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ABSTRACT

We outline a method for quantifying the performance of extrapolation methods for magnetic fields. We extrapolate
the field for two model cases, using a linear force-free approach and a nonlinear approach. Each case contains a
different topological feature of the field that may be of interest in solar energetic events. We are able to determine
quantitatively whether either method is capable of reproducing the topology of the field. In one of our examples, a
subjective evaluation of the performance of the extrapolation suggests that it has performed quite well, while our
quantitative score shows that this is not the case, indicating the importance of being able to quantify the performance.
Our method may be useful in determining which extrapolation techniques are best able to reproduce a force-free field
and which topological features can be recovered.

Subject headinggs: magnetic fields — methods: numerical — Sun: corona

1. INTRODUCTION

The atmosphere of the Sun is the source of a wide range of
energetic events, radiation, and particle acceleration, including
coronal mass ejections, flares, and the solar wind. All of these,
in some way, involve the magnetic field in the solar corona, and
many of them are believed to be associated with magnetic re-
connection. Thus, it is important to determine the coronal mag-
netic field and particularly to understand the topology of the field
as it relates to reconnection.

Although some measurements of the magnetic field in the
corona do exist (e.g., Brosius et al. 2002; Lin et al. 2004), it is
more common for the magnetic field to be measured at the pho-
tosphere, from which the coronal magnetic field is extrapolated.
The first extrapolations were based on potential field models, in
which there are no electric currents present in the corona. How-
ever, since vertical currents are measured at the photosphere, it is
clear that the coronal magnetic field is not potential.

A natural extension to potential field models are force-free
models, in which the current is assumed to be parallel to the
magnetic field so that there is no Lorentz force acting on the
plasma. This can be written as

: < B ¼ �B; ð1Þ

where � is, in general, a function of space but is constant along
every magnetic field line (B = :� ¼ 0). A linear force-free extrap-
olation is based on the assumption that � is everywhere constant.
This considerably simplifies the problem since, given an appropri-
ate set of boundary conditions, the linear force-free field can be
computed in a straightforward manner (see, e.g., Gary 1989).

It has been observed that at the photosphere, there is a wide
distribution of�, so that one does not generally expect the coronal
magnetic field to have a constant value of �. However, the diffi-
culty of solving in general for a nonlinear force-free field means
that many investigations have used linear force-free extrapolations
of the coronal magnetic field, until recently, when several tech-
niques for performing extrapolations of nonlinear force-free fields
were developed (e.g., Amari et al. 1999; Wheatland et al. 2000;
Wheatland 2004; Wiegelmann 2004; Valori et al. 2005). These
methods have been applied to test cases in which the solution is
either a known analytic function or is the result of an MHD sim-
ulation. The performance of the method was typically then judged
qualitatively on the basis of the appearance of selected magnetic
field lines.
We present here a more quantitative method for judging the

performance of an extrapolation technique, analogous to amethod
for determining quasi-separatrix layers (QSLs). Our method em-
phasizes where the extrapolation has been able to recover the to-
pology of the field. For two test cases in which the solution is
known, we extrapolate the field using both a linear force-free
method and a nonlinear force-free method, and we compare sub-
jective evaluation of the performance of the method with quanti-
tative scores.
We have not included a wide range of different extrapolation

techniques here, so we make no claim as to which is the best.
Instead, we present a quantitative way to assess the performance
of any method using known solutions. Our quantitative score
shows that subjective evaluations may be misleading: in one of
our examples, initial inspection of the results of the extrapolation
suggests that it has performed quite well, even though it scores
quite low. Thus, we conclude that even if an extrapolated field
visually appears reasonable, care must be taken in drawing
quantitative conclusions about the properties of the field.

1 Current address: Colorado Research Associates Division, NorthWest
Research Associates, Inc., 3380 Mitchell Lane, Boulder, CO 80301.
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2. THE COMPARISON METHOD

A QSL is a region in which there is a steep gradient in field-
line linkage (Priest & Démoulin 1995; Démoulin et al. 1996;
Titov et al. 2002) and is a likely location for the formation of
current sheets and reconnection. For field lines contained within
a closed surface, it can also be thought of in terms of the mapping
of field lines from one part of the boundary to another. In a QSL,
neighboring field lines originating on one part of the boundary
terminate a large distance apart on a different part of the bound-
ary. In the context of reconnection, the most natural way to deter-
mine this is by looking for places in which the gradient of the
mapping from one part of the boundary to another (or its inverse)
is large. One measure of the size of gradient is the norm of the
displacement gradient tensor (Priest & Démoulin 1995).

Another approach to locating QSLs is simply to look for large
distances between footpoints of field lines originated from
neighboring pixels (e.g., Metcalf et al. 2003). It is this approach
that we adapt to quantify the performance of extrapolations where
the true field-line mapping is known. Instead of looking for large
differences between neighboring field lines, we compute the dis-
tance from the endpoint of the true field line to the endpoint of the
extrapolated field line initiated at the same point on the boundary.
If the extrapolation exactly matches the true field, then the dis-
tance between the endpoints will be zero; if the extrapolated field
line diverges from the true field line, then the endpoints will likely
lie far apart.

To be more precise about this, suppose that we are interested
in field lines in a volume bounded by a closed surface S. Denote
the parts of the surface through which field lines enter and leave
the volume by S0 and S1, respectively. In terms of a coordinate
system (u; v) on the surface, the field line mappingM : S0 ! S1
takes a point (u0; v0)2S0 to a point (u1; v1) ¼ M (u0; v0)2S1.
Similarly, assuming the extrapolation preserves the normal compo-
nent of the field on the boundary, the extrapolated field-line map-
ping takes the same point (u0; v0) to point (u

e
1; v

e
1) ¼ Me(u0; v0).

We score the performance of the extrapolation at each point on
the boundary using the value of d(u0; v0) ¼ j(u1; v1)� (ue1; v

e
1)j.

If the extrapolation exactly reproduces the field, then d ¼ 0. We
choose to normalize d by the distance between the endpoints of
the true field line, l. We refer to the normalized value of d as the
field-line divergence (FLD).

To assign a single score to an extrapolation, we determine the
fraction of the boundary that has field lines for which d/l < p,
where we typically take p ¼ 0:1. That is, we determine what
fraction of the area of the boundary has field lines with less than a
10% FLD. In some cases, it may be more meaningful to nor-
malize this to the flux and instead consider what fraction of the
flux has field lines for which d/l < p, so for the examples pre-
sented here, we also quote this fraction.

The definition of the FLD has some of the same limitations as
does using the distance for determining QSLs. For example, if
the field lines are nearly tangent to the boundary when they
intersect it, the distance between endpoints may be quite large
even for field lines that track each other closely. Further, it is
possible for a field line for the true solution and an extrapolated
field line to have exactly the same endpoints, yet follow quite
different paths to reach their endpoints. Such drawbacks could
be addressed by, for example, considering the distance between
the field lines averaged over the entire length of the field line.

Note that the FLD vanishes even on a QSL if the extrapolation
exactly reproduces it but will have a very large value between the
actual and extrapolated QSLs if they are not coincident. In this
situation, a very small difference in the extrapolated and actual

magnetic field vectors at a point can produce a large difference in
the field-line mapping. In effect, the FLD requires higher accu-
racy from the extrapolation in regions where neighboring field
lines are diverging. However, if the extrapolated and actual
QSLs are only slightly displaced, the overall score from the FLD
can still be high, as the area (flux) of high FLD between the
actual and extrapolated QSLs will be small. When considering
processes that change the connectivity of the field (i.e., recon-
nection), it is crucial to get the field-line mapping correct. Further,
QSLs are likely to be the locations of observational signatures
of the field structure because energy released by reconnection
can heat the plasma in this area. Comparison of extrapolations
with, for example, the observed loop structure of the field will
thus be highly sensitive to the location of QSLs. Therefore, we
believe that higher accuracy in topologically important areas is
an appropriate requirement for judging the performance of an
extrapolation.

To highlight how the performance of an extrapolation method
may appear good even though the topology of the field has not
been successfully recovered, we also consider two of the mea-
sures of performance considered by Schrijver et al. (2006). The
measures all give a quantitative evaluation of the performance of
an extrapolation, but none of them focuses on the topology of the
solutions. For comparison, we include here two of the measures,
the Cauchy-Schwarz measure, defined as

CCS ¼
1

M

X

i

Bi = bi
jBijjbij

; ð2Þ

and the mean vector error, defined as

En ¼
X

i

jbi � Bij=
X

i

jBij; ð3Þ

where Bi is the actual solution at grid point i, bi is the extrapo-
lated field, and M is the total number of grid points. The first
measure has a value of 1 if the field is reproduced perfectly, and
subsequently we quote values of 1� En, which also has a value
of 1 for a perfect extrapolation.

3. THE EXTRAPOLATION METHODS

To demonstrate our method for quantifying the performance
of an extrapolation, we used two extrapolation techniques. The
first technique was a standard implementation of the fast Fourier
transform (FFT) method of calculating the linear force-free field
for a given value of � (Gary 1989), while the second uses the
nonlinear technique of Wheatland (2004). For the linear force-
free extrapolation, we choose a value for� based on the approach
described by Leka & Skumanich (1999), in which a single value
of� is determined byminimizing the difference between the hor-
izontal components of the actual and extrapolated fields on the
boundary. Although our test cases certainly do not have constant
�, the use of linear force-free extrapolations is so widespread that
we use such an approach as a familiar standard that we expect to
fail to some degree.

In order to mitigate the effects of the periodic boundary condi-
tion necessary for the Fourier transform, we surround the ‘‘pho-
tospheric magnetogram’’ with a region in which the normal
component of the field vanishes. This is a compromise because
to exactly match the normal component of the field on the bound-
ary, the Fourier transform method must have oscillatory solu-
tions in the vertical direction when j�j > 2�/l, where l is the
( largest) horizontal dimension of the region under consideration.
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By increasing the dimensions of the region, we are reducing the
maximum � that produces nonoscillatory solutions, in exchange
for reducing the effect of the periodic boundary condition. In the
first test case, we have j�j < 2�/l, so no oscillatory solutions are
present; in the second case, we have j�j > 2�/l, so we can see the
results of the oscillatory solutions.

Our second technique is that of Wheatland (2004), which is a
current-field iteration approach to calculating nonlinear force-
free fields. A number of lower boundary points are chosen as the
footpoints for current-carrying field lines, and values of � are
specified at these footpoints. A potential field B0 is calculated to
match the normal component of the field at the lower boundary,
and the field lines starting at the nominated footpoints are traced.
Current is assumed to be distributed along these field lines to
match the boundary values of �, provided the field lines do not
leave the computational domain. Current is also assumed to be
distributed along mirror field lines beneath the lower boundary,
to preserve the boundary conditions on the normal component
on the field. The field �B1 due to these currents is calculated
using an integral solution to Ampere’s law, leading to a new
field B1 ¼ B0 þ�B1. The procedure is then repeated: the field
lines of B1 starting at the nominated foot points are traced, and
current is assumed to be distributed along these field lines, and
so on. The procedure is halted when the field is changing suf-
ficiently slowly at successive iterations.

The size of the grid on which the nonlinear extrapolation can
construct the field is limited by the rate at which the CPU time
scales with the dimensions of the grid, namely, f N6, where f
is the fraction of boundary points with nonzero � and N is the
linear dimension of the grid. Use of the FFT means that much
larger grids are possible for the linear extrapolation. Thus, for
both of our test cases, the linear extrapolation uses a grid spacing
of 0:00625L, while the nonlinear extrapolation uses a grid spac-
ing of 0:01875L. This difference is evident in a number of the
figures as a reduction in the resolution of the norm of the dis-
placement gradient tensor and of the field-line divergence.

Once we have extrapolated the field, we trace field lines in a
volume limited in the horizontal directions to the area in which
the boundary conditionwas input to the extrapolation, evenwhen
we have both the actual and extrapolated solutions for a larger
volume. This results in some field lines that would otherwise
have returned to the lower boundary intersecting the vertical
sides of the box but does not result in a large loss of information,
because the distance between endpoints for actual and extrapo-
lated field lines can be calculated whenever both field lines end
on the same face of the box, irrespective of which face that is. If
the field lines end on different faces, then d is not defined; in this
case, the field lines are typically diverging anyway.

4. THE TEST CASES

Solar energetic events are generally believed to draw on the
energy available in the magnetic field, but the mechanism(s) by
which this occurs is still under debate, with several competing
models. In some models, the release of energy is driven by re-
connection, either in a QSL (Mandrini et al. 1996; Schmieder
et al. 1997; Démoulin et al. 1997a, 1997b; Bagalá et al. 2000), or
by way of the separatrices associated with a coronal null point
(Antiochos 1998, 1999); in another model, the release of energy
is triggered by the kink instability (Fan & Gibson 2003, 2004;
Török & Kliem 2003; Török et al. 2004). In our first test case, we
consider a configuration with an X-type separator; in our second
test case, we consider a twisted flux rope that is close to the
stability limit. In each of these cases, there is a QSL that separates
volumes of distinct magnetic connectivity. Thus, we have two

subjective assessments of the extrapolation: a visual compari-
son of field lines throughout the volume and a comparison of
the location of QSLs, as determined by field lines in theQSL. The
results of the subjective assessments will be compared to the
quantitative score from the field-line divergence.

4.1. Case 1: An X-Type Separator

For our first case, we take the final step in a sequence of
nonlinear force-free equilibria described by Chou&Low (1994).
Specifically, in the notation of Chou & Low (1994), we take � ¼
5:4, r0 ¼ 1:3L/3, and a ¼ L/2, which is essentially the solution
shown in their Figure 7c. The solution is azimuthally symmet-
ric, with the axis of symmetry lying below the boundary for the
extrapolations. The field is produced by a pair of monopoles on
the axis below the boundary, just outside of a current-loaded
sphere, plus their images in the sphere, and a term to remove the
line singularity outside the sphere. For the parameters chosen,
the boundary manifestation of this solution is a pair of strong,
nearly potential ‘‘sunspots’’ bracketing a highly nonpotential pair
of weaker ‘‘spots’’ (see Fig. 1, left). This configuration contains
an X-type separator that intersects the boundary at (x; y) �
(0:0L; �0:2L), which is a likely site for reconnection. For this ex-
ample, the field is given in a region of the boundary �0:75L <
x < 0:75L, �0:75L < y < 0:75L.
The right panel of Figure 1 shows field lines in the QSL, as

determined by the norm of the displacement gradient tensor on
the boundary (Priest & Démoulin 1995); the red line is a contour
at a norm value of 10. One part of the QSL corresponds to the
surface of the current-loaded sphere; it partitions the volume
into field lines along which no current flows and twisted field
lines along which a current does flow. The nature of the solution
is such that the current is finite throughout the volume, but the
current density becomes infinite as the surface of the sphere is
approached from the inside (Chou & Low 1994). It is the dis-
continuous change to zero current density outside the sphere that
causes the large displacement gradients across the surface.
Of more interest is the portion of the QSL that curls inward

from the edge of the sphere toward the center of the weaker
spots. This portion of the QSL is effectively separating field lines
initiated in one of the weaker spots that terminate in the opposite
polarity weaker spot from those that terminate in the inner por-
tion of the stronger spot. The X-type separator is located within
this portion of the QSL.
Finally, there are layers where neighboring field lines end on

different faces of the box whose intersection with the lower
boundary is shown in blue in the figure. In this case, the dis-
placement gradient tensor is not well defined, because the sur-
face of the box is not smooth (that is, the box has edges). The
blue lines divide the lower boundary into six regions (not all
simply connected) where field lines end on the six different
faces of the box. For example, the small regions at (x; y) �
(�0:65L; 0:0L) are where field lines end at z ¼ 1:25L, while
the triangular shape with vertices at (x; y) � (�0:7L; �0:5L);
(�0:55L; 0:0L) encloses field lines that end at x ¼ �0:75L.
Figure 2 shows two qualitative evaluations of the linear force-

free extrapolation with � ¼ 1:7L�1. The left panel shows field
lines for the true solution and the extrapolation, while the right
panel shows the QSLs for the extrapolated field in the same
manner as the QSLs for the analytic solution are shown in Fig-
ure 1. In some areas, the match between the two is clearly poor,
while in other areas, it appears quite reasonable. For example,
extrapolated field lines (green lines) in the top left corner of the
plot rapidly diverge from the actual field lines (red lines), while
along the central part of the neutral line there appears to be quite
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good agreement. The location of the QSL provides support for
this: in the interior of the current-loaded sphere, the location
of the extrapolated QSL is similar to the actual QSL, but where
the actual solution also has a QSL at the surface of the current-
loaded sphere, the extrapolation contains no matching QSL.
Despite the padding with zeros around the field of view, many of
the extrapolated field lines still leave the edges of the box, as
indicated by the blue contours that surround regions in which
field lines terminate on the faces of the box at y ¼ �0:75L. In
particular, the field lines in the bottom right and top left connect
to images of the field of view produced by the periodic boundary
conditions. Thus, we expect that the field within the current
carrying sphere is generally reproduced quite well but that there
are large differences in the extrapolation outside of the current
carrying sphere.

However, visual inspection of the field lines does not provide
a quantitative measure of the performance of the extrapolation.
Thus, we turn to the FLD method described above for quanti-
fying the performance of the extrapolated solution. Figure 3

shows the normalized distance between the ending footpoints of
the true field lines and the extrapolated field lines in shades of
blue, plotted at the location of the originating footpoint. The
differences within the current-loaded sphere are generally less
than 10% (red contour), although the location of the QSL is not
exactly reproduced, leading to narrow bands of large difference
in the mapping between the true location and the extrapolated
location. Outside the current-loaded sphere, the agreement is not
good at any point, with the large bands of gray where field lines
connect to images of the field of view produced by the periodic
boundary conditions.

The linear force-free extrapolation produces field lines with no
more than a 10% error in only 27% of the area of the field of view
and 67% in the current-loaded sphere. This is slightly mislead-
ing, as a significant fraction of the area that is poorly reproduced
contains weak field, so the field lines with no more than a 10%
error comprise 32% of the flux (74% in the sphere). Further, from
the point of view of reconnection, the FLD shows that the in-
teresting topology is fairly well reproduced, at the expense of

Fig. 2.—Left: Sample field lines for the Chou & Low (1994) solution (red lines) and for a linear force-free extrapolation of the field (green lines). Gray scale
shows the normal component of the field, with the neutral line in yellow. There are evidently some areas where the two sets of field lines do not agree, such as field
lines originating in the top left corner, where there is rapid divergence of the red and green lines. On the other hand, the short field lines across the neutral line near
the center of the figure appear to agree quite well. Right: Similar to right panel of Fig. 1, but for the linear force-free extrapolation. For clarity, field lines are only
initiated in positive-polarity regions where the displacement gradient tensor is large. The extrapolation does a reasonably good job of reproducing the QSL in the
vicinity of the X-type separator but completely fails to reproduce the QSL at the boundary of the current carrying sphere.

Fig. 1.—Left: Magnetic field on the boundary for the Chou & Low (1994) solution. Red and blue contours show the normal component of the field, while the
neutral line is yellow. Arrows indicate the magnitude and direction of the horizontal field. An X-type separator ( yellow cross) intersects the boundary at
(x; y) � (0:0L; �0:2L) and is a likely site for reconnection. Right: Field lines (green lines) in the QSL, as determined by the norm of the displacement gradient tensor
on the boundary; the red line is a contour at a norm value of 10. Gray scale shows the normal component of the field, with the neutral line in yellow. Blue lines
indicate where neighboring field lines terminate on different faces of the box, i.e., where the displacement gradient tensor is not well defined.
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the surrounding potential field. The other quantitative measures
give fairly similar results:CCS ¼ 0:82 and 1� En ¼ 0:55 for the
whole volume, andCCS¼ 0:96 and 1� En ¼ 0:86 for the current-
loaded sphere. The first two values indicate the extrapolation has
performed neither particularly well nor particularly badly, while
the second two show an improvement in the performance within
the sphere.

Qualitative assessments of the nonlinear force-free extrapo-
lation are shown in Figure 4. The nonlinear technique is gen-
erally able to reproduce the field lines that remain within the box
very well, although there is some evidence that a few field lines
do not exactly match, particularly those along the left and right
sides, which leave the sides of the box. Turning to the QSLs,
there are some small disagreements in comparison with Figure 1;
in particular, the QSL around the outside edge of the sphere does
not close on itself, as in the actual solution. Overall, however, the
QSL appears to match quite well.

Using the FLD, shown in Figure 5, the nonlinear approach is
correctly ( less than 10% discrepancy) able to determine 55% of
the field lines, carrying 68% of the flux within the entire field of

view, and 83% of the field lines and 94% of the flux within the
current-loaded sphere. The main disagreement in the area (and
flux) is caused by field lines that terminate on the sides and top of
the box. The reason for this may be the symmetry of the problem:
the Chou & Low (1994) solution has azimuthal symmetry about
an axis below the boundary, while the extrapolation assumes
the boundary is a plane of symmetry; thus, the currents outside
of the volume inwhich the field is computed are quite different in
the analytic solution compared to the extrapolation. There is also
a minor difference in the location of the QSL surrounding the
current-loaded sphere; this may well be a result of the disconti-
nuity in the current across the edge of the sphere. The generally
small values of the FLD in the interior of the sphere indicate that
the QSL in which the X-type separator lies is reproduced very
well, much better than for the linear extrapolation.
The other quantitative measures begin to show differences

in this example. The scores are CCS ¼ 1:00 and 1� En ¼ 0:94
for the entire volume, and CCS ¼ 1:00 and 1� En ¼ 0:96 for
the current-loaded sphere, all of which would suggest excellent
agreement between the extrapolated and actual fields. Within the
current-loaded sphere, these are comparable to the FLD mea-
sure, but there is no indication in these measures that outside of

Fig. 4.—Similar to Fig. 2, but for the nonlinear force-free extrapolation. For field lines returning to the lower boundary of the box, the extrapolation generally
does an excellent job of reproducing the solution.

Fig. 5.—Similar to Fig. 3, but for the nonlinear force-free extrapolation. For
field lines returning to the lower boundary of the box, the extrapolation gen-
erally does an excellent job of reproducing the solution, with the exception of
small differences in the location of the edge of the current-loaded sphere. Note
that d ¼ 0 when a QSL is successfully reproduced, as in most of the inner part
of the QSL shown here, but it is large between the extrapolated and actual QSLs
when they are not coincident.

Fig. 3.—FLD for the linear force-free extrapolation of the Chou & Low
(1994) solution, as measured by the normalized distance between endpoints of
true and extrapolated field lines. Black regions have no difference between
endpoints, while white has a large distance, as indicated by the color bar on
the right; gray regions show field lines that end on different faces of the box.
The red contour outlines the region in which there is less than a 10% differ-
ence in the normalized distance, which defines the quantitative score. The
extrapolation does a good job of reproducing the solution within much of the
current carrying sphere but is unable to reproduce the surrounding potential
field and the exact location of the X-type separator.
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the sphere, there are systematic differences. Even though the an-
gle between the direction of the extrapolated field and the di-
rection of the actual field is small at essentially every grid point
(CCS ¼ 1:00), if that angle is consistently in the same direction,
it results in extrapolated field lines that diverge from the true
field. Such is the case for field lines originating from jxjk 0:6L,
for example.

In both of these examples, subjective evaluation of the ex-
trapolated field is confirmed by the FLD. In the case of the linear
extrapolation, the results are fair for the whole field of view and
improve somewhat if attention is confined to the current-loaded
sphere. The nonlinear extrapolation has overall a good agreement
with the actual solution and a generally excellent agreement for
the current-loaded sphere. The other quantitative measures agree
for the linear force-free extrapolation but begin to show differ-
ences for the nonlinear force-free extrapolation. These results are
summarized in Table 1.

4.2. Case 2: A Bald Patch

For our second test case, we consider a simulation of the
emergence of a twisted flux tube into an existing potential arcade
performed by Fan &Gibson (2003, 2004). In this simulation, the
emergence of the twisted flux tube is driven by applying an
electric field at the lower boundary corresponding to lifting the
flux tube into the corona. Before the flux tube becomes kink-
unstable, the coronal field appears to evolve quasi-statically as
the flux tube emerges, but to ensure that the system has come as
close as possible to an equilibrium, we consider the final time
step (t ¼ 64) in a run in which the emergence of the flux tube was
halted at time t ¼ 39. At the time the run was halted, the axis of
the flux tube had emerged, but it had not yet begun to kink. Thus,
during the remainder of the run, the system is settling into a stable
equilibrium.

Further, to ensure that the domain is force-free, we take as the
boundary condition for the extrapolations the fifth grid point above
the boundary of the simulation. The flux rope being emerged is not
force-free, with themagnetic force at the boundary being balanced
bygas pressure and viscosity terms.However, the solution becomes
force-free just a few grid points above the simulation boundary
(see Leka et al. 2005). We do not expect any force-free extrapo-
lation to match the dynamical evolution of a kink-unstable flux
tube or a field in which the magnetic force does not vanish, but
we believe that this choice of boundary condition for the extrap-
olations should correspond to a force-free equilibrium.

Because the flux tube is twisted, and the axis of the flux tube
has crossed the boundary (photosphere) at the time step we
consider, there must be a bald patch along part of the neutral line
separating the opposite-polarity footpoints of the flux tube (see
Fig. 6). Roughly, a bald patch can be thought of as a section of
neutral line along which the horizontal field points from negative
polarity to positive polarity, indicating a dipped field. More
rigorously, Titov et al. (1993) require that in a bald patch Bz ¼ 0
and B = :Bz > 0, where Bz is the normal component of the field.
In the simulation, continued emergence of the flux tube results in
the formation of a current sheet near the bald patch separatrix
surface, indicating possible reconnection and heating. The sep-
aratrix surface appears as a QSL in the right panel of Figure 6.
Gibson et al. (2004) argue that this current sheet can explain the
shape and handedness of X-ray sigmoids. Thus, reproducing
the bald patch separatrix surface is critical for an extrapolation
to be useful.

In Figure 7 we show sample field lines and QSLs for a linear
force-free extrapolation of the simulation, with � ¼ �9:6L�1.
There are clearly many areas where the field lines do not match
well, for example in the bottom right and top left corners, where
the field lines immediately start to diverge. There is a suggestion

TABLE 1

Subjective and Quantitative Scores for the Chou & Low (1994) Case

Overall Score Score for Sphere

Method Subjective CCS 1� En FLD Area (Flux) Subjective CCS 1� En FLD Area (Flux)

LFF................................... Fair 0.82 0.55 0.27 (0.32) Good 0.96 0.86 0.67 (0.74)

NLFF................................ Good 1.00 0.94 0.55 (0.68) Excellent 1.00 0.96 0.83 (0.94)

Fig. 6.—Similar to Fig. 1, but for the simulation of Fan & Gibson (2003, 2004). The footpoints of the flux tube are centered at (x; y) � (�0:35L; 0:0L), while the
arcade is in the region 0:35LP jyj � 0:5L. There is a bald patch on the neutral line between the footpoints of the flux tube; the associated separatrix surface appears
as a QSL in the right panel.
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that in the center of the flux tube, both sets of field lines are
S-shaped, but it immediately becomes apparent from the QSLs
that the linear force-free extrapolation does not reproduce this
case well. Although there are bald patches present, they include
sections of the neutral line outside of the flux tube footpoints.
The corresponding QSLs are nothing like the shape of the bald
patch separatrix surface in the simulation, and there are several
other QSLs that are completely absent in the simulation.

The FLD plot (Fig. 8) confirms this, indicating that the field
lines match to within 10% on only 4% of the boundary, contain-
ing 7% of the flux, mainly near the center of the flux tube. The
correspondence in this location is not surprising, since the value
of � used is representative of the flux tube. However, the linear
extrapolation is unable to reproduce even the majority of the flux
tube, in part because of the oscillatory solutions required by the
highly twisted nature of the flux tube. This is further confirmed
by the extremely low values of the other quantitative measures:
CCS ¼ 0:04 and 1� En ¼ �2:39.

Finally, we turn to the nonlinear extrapolation of the flux
tube, starting with the sample field lines and the QSLs shown in
Figure 9. Initial inspection suggests that it may do better. There
are clearly some highly twisted field lines within the flux tube
and some potential field lines forming an arcade over the flux
tube, although a few extrapolated field lines (e.g., those in the

top left corner) are clearly diverging from the field lines in the
simulation. The extrapolation does result in a bald patch along
the neutral line between the footpoints of the flux tube, with a
corresponding separatrix surface that is inverse S-shaped. Qual-
itatively, this matches the MHD solution shown in Figure 6, al-
though it can be seen that the location of extrapolated separatrix
surface away from the bald patch does not exactly match. In fact,
this qualitative agreement is misleading, when the results of the
FLD are considered.
The FLD shown in Figure 10 indicates that the extrapolation

has difficulty with both the flux tube and the surrounding arcade.
It successfully ( less than 10% difference) reproduces field lines
from 28% of the boundary, accounting for only 18% of the flux.
In contrast, the other quantitative measures suggest that the ex-
trapolation is at least a fair representation (1� En ¼ 0:53), if
not a good one (CCS ¼ 0:92), of the actual field.
The discrepancies in the arcade field lines are due, at least in

part, to the perfectly conducting boundary conditions imposed in
the numerical simulation, which prohibit field lines from inter-
secting the side walls of the box. In the extrapolation, no such
confinement occurs, so the potential arcade expands to fill a much
larger volume. This accounts for the large bands of gray around
the edges of the lower boundary, where extrapolated field lines
intersect the faces of the box, while true field lines cannot. In the
Sun, the situation may lie somewhere between these two ex-
tremes. Other active regions will prevent the field from expanding
completely; yet unless there is strong flux immediately outside the
area being considered for the extrapolation, the confinement will
be less extreme than in the simulation. This difference indicates
the possible limitation of considering an active region in isolation
of everything else present on solar disk.
In the flux rope, the failure of the extrapolation to exactly

match the simulation may be a result of the amount of current
present. In order for the extrapolation to converge, not all of the
current crossing the boundary can be included. Thus, one cer-
tainly expects some differences between the extrapolated solu-
tion and the simulation. While the sample field lines and QSL
clearly indicate that a flux rope is present in the extrapolation, it
does not match in detail the flux rope present in the MHD so-
lution. As in the previous case, there are areas of very large FLD
where the extrapolated location of the QSL (in this case, the bald
patch separatrix surface) does not match the actual location.
Such is the case in the vicinity of (x; y) � �(0:3; 0:3). Note
that if a bald patch is present in the extrapolation, it cannot be

Fig. 7.—Similar to Fig. 2, but for the linear extrapolation of the simulation of Fan & Gibson (2003, 2004). There are clearly large differences between the
extrapolated field lines and the field lines in the simulation. Although the extrapolation has QSLs associated with bald patches, their shape bears little resemblance to
the simulation.

Fig. 8.—Similar to Fig. 3, but for the linear extrapolation of the simulation
of Fan & Gibson (2003, 2004). There is a small area near the center of the flux
tube in which the extrapolated field lines are close to the field lines from the
simulation, but overall there is little resemblance.
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displaced with respect to the true bald patch because that would
change the location of the neutral line, which is impossible for
an extrapolation that exactly reproduces the normal field on the
boundary. However, the extent of the bald patch along the neu-
tral line does not have to be exactly reproduced, as that depends
on the horizontal components of the extrapolated field, which
may not be exactly reproduced.

Near the axis of the flux rope, the FLD is also large, typically
30%–40%. If an extrapolated field-line winds about the axis of
the flux rope a different number of times than the actual field line,
it will have a nonzero FLD (unless the difference is an integer
number of winds and the axis is accurately reproduced). Thus, the
significantly nonzero values of the FLD within the flux rope in-
dicate that the extrapolated field does not contain the same num-
ber of winds as the simulation field. The extrapolation may be
useful for qualitative conclusions, such as inferring the existence
of the flux rope, but any quantitative results, such as determining
the helicity present and hence whether the flux rope is likely to be
kink-unstable, cannot be obtained from the extrapolation.

In comparison to our first test case, neither subjective exam-
ination of these examples nor other quantitative measures com-
pletely agrees with the results of the FLD scores, as summarized
in Table 2. In the case of the linear force-free extrapolation, it is

easy to conclude by any means of judging that the extrapolation
has performed poorly. However, for the nonlinear extrapolation,
inspection of the resulting field-line appearance and other quan-
titative measures suggest a reasonable agreement that is not con-
firmed by the FLD score.

5. DISCUSSION

Can force-free extrapolations successfully reproduce the
magnetic field in the Sun’s corona? To answer this, it is neces-
sary to have a quantitative measure of success when the true field
is known. We have presented here one such measure, based on
the divergence of an extrapolated field line from the true field
line originated at the same point on the boundary.

For cases in which the extrapolation performs either extremely
well or extremely poorly, it is comparatively straightforward to
judge the performance of the extrapolation. For the nonlinear
extrapolation of our first example, the analytic solution of Chou
& Low (1994), sample extrapolated field lines closely match the
locations of the true field lines, and the QSLs are in approxi-
mately the same locations. This is borne out by the high field-line
divergence (FLD) score, particularly within the current-loaded
sphere. Similarly, for the linear extrapolation of our second ex-
ample, the MHD simulation of Fan & Gibson (2003, 2004), the
sample extrapolated field lines bear no resemblance to the true
field lines, and there is little correspondence between the loca-
tions of the QSLs. Once again, this is confirmed by the extremely
low FLD score.

However, in intermediate cases, qualitative visual comparison
of the extrapolation to the real solution can be misleading. For the
linear extrapolation of the first example, there are clearly extrap-
olated field lines that are wildly different from the true field lines,
but the FLD shows exactly where there is reasonable agreement
and indicates that, although the extrapolation fails to reproduce the

Fig. 9.—Similar to Fig. 2, but for the nonlinear extrapolation of the simulation of Fan & Gibson (2003, 2004). The extrapolated field lines do indicate the
presence of a flux tube with an overlying arcade, although there are still clear differences in some places, such as in the top left corner. The extrapolation also has a
QSL that is qualitatively similar to the bald patch separatrix surface in the simulation.

Fig. 10.—Similar to Fig. 3, but for the nonlinear extrapolation of the simu-
lation of Fan & Gibson (2003, 2004). The extrapolation is able to successfully
reproduce only a part of the arcade and a small volume in the center of the flux
tube, indicating that despite the qualitative similarity to the true solution, it has
not accurately reproduced much of the field.

TABLE 2

Subjective and Quantitative Scores for the Fan & Gibson

(2003, 2004) Case

Score

Method Subjective CCS 1� En FLD Area (Flux)

LFF................. Poor 0.04 �2.39 0.04 (0.07)

NLFF.............. Good 0.92 0.53 0.28 (0.18)
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surrounding field, the topologically interesting X-type separator is
in fact quite well reproduced. More importantly, for the nonlinear
extrapolation of the flux tube, there are extrapolated field lines that
clearly twist in the right sense within the flux tube, plus an over-
lying potential arcade. Even the QSL is qualitatively the correct
shape. However, the FLD score indicates that the subjective eval-
uations are not correct: the extrapolation has failed to reproduce
the correct twist of the flux tube, so any quantitative measure of,
for example, the helicity present will not be correct.

We have demonstrated here the limitation of even a nonlinear
force-free extrapolation technique for reproducing a highly twisted
flux tube. Does this mean that extrapolations are not a useful tool?
No. We simply conclude that no quantitative analysis should be
done using this particular extrapolation technique for configura-
tions containing large amounts of current. More importantly, we
have established a method by which other techniques can be
judged, to see if any are appropriate for reconstructing such highly
nonpotential configurations. Subjective comparisons of field lines,

and even comparisons of QSLs, can be misleading in judging
the performance of an extrapolation. Thus, we propose the FLD
method as a way of assessing the performance of extrapolations
when the true solution is known.
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