not directly provide the constraints
needed to parameterize gravity wave effects in global
models. Parameterizations that rely on local instability
theory to describe wave dissipation (e.g., Lindzen 1981;
McFarlane 1987; Warner and McIntyre 2001; Hines
1997; Alexander and Dunkerton 1999) need as input a
distribution of gravity wave amplitudes at some refer-
ence level (or source level). If there is intermittency in
wave forcing, these wave amplitudes will differ from
the temporally and/or spatially averaged amplitudes that
result from spectral analysis. In addition, monthly or
seasonal means of wave activity are commonly reported.
Studies such as Ecklund et al. (1986) and Sato (1990)
underscored the potential importance of intermittency
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for high-frequency waves that dominate vertical veloc-
ity observations.

The theoretical ideas presented here illustrate how
differences between an intermittently forced wave spec-
trum and a continuously forced spectrum can be im-
portant. The framework employed is, however, highly
simplified: effects of shear (e.g., Fritts and VanZandt
1987) are neglected here. However, for the time-mean
observations in the lowermost stratosphere to which we
compare our theoretical results, shear effects are min-
imized. The wave sources are further treated as un-
varying in latitude, an assumption applied partly for the
purpose of isolating the effects of the Coriolis parameter
and also for lack of a more complete understanding of
wave sources.

Section 2 describes the observations in more detail,
and section 3 presents the basic theoretical ideas and
resulting calculations for comparison to the observa-
tions. A summary and discussion follow (section 4), and
brief conclusions appear in section 5.

2. Observed latitudinal variations in short
vertical-wavelength waves

Figure 1a shows latitudinal variations in gravity-wave
potential energy Ep derived from temperature pertur-
bation measurements in the lower stratosphere from the
GPS/MET satellite observations (Tsuda et al. 2000) and
from Australian radiosonde observations (Allen and
Vincent 1995) for altitudes in the lower stratosphere,
18–25 km. The GPS/MET observations include waves
with vertical wavelengths 1.5–10 km, and these data
include only the months May through February with no
data in the Southern Hemisphere late-summer-to-fall
season. These missing months and the annual migration
of intertropical convergence zone (ITCZ) convection
across the equator may explain why the peak is not
centered on the equator but shifted toward the north.
The radiosonde observations represent a full year of data
but only at a limited range of latitudes and longitudes
near Australia.

The observations show large increases in gravity-
wave activity at low latitudes. The ratio of low-latitude
(58) to higher-latitude (358) potential energy is 1.9 av-
eraged over all seasons of the GPS observations (dia-
monds in Fig. 1b). Substantially more activity begins
to appear at latitudes equatorward of 308. This is one
indication that the low-latitude peak is not solely due
to contamination by equatorial planetary-scale waves,
which would be confined much more closely to the
equator (Andrews et al. 1987). Another indication is
that the peak persists after filtering waves with vertical
wavelengths .5 km from the data (squares in Fig. 1b),
a procedure that should eliminate the dominant plane-
tary-scale wave perturbations (Andrews et al. 1987).
The dashed and dotted lines plotted in Fig. 1b show
potential energies for Kelvin waves with vertical wave-
lengths of 10 and 5 km, respectively. The b-plane ap-

proximation to the latitudinal variation of Kelvin wave
energy has the form exp(2 | m | f 2/bN), where m is the
vertical wavenumber, b 5 2V/a (V 5 7.292 3 1025

s21, the earth’s rotation rate; and a 5 6378 km, earth’s
equatorial radius), f 5 2V sinf ; baf is the Coriolis
parameter (f 5 latitude), and N 5 0.02 s21, buoyancy
frequency. The Kelvin wave energy is normalized in
Fig. 1b to equal the observed Ep at 58 latitude to illustrate
that even if all of the observed signal at that latitude
were due to Kelvin waves, such waves cannot explain
the increase that appears equatorward of 308 latitude.
Note also that equatorially trapped planetary-scale Ross-
by–gravity and inertia–gravity waves have the same lat-
itudinal decay scale in amplitude as that shown for
Kelvin waves (Fig. 1b).

Further evidence that the low-latitude peak in these
data is associated primarily with inertia–gravity waves
comes from analyses of radiosonde data similar to these
but that included horizontal wind vector measurements
(Kitamura and Hirota 1989; Tsuda et al. 1994; Ogino
et al. 1995; Vincent and Alexander 2000). These data
have clearly shown elliptical polarization relationships
between the horizontal wind components that are the
signature of inertia–gravity waves, those with ; f .v̂
Such observations have also shown a ratio of kinetic to
potential energies .1 (Vincent and Alexander 2000),
consistent with low-frequency gravity waves. The ra-
diosonde observations (triangles in Fig. 1a) only cover
latitudes 128 and higher, but a clear increase at lower
latitudes is obvious even there. The ratio of potential
energy at 128 to that at 358 is 1.9 in these data.

For the remainder of this paper, the waves in the
observations in Fig. 1 will be assumed to be internal
gravity waves satisfying the dispersion relation,

2 2 2 2N k 1 f m
2v̂ 5 . (1)

2 2k 1 m

We again note that the observations closest to the equa-
tor could still include contamination from some Kelvin
wave modes or from equatorially trapped inertia-gravity
wave modes. The latter have a different dispersion re-
lationship and group velocity dependence on frequency
than treated here. Such differences would affect the cal-
culations in sections 3b and 3c. These waves alone,
however, cannot explain the existence of the low-lati-
tude peak seen in the observations because their lati-
tudinal widths are much narrower than the observed
peak.

The data in Fig. 1 therefore show that short vertical
wavelength gravity wave potential energy increases
from mid- to low latitudes by a factor ;2. We next
explore some effects that may account for this low-
latitude energy peak.

3. Latitudinal variations in low-frequency gravity
waves

The Coriolis parameter f sets the low intrinsic fre-
quency limit for gravity waves. Vertical shear in thev̂
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FIG. 2. Variation of the longest-allowed period for gravity waves
as a function of latitude.

FIG. 3. Illustration of latitudinal variations associated with a red
variance spectrum } 25/3. The dark gray area represents the integralv̂
over the gravity-wave spectrum at 408 latitude. The light gray area
represents the additional contribution to the integral closer to the
equator at 58 latitude.background wind can shift as the wave propagatesv̂

vertically through the atmosphere, but in the limit | |v̂
→ | f | , the wave’s vertical wavelength lz and vertical
group velocity cgz both → 0. This level is a critical level
for the wave, and dissipation or instability would likely
obliterate the wave perturbations near or below this level.

The longest gravity-wave period 2p/ | f | (Fig. 2)
varies with latitude because of the variation in the Cor-
iolis parameter f . This theoretical limit on gravity-wave
period actually increases to infinity at the equator, but
only latitudes poleward of 58 are plotted.

The equatorial peak that appears in Fig. 2 could lead
to a peak in gravity-wave temperature variance in any
set of measurements sensitive to low-frequency waves
via two effects.

1) If the forcing for gravity waves generates an in-
trinsic frequency spectrum that is ‘‘red’’ (i.e., the
temperature spectrum varies as 2p where p . 0),v̂
then as the maximum allowed period for gravity
waves becomes longer near the equator, the wave
variance near the equator would increase.

2) The vertical group velocity of gravity waves de-
creases with decreasing . As the minimum allowedv̂

decreases near the equator, the lowest-frequencyv̂
waves will take longer and longer to propagate
through the altitude region in the stratosphere where
they are observed. If there is intermittency in the
forcing of these waves, such as might be expected
if convection were the source, then the probability
of observing the waves increases at the equator also.
Gravity-wave activity averaged over some longer
timescale, such as a month, would then peak at the
equator as well.

The second group velocity effect described in effect 2
above was noted by Thompson (1978) in reference to
inertia–gravity waves in radiosonde observations. We
will develop a simple theoretical model for exploring

these effects that will help to relate the observations to
constraints that are needed as input to gravity wave
parameterizations. Exploring and quantifying the effects
of the two hypothesized mechanisms above is the sub-
ject of the present paper. The results will be compared
to observations and used to aid in the interpretation of
the observed latitudinal variations in gravity-wave
sources.

a. Effects of a wave spectrum } 2pv̂

Figure 3 illustrates how a red energy spectrum could
contribute to latitudinal variations in observed gravity-
wave variance. Assuming the observed potential energy
Ep represents an integral over the spectrum Eo( ) fromv̂
the inertial frequency f to the buoyancy frequency N,

N

E (f) 5 E (v̂) dv̂, (2)p E o

f (f)

will be a function of latitude. The integral can be eval-
uated analytically for forms Eo 5 B 2p such thatv̂

12p 12pB(N 2 | f (f)| )/(1 2 p) for p ± 1
E (f) 5p 5B(ln|N/ f (f)|) for p 5 1.

(3)

Observations do not generally quantify the intrinsic
frequency spectrum of gravity waves. Instead, thev̂
gravity-wave frequency spectrum relative to the ground
v is most commonly observed. For a linear gravity wave
with horizontal wavenumber k,

v̂ 5 v 2 uk, (4)

where is the background wind speed in the directionu
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FIG. 4. Latitudinal variations in normalized variance assuming no
intermittency in the wave sources and a source spectrum proportional
to 2p where p 5 5/3 (dashed), p 5 1.3 (solid), p 5 1 (dotted). Thesev̂
curves demonstrate the effects of effect 1.

of wave propagation. Observations of gravity wave hor-
izontal wind and temperature spectra vary approxi-
mately }v25/3 (Fritts and VanZandt 1993). Warner and
McIntyre (1996) have proposed that an intrinsic fre-
quency spectrum } 21 near the tropopause gives a bet-v̂
ter fit to mesospheric observations than 25/3. Quinnv̂
and Holzworth (1987) reported quasi-Lagrangian den-
sity spectra obtained from balloons at 26-km altitude.
These suggest an intrinsic frequency spectrum ; 25/3v̂
for short period waves #3 h at ;458S. Hertzog and Vial
(2001) also show vertical wind spectra from similar bal-
loon flights at equatorial latitudes. From these, a poten-
tial energy spectrum ; 22 is inferred for short-periodv̂
waves and a much flatter spectrum for longer-period
waves. Note that the mechanism illustrated in Fig. 3
would suggest that only rather long-period gravity
waves, primarily those with frequencies lower than
high-latitude values of f , would be the ones responsible
for most of the latitudinal variation in Ep. These existing
constraints therefore still permit a wide range in the
shape of the spectrum at low frequencies, so we varyv̂
it here as 2p with 5/3 $ p $ 1 to illustrate a range ofv̂
effects.

Figure 4 shows the function Ep(f) for three values
of p. Each curve has been normalized to unity at f 5
358. At p 5 1, Ep varies only very weakly with latitude.
As p increases, however, dramatic increases in the Trop-
ics appear. In the GPS observations (Tsuda et al. 2000),
the ratio of variance Ep(58)/Ep(358) ; 1.9, so a value
p ; 1.3 for low-frequency waves would be implied by
this simple model to best fit the observations. By low
frequency, we mean waves with periods longer than
;12–20 h.

If gravity waves were forced continuously at all fre-
quencies, then an equation like (3) could represent ob-
servations. The value of p 5 1.3 seems low in light of
radar and radiosonde data (Fritts et al. 1990; Shimizu

and Tsuda 1997) that indicate energy spectra propor-
tional to v25/3, and the balloon data cited above indicate
steeper intrinsic frequency spectra as well, particularly
at shorter periods less than 1 day. If there is intermit-
tency in the forcing of gravity waves, however, as would
be expected for tropical convectively generated gravity
waves, then the group velocity effects in effect 2 could
also be important. These group velocity effects will tend
to steepen the observed spectrum over a wide range of
intrinsic frequencies. These effects are explored in the
next section.

b. Group velocity effects with intermittent wave
sources

In linear theory, the vertical group velocity cgz of a
gravity wave is,

2 22(v̂ 2 f )
c 5 , (5)gz

2 2v̂ 2 f
v̂m 1 1

2 21 2N 2 v̂

where m is the vertical wavenumber. For upward prop-
agating gravity waves, m , 0 and cgz . 0. Assumingv̂
there is some spatial and temporal intermittency in grav-
ity-wave forcing, then waves of different frequency
would be expected to propagate at different speeds
across the altitude layer in which they can be observed.
Intermittent wave packets have been seen in radar (Sato
et al. 1997) and radiosonde (Pfister et al. 1986; Zink
and Vincent 2001) observations in the lower strato-
sphere.

To quantify this effect, we assume a packet can be
described by some discrete and m (e.g., associatedv̂
with a central value or spectral peak). Then neglecting
vertical shear, the time t it will take for the packet to
travel across the height region Dz in which it can be
observed is given by

Dz
t 5 . (6)

cgz

For comparison to the data plotted in Fig. 1, Dz will be
7 km.

Let e0 represent the fractional area of the observed
region that the wave packet covers. For the zonal-mean
GPS observations, for example, e0 would be the ratio
of the areal footprints of wave packets divided by the
area of a 108 wide latitude band. Let t1 be the duration
of the wave forcing and t2 be the time interval between
forcing periods. If we then treat the wave packet as a
thin pancake, as if the packet depth KDz (or t2 k t1),
then the probability P of observing the packet is

e Dz0P 5 # 1. (7)
t c (v̂)2 gz

Note the additional constraint that the probability of
observing the wave cannot exceed unity.

Figure 5 shows examples of the dependence of this
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FIG. 5. Curves showing probability of observation as a function
of wave intrinsic frequency at three different latitudes: 58, 358, and
658. For each curve, a vertical wavelength of 2.5 km, and a source
intermittency of 1 day has been assumed. The probability is very low
at high because of the very fast vertical group velocities of thesev̂
waves. The probability then climbs steeply toward 1 as approachesv̂
f . The curves go immediately to zero at 5 f , the gravity wavev̂
low-frequency limit.

FIG. 6. Latitudinal variations in normalized potential energy due
to the probability effect associated with the group velocity depen-
dence on . Wave source intermittency periods t2 of 5 days (dashed),v̂
1 day (solid), and 0.5 day (dot–dashed) are shown. These curves
demonstrate the effects of effect 2.

probability function versus intrinsic frequency for
waves with vertical wavelength lz 5 2.5 km, e0 5 0.2,
and t2 5 1 day. It is clear from the shape of these
probability functions that the group velocity effect will
greatly emphasize low-frequency waves in observa-
tions. Parameter e0 in (7) might also have some depen-
dence on that, if present, would likely further enhancev̂
the low-frequency bias. Further, if the horizontal data
sampling were sparse, and if observation points lay
some distance from common source locations, then low-
frequency waves with very large horizontal-to-vertical
group velocity ratios might be additionally enhanced in
observations because such waves can propagate farther
horizontally from their sources before leaving the lower
stratosphere. These effects will be neglected here, so
we are assuming a sufficiently dense observation grid,
and for lack of constraints, a constant e0. We have also
chosen lz to match the peak energy in the spectrum
observed in the lower stratosphere (Tsuda et al. 1994;
Allen and Vincent 1995; Shimizu and Tsuda 1997; Tsu-
da et al. 1991). Such observations suggest little or no
variation in the peak lz with latitude.

It is clear in Fig. 5 that the area under these curves
has a latitudinal dependence. This is shown in Fig. 6
for three different intermittency periods t2 5 0.5, 1, and
5 days. These latitudinal variations isolate the proba-
bility of observation effect. If every wave at any fre-
quency were generated with the same amplitude tem-
perature perturbation and same spatial and temporal in-
termittency at each latitude, these curves would describe
the variation in Ep(f) that would be observed. The effect
never gives more than a 20% increase from 358 to 58,
and choosing other vertical wavelengths or values of e0

give similar results.

c. Combined effects

The calculations in Fig. 6 isolated only the group
velocity effect. If waves at different frequencies are not
generated with equal temperature amplitude and there
is intermittency in the forcing, a different latitudinal
dependence would result as a combination of the effects
described in sections 3a and 3b.

Here we must take a moment to define what we will
call a gravity wave source spectrum Es and to distinguish
that from the spectrum that can be observed Eo. The
source spectrum Es describes the distribution of wave
energy generated by the source. Since the focus of this
paper is on tropical and subtropical latitudes, the main
source is likely convection. The spectrum Es describes
local gravity-wave amplitudes, information a gravity
wave parameterization requires as input. The reason a
distinction between Eo and Es must be made is partly
related to the diluting effects of averaging when dealing
with intermittent phenomena, and partly due to the fact
that gravity wave parameterizations neglect the propa-
gation time effects related to wave vertical group ve-
locity. Parameterizations make the simplifying assump-
tion that the input waves instantaneously affect the col-
umn of atmosphere above.

The observable spectrum Eo is instead one that could
be derived from a Lagrangian frame of reference such
as from balloons floating on a constant pressure surface
(Quinn and Holzworth 1987; Hertzog and Vial 2001)
from which intrinsic frequency spectra can be derived.
Here, Eo and Es are related to one another via the prob-
ability of observation function described in section 3b
and Eq. (7). The potential energy source spectrum is
related to wave temperature amplitudes at the source

( ) viaT9 v̂s

221 g T9(v̂) 1sE (v̂) 5 , (8)s 1 2 [ ]2 N T Dv̂
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FIG. 7. Latitudinal variations in normalized variance allowing for
both the effects of source intermittency and a source spectrum pro-
portional to 21. The intermittency varies in each curve: 2 daysv̂
(dashed), 1 day (dash–dotted), 0.5 day (dotted), and no intermittency
(solid). These curves demonstrate the combined effects of effects 1
and 2.

FIG. 8. Gravity-wave potential energy vs latitude. The symbols
show the observations: Australian radiosondes (triangles), and GPS/
MET observations (diamonds). The curves are model results with
different parameters: q 5 1.3 with no intermittency (dashed), q 5
0.7 with 0.8-day intermittency (solid), and q 5 0.5 with 2-day in-
termittency (dash–dotted). All three give the same ratio Ep(58)/Ep(358)
; 2, but result in different total potential energies.

where is background temperature and g is the grav-T
itational acceleration. The observable spectrum Eo is
then related to Es via

E (v̂) 5 E (v̂)P(v̂).o s (9)

Given the shapes of the functions P( ) shown in Fig.v̂
5, the observable spectrum would be identical to the
source spectrum at very low where P 5 1, but Eov̂
would be much more steeply sloped than Es at higher

. For midrange frequencies, f K K N, the groupv̂ v̂
velocity cgz ; /m, so the probability defined in (7) isv̂
P } 21. The group velocity effects embodied in Pv̂
therefore steepen the observed spectrum compared to
the source spectrum over a wide range of , and thisv̂
implies that source spectra input to gravity-wave pa-
rameterizations should be flatter than commonly as-
sumed. The observed potential energy as a function of
latitude can be written as

N

E (f) 5 E (v̂)P(v̂) dv̂. (10)p E s

f (f)

Figure 7 shows the normalized potential energy Ep(f)
assuming a source spectrum Es( ) } 21 and four valuesv̂ v̂
of the intermittency period t2 5 0, 0.5, 1, and 2 days.
Including both effects together, both the frequency spec-
trum shape and the group velocity effect, give a larger
low-latitude peak than either effect gives alone. This
occurs because the probability functions (Fig. 5) weight
the integral (10) toward low where the latitudinalv̂
variations associated with f occur. For higher intermit-
tency, the slope of Eo is steepened by P over a broader
range of (P → 1 at lower ).v̂ v̂

In summary, the results in Figs. 4, 6, and 7 suggest
the observed change in potential energy of a factor of
;2 from subtropical to low latitudes (Fig. 1) could be

explained with several different combinations of the pa-
rameter t2 and the slope q of the source spectrum

2qE } v̂ .s (11)

The ambiguity in these different interpretations can be
somewhat removed by applying constraints on the nor-
malization of Eo. Constraints exist on temperature var-
iance for ground-based periods in the 1- to 3-day-period
range near the equator (Sato et al. 1994). Sato et al.
(1997) have argued the waves in these observations to
be minimally affected by Doppler shifting, such that v
; for these observations. Figure 7c of Sato et al.v̂
(1994) shows significant interannual variations associ-
ated with quasi-biennial oscillation (QBO) wind vari-
ations. The time-mean variance is ;2 K2. The four-
times-daily radiosonde observations near the equator at
Nauru (Boehm and Verlinde 2000; Holton et al. 2001)
suggest a value ;1.4 K2 in this period range. To nor-
malize the spectrum in Eq. (10), we therefore apply

21 v222 1 g
2T E (v̂) dv̂ ; 1.7 K , (12)E o21 22 N

v1

where is the annual-averaged temperature in the 18-T
to 25-km region and v1 5 2p (3 day)21 and v2 5 2p
(1 day)21.

Figure 8 shows latitudinal potential energy distribu-
tions Ep(f) that result from this normalization and sev-
eral combinations of the parameters t2 and q. For sources
that are continuously generating waves (t2 5 0, dashed
curve), the potential energies are generally larger than
the observations. The lowest values of potential energy
occur for intermediate t2 ; 0.5 to 1 day and moderately
shallow source spectrum slopes Es } 20.6 to 20.7 (solidv̂ v̂
line). For very intermittent sources with very shallow



15 APRIL 2002 1401A L E X A N D E R E T A L .

FIG. 9. Observable energy spectra Eo( ) matching the three casesv̂
with the same parameter combinations and shown with the same line
styles as the curves in Fig. 8: q 5 1.3 with no intermittency (dashed),
q 5 0.7 with 0.8-day intermittency (thick solid), and q 5 0.5 with
2-day intermittency (dash–dotted). The thin solid line shows a spec-
trum } 25.3 for reference.v̂

FIG. 10. (a) Observable momentum flux spectra vs intrinsic frequency matching the three cases with the same parameter combinations
and shown with the same line styles as the curves in Figs. 8 and 9: q 5 1.3 with no intermittency (dashed), q 5 0.7 with 0.8-day intermittency
(thick solid), and q 5 0.5 with 2-day intermittency (dash–dotted). (b) Momentum flux spectra for the same cases as (a) but these are the
associated spectra that would be appropriate for input to a GCM.

sloping Es (dash–dotted curve) the potential energy is
again larger because the normalization (12) applied at
low frequencies boosts the wave amplitudes throughout
the spectrum.

Each of the three curves in Fig. 8 also implies a
different shape of the observable spectrum Eo( ) cal-v̂
culation via (9) which are shown in Fig. 9 at 58 latitude.
The intermediate case (t2 5 0.8 day, q 5 0.7, solid line)
results in an observable spectrum with a shape ; 25/3v̂
for periods shorter than about 35 h ( . 5 3 1025 s21).v̂
The spectra that include intermittency (solid and dot–
dashed lines) also display steeper slopes at lower fre-
quencies where the probability of observation P → 1.
These spectra then become quite flat where P 5 1 be-
cause in this region of the spectrum p 5 q and Eo 5

Es. The spectrum also falls off steeply at very high v̂
for the cases with intermittency near the buoyancy fre-
quency N. The reason for this change is the term in the
denominator of the group velocity (5) that involves N.

The normalization in (12) is rather uncertain, and the
potential energies in Fig. 8 scale with this normalization
factor. This uncertainty (in addition to the numerous
simplifying assumptions made in these calculations)
means we cannot derive any quantitative values for
gravity-wave parameterization inputs from the observed
latitudinal variations in gravity-wave potential energy
with the information at hand. The above analysis, how-
ever, does provide some new perspectives on the inter-
pretation of the observations that may allow subsequent
studies to provide better constraints for gravity-wave
parameterization inputs.

To underscore the importance of these group velocity
effects to gravity-wave parameterization inputs, Fig. 10
shows momentum flux spectra that are consistent with
the three cases discussed earlier: no intermittency (t2 5
0 day, p 5 1.3, dashed line); moderate intermittency (t2

5 0.8 day, q 5 0.7, solid line); and high intermittency
(t2 5 2 day, q 5 0.5, dash–dotted line). Fritts and
VanZandt (1993) give the theoretical conversion be-
tween potential energy and momentum flux. The curves
in Fig. 10a (left panel) represent observable momentum
flux spectra [derived from Eo( ) thereby including thev̂
probability of observation effect]. The steepest of these
is the moderate intermittency case for which the flux
spectrum ; Eo( ) } 20.7 for medium frequencies fv̂ v̂ v̂
K K N. For comparison, the constant pressure bal-v̂
loon data reported by Hertzog and Vial (2001) suggest
a momentum flux spectrum ; 21 for frequencies higherv̂
than 2p 1 day21.

Momentum flux source spectra for these same three
cases are shown in Fig. 10b. These would be the cor-
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responding spectral shapes appropriate for input to a
gravity-wave parameterization. The difference between
the curves in Figs. 10a and 10b is the probability of
observation P( ) } 21 for f K K N. The conclusionv̂ v̂ v̂
that follows is that when intermittency in the wave
sources is considered in the interpretation of the ob-
served momentum flux spectra, GCM parameterizations
should input momentum flux spectra that are either flat
or increase with intrinsic frequency, in contrast to tra-
ditional choices.

4. Summary and discussion

Knowledge of the latitudinal variations in the gen-
eration of gravity waves is important for their param-
eterization in global models. Observations of gravity
waves with short vertical scales have shown a pro-
nounced peak in wave activity at tropical latitudes (Fig.
1). In this paper, it is shown that such a peak would be
a natural consequence of the latitudinal variation in the
Coriolis parameter, which controls the lower limit for
gravity-wave intrinsic frequencies (Fig. 2). Two distinct
but related effects of this parameter on observations of
gravity-wave activity are explained and explored with
a simple model. The results are also compared to ob-
served latitudinal variations in gravity-wave activity.

The results suggest that the intrinsic frequency spec-
trum of the wave sources Es is likely much flatter than
commonly assumed for source spectra input to gravity-
wave parameterizations. Intermittency in gravity-wave
forcing in the Tropics is also implied (t2 . 0). The
uncertainty in the normalization of the spectrum used
in these calculations still leaves considerable uncertainty
in the interpretation of the observations. Further, the
model described here assumes no latitudinal variations
in the shape of the wave spectrum or the intermittency.
If these assumptions are incorrect we are left with an
even greater uncertainty in the interpretation.

Additional constraints on intermittency must come
from observations or models (e.g., Alexander 1996;
Zink and Vincent 2001). Intermittency is also applied
as a normalization in the Alexander and Dunkerton
(1999) gravity-wave parameterization and is a potential
rationale for the fudge factors applied in other param-
eterizations (Lindzen 1981; Holton 1982; Hines 1997).
However, no consistent definition of this quantity exists.
We hope the simple formulas presented in this paper
may provide a first step toward defining intermittency,
illustrating its role in relating gravity-wave parameter-
ization inputs to observations, and stimulating new anal-
yses of observations to help constrain it. Observational
constraints from analyses such as Zink and Vincent
(2001) using wavelet transform techniques to quantify
intermittency are still difficult to interpret because the
observations themselves are already biased towards ob-
serving low waves by the group velocity effects de-v̂
scribed in the present paper. The necessary constraints
may only come from better understanding of wave gen-

eration mechanisms so that by observing the wave
sources themselves (e.g., latent heating in convection or
cloud morphology) we may be able to quantify inter-
mittency in wave forcing using models such as that in
Bergman and Salby (1994).

The results also highlight that the observed latitudinal
variations in short vertical wavelength waves only pro-
vide constraints on the low-frequency gravity waves
with ; f 2 4 f . Figure 5 suggests that the range ofv̂
intrinsic frequencies observed should increase with de-
creasing latitude as | f | decreases. This is a consequence
of waves having intermittent sources. The dominance
of low intrinsic frequencies in observations of short ver-
tical wavelength waves is also consistent with obser-
vational analyses (Hirota 1984; Hamilton 1991; Eck-
ermann et al. 1995; Vincent et al. 1997; Vincent and
Alexander 2000; Alexander and Vincent 2000). Longer
vertical wavelength and higher-frequency waves may
have very different latitudinal variations (Wu and Wa-
ters 1996; Alexander 1998; McLandress et al. 2000).
High-frequency waves certainly occur in the Tropics as
evidenced by satellite observations (Dewan et al. 1998;
McLandress et al. 2000); they are simply a small con-
tributor to the short vertical wavelength signal in strato-
spheric temperature observations. The relative impor-
tance of high- and low-frequency waves to the net mo-
mentum flux carried vertically by tropical waves
remains undetermined.

Figure 5 may also provide an interpretation of the
frequency spectra shown in Sato et al. (1999) where a
high-resolution GCM showed pronounced peaks near v
; f (f) at latitudes higher than ;108 and distributed
over a broader range of v at lower latitudes. Figure 5
shows this would be a natural result of the analysis if
there were intermittency in the wave forcing in the mod-
el. The model analyzed by Sato et al. (1999) was an
aquaplanet very high-resolution GCM, and one of the
primary wave forcing mechanisms was convection.

Vincent et al. (1997) showed that low , 2 f wavesv̂
were more likely to be observed in radiosonde data at
Macquarie Island (558S) than a model spectrum of grav-
ity waves Eo } 2p with p 5 5/3 would predict, andv̂
Nastrom et al. (1997) describe a similar finding. The
probability effects shown in Fig. 5 and associated spec-
tra in Fig. 9 may explain these observed low biases.v̂

The observed peak in short vertical wavelength wave
activity at low latitudes is not a direct indication of
variations in gravity-wave sources as a function of lat-
itude. The present work suggests that while there is
likely an increase of net energy in gravity waves at low
latitudes, the increases may be due only to a rather small
increase in the creation of gravity-wave energy at low
latitudes. (Note that larger energy at low latitudes could
exist either because low-frequency waves are generated
with larger amplitudes than the high-frequency waves,
or equivalently because low-frequency-wave sources
are less intermittent than high-frequency-wave sources.
Either would give a time-averaged red spectrum.)



15 APRIL 2002 1403A L E X A N D E R E T A L .

The model results shown here suggest that if rela-
tively small increases in the creation of gravity-wave
energy at low latitudes occurs preferentially at the low-
est , then the observed gravity-wave energy at lowv̂
latitudes will be enhanced by a much larger amount.
The explanation is that low-frequency waves have slow-
er vertical group velocities, so they will (all other things
being equal) appear more frequently in the lower strato-
sphere than higher-frequency waves. Thompson (1978)
put it this way: ‘‘. . . once a packet of inertial waves is
generated, it is in no hurry to leave the source region.
Therefore, we expect to see waves with near-inertial
period long after the higher-frequency waves have dis-
persed.’’

Larger energies at low latitudes do not imply larger
momentum fluxes. The low waves likely carry muchv̂
smaller momentum flux relative to higher waves, sov̂
that in terms of momentum flux generated by sources
as a function of latitude, the numbers may be smaller
in the Tropics than at higher latitudes. This has impli-
cations for the relative fluxes at mid- and low latitudes
assumed for parameterized gravity waves in studies such
as Manzini and McFarlane (1998) and Scaife et al.
(2000).

We note again that if any of the parameters assumed
to be constant in latitude in this study instead vary with
latitude, then different latitudinal variations in the mod-
eled potential energy would result. The parameters that
could have a large effect on the results are the values
of the frequency spectrum exponent q, the intermittency
period t2, the spatial intermittency e0, and the spectral
normalization. Because these parameters are not well-
known, the results shown here can only be used to pro-
vide an interpretation of the low-latitude peak observed
in gravity wave potential energy in a fairly qualitative
sense.

5. Conclusions

There are four main conclusions we can draw.

1) We distinguish between observed intrinsic frequency
spectra Eo and ‘‘source spectra’’ Es. The latter is
more relevant for constraining gravity wave param-
eterization input.

2) Over midrange frequencies f K K N, the sourcev̂
spectra have a greater dependence on high-frequency
waves such that if Eo } 2p then Es } 12p. Thisv̂ v̂
follows from the intrinsic frequency dependence of
the vertical group velocity for fixed m and inter-
mittency in wave forcing and is formalized here in
a ‘‘probability of observation’’ function P.

3) The dependence of group velocity and P on intrinsic
frequency may explain the low-frequency bias in
stratospheric gravity-wave observations (Nastrom et
al. 1997; Vincent et al. 1997).

4) The waves observed at low latitudes in Fig. 1 have
low intrinsic frequencies with near f . Becausev̂

momentum flux ; E, the low-latitude energy peakv̂
does not imply a corresponding low latitude peak in
momentum flux.
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