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ABSTRACT

I will describe the theory and application of direct-
modeling analysis, also known as statistical waveform
analysis, to the problem of mapping subphotospheric
flow. An inversion for supergranular flow, based on a
recently-improved forward model for helioseismic cor-
relation data, suggests that the photospheric supergran-
ulation pattern persists to a depth of roughly six mega-
meters, consistent with other recent findings of helioseis-
mology and with numerical simulations of supergranular-
scale convection.
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1. INTRODUCTION

Horizontally- and temporally-varying subsurface struc-
tures, e.g., flows and magnetic structures, induce correla-
tion between distinct Fourier components of photospheric
wave motion. Reference [1] showed how raw correlation
measurements can be used directly in an inversion for
subsurface supergranular- scale flow. For this inversion,
which used a SOHO/MDI high-resolution Doppler data
cube covering an approximately 210 Mm by 210 Mm
corotating field of view near the center of the solar disk,
a time- and depth-independent flow was assumed. The
inversion of correlation data is based on a physical model
of randomly-driven solar oscillations in a plane-parallel,
but otherwise realistic, stellar envelope with weak per-
turbing flows. The weakness of the perturbation implies
a linear dependence of data on subsurface flow velocity.
The linear sensitivity calculations have recently been ex-
tended to model the effect of depth- and time-dependent
flow. I will describe a recent inversion based on the more
general sensitivity calculations, which reveals the depth
dependence of the flow. I will discuss the vertical resolu-
tion and noise properties of the inversion.

2. FORWARD MODELING

The inversion uses correlation data in the form φ̂k′ω′ φ̂∗
kω,

where φ̂kω = φkω/
√

Pkω is the horizontal-wave-vector
and frequency decomposition of the photospheric ver-
tical velocity (Doppler) measurements divided by root
Pkω = E[|φkω |2], the expected k − ω spectrum (limit
spectrum) of the measurements. In the Born approxima-
tion, appropriate for weak flows, correlation data depend
linearly on the flow velocity.

As an approximation, only poloidal flows with non-
divergent mass flux were considered in this study. A con-
venient way to represent such flows is

ρ(z)uqσ =
∑
m

amqσ[ẑq2γm(z) + iq
dγm(z)

dz
], (1)

where ukω is the Fourier component of the flow veloc-
ity at height z above the photosphere, ρ(z) is the mass
density, γm(z) are a set of vertical basis functions, and
amqσ are arbitrary coefficients. For this work, the ver-
tical functions were defined by ρ−1 dγm/dz = tm(z),
where tm are Chebyshev polynomials of the first kind,
and by the condition γm(zmax) = 0, where zmax =
0.479Mm. The condition at zmax implies that the ver-
tical mass flux vanishes there. A flow of the form ( 1)
is completely determined by its horizontal divergence,
D(x, y, z), whose Fourier representation is Dqσ(z) =
iq · uqσ = −q2

∑
m amqσ tm(z). The components

Dqσ(z) can therefore be used as an alternative set of flow
variables.

The data sensitivity can be written in the general form

E[φ̂k′ω′ φ̂∗
kω] =

∑
m

K̂
(m)
k′ω′,kω am(k′−k)(ω′−ω), (2)

with
K̂

(m)
k′ω′,kω = X̂

(m)
k′ω′,kω + X̂

(m)∗
kω,k′ω′ . (3)

The sensitivity kernel for the present inversions was com-
puted from the approximate expression

X̂
(m)
kω,k′ω′ = −

∑
nn′

wnkω Rnkω S
(m)
nkω,n′k′ω′ Pn′k′ω′

wn′k′ω′

√
Pkω Pk′ω′

,

(4)
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Figure 1. Depth sensitivity, R(z, z′), as defined by Eq. 6,
of the SOLA inversion for Dqσ(z), as a function of depth
z′ for a range of target depths z. In this example, the
wavenumber q = |q| of the flow corresponds to angu-
lar degree approximately 60. The flow is assumed to be
steady (i.e., σ = 0).

where Pnkω is the contribution of oscillatory modes of
order n and horizontal wave vector k to the power spec-
trum, Pkω, and Rnkω = 1/(ω2

nk−ω2− iωγnk) describes
the frequency response of a harmonically-driven, simple,
damped oscillator of resonant frequency ωnk and damp-
ing rate γnk (the mode frequency and damping rate). The
quantities Rnkω, Pnkω, and Pkω =

∑
n Pnkω were com-

puted from parameterized fits to oscillation power spec-
tra. The factor S

(m)
nkω,n′k′ω′ in Eq. 4 for the sensitivity

kernel is an integral over depth, which quantifies the flow-
dependent, dynamical coupling of the oscillation modes
of orders n and n′ and horizontal vectors k and k′. The
plane-parallel envelope used for the computation of the
coupling factor was based on solar model S of [2]. The
quantity wnkω = −iω Ok V

(o)
nk , where Ok is the instru-

mental optical transfer function (OTF) and V
(o)
nk is the

mode eigenfunction at the height in the solar atmosphere
where the Doppler signal is observed by MDI. A deriva-
tion of the above sensitivity kernel is given in [3].

The linear model dependence can be expressed in the
concise form

E[y] = K̂ u, (5)

where y, K̂, and u respectively stand for the correlation
data, the sensitivity kernel K̂

(m)
kω,k′ω′ , and the model pa-

rameters amqσ. A similiar linear relation describes the
sensitivity to the flow variables u = Dqσ(z).

The fact that the correlation between the observables φkω

and φk′ω′ depends only on am(k′−k)(ω′−ω) (Eq. 2)

Figure 2. Shaded areas of the ` − ν plane define the
regions in k − ω space where the inversions used MDI
Doppler signal.

leads to the possibility of inversions by multi-channel
decomposition (MCD). That is, inversions for amqσ (or
Dqσ(z)) of distinct (q, σ) can be performed indepen-
dently of one another.

The realization (stochastic excitation) noise model of [4]
was used as the basis for estimating the statistical error of
the inversions. As an approximation, the dimensionless
correlation data were assumed to have a unit covariance
matrix.

3. INVERSIONS

Equation 5 was inverted using familiar linear methods,
which yield estimates, u′ = Qy of the flow parame-
ters in the form of linear combinations, Qy, of the data.
Two methods, regularized least-squares fitting (RLS) and
optimally-localized averaging (SOLA), were used in this
study. A least-squares estimate depends on the data only
through the projections β = K̂† y, a fact which sug-
gests that most of the useful information in correlation
data about the flow model resides in β. Furthermore, if
the number of vertical basis functions γm needed to de-
scribe the flow is not terribly large, then β is a much more
compact and manageable data set to work with than the
correlation estimates. The β are linearly dependent on
the model, with sensitivity kernel α = K̂†K̂, where K̂ is
the sensitivity kernel for correlation data.

The depth dependence of supergranular flow was ex-
plored via an SOLA/MCD inversion for the horizontal
flow divergence. In the MCD approach, an estimate
D′ = Qβ, of D ≡ Dqσ is constructed for each q and σ.



Figure 3. Helioseismically inferred (left) and directly ob-
served (right) supergranular-scale Doppler signal in a
210 Mm by 210 Mm analysis patch near the center of the
solar disk.

For this construction one needs theoretical expressions,
which can be derived from the forward model, for both
the sensitivity of D′(z) to the model and for the noise in
D′. One finds that

E[D′(z)] =

∫
R(z, z′)D(z′)dz′, (6)

with Q-dependent depth sensitivity functions (averaging
kernels), R(z, z′). Fig. 1 shows an example of the depth
sensitivity of the SOLA inversion. Optimal inverse re-
sponse kernels, Q, were chosen to so that R(z, z ′), for
fixed sampling height z, approximated a Gaussian target
profile. The correlation data used in the inversions in-
volved Doppler signal φkω such that k = |k| and ω lie
in regions centered on p- and f-mode ridges. The regions
used in the inversions, for which the averaging kernels of
Fig. 1 are designed, are shown as shaded areas in Fig. 2.

4. ANALYSIS AND RESULTS

Inversions based on the above model were applied to the
same 34–hr duration MDI data cube used in the 2002
analysis. As a preliminary step, a least-squares estimate
of the supergranular flow was obtained by fitting corre-
lation data to the flow model (Eq. 1), defined by the
single depth-independent function t0(z) = 1. Least-
squares estimates of a0qσ were thereby obtained for q
corresponding the range 50 − 340 of angular degree and
σ corresponding to harmonics 0 − 2 of the inverse time
span of the data. The least-squares reconstruction of the
photospheric Doppler velocity, at the time the moving
analysis window framed the center of the solar disk, is
shown in Fig. 3. For comparison, a Fourier-filtered ver-
sion of the Doppler data cube is also shown. (The filter
passed the Fourier components φqσ of the data cube for
the same (q, σ) range used in the helioseismic analysis.)
The correlation coefficient of the directly-observed and
seismically-inferred Doppler maps is 84 % – a significant
improvement over the 68 % correlation found in the 2002
analysis, which used only high-degree f-modes.

The depth dependence of supergranular flow was ex-
plored using an SOLA inversion for the horizontal flow

Figure 4. Power, in s−2, of the helioseismically-inferred
horizontal flow divergence, D, as a function of subpho-
tospheric depth (solid curve). Theoretical estimate of the
noise contribution to the inferred power (dashed curve).

divergence, over the range 0−10 Mm of subphotospheric
depth, with the same (q, σ) coverage used in the least-
squares inversion. An example of the depth resolution
of the inversion is shown in Fig. 1, as discussed above.
The solid curve in Fig. 4 shows the total power (mean
square variation) in the estimated flow divergence field as
a function of depth. Realization noise contributes to the
power in the estimated flow and its theoretical contribu-
tion is shown by the dashed curve. Comparison of the
two curves suggests that we are seeing mainly supergran-
ulation power down to about 6 Mm, but below this depth
the measured power is probably dominated by noise. To
improve the estimate of supergranulation power, the the-
oretical noise power was subtracted from the measured
power and the corrected power is shown in Fig. 5 along
with a replot of the noise contribution. The estimated
supergranulation power diminishes gradually with depth
over the depth range shown. Recent helioseismic ob-
servations suggest that the photospheric supergranulation
pattern extends downward 3 to 12 Mm (e.g., [5, 6, 7]). To
examine the vertical coherence of the pattern, the cross
power of the helioseismically inferred horizontal diver-
gence at the surface and at depth was computed as a func-
tion of depth. The resulting z-dependent cross power
(Fig. 5) suggests that the surface pattern persists to at
least 6 Mm depth.

5. CONCLUSIONS AND OUTLOOK

The results of this study reinforce the suggestion that su-
pergranular flow extends many megameters into the so-
lar interior. A more detailed helioseismically-based pic-



Figure 5. Top panel, solid curve: depth dependence of the
estimated power in the horizontal flow divergence, after
correction for noise. Top panel, dashed curve: the cor-
rection used to obtain the solid curve. Bottom panel, solid
curve: estimated cross power (covariance) of the photo-
spheric horizontal flow divergence and the horizontal di-
vergence at depth, as a function of depth. Bottom panel,
solid curve: theoretical noise contribution to the cross
power.

ture of subsurface supergranulation will require further
improvements in data sensitivity calculations and a bet-
ter understanding of error. For instance, the treatment of
wave excitation and damping used for the current sensi-
tivity calculations is somewhat simplistic and could eas-
ily be sharpened. Sources of systematic error include un-
modeled features of the solar envelope, such as magnetic
or sound-speed perturbations, and assumptions, such as
the Born approximation, employed in the sensitivity cal-
culations. A potentially significant source of experimen-
tal error, which has yet to be addressed, is aliasing due to
limited observational coverage of the solar disk. A proper
treatment of aliasing will improve both the sensitivity cal-
culations and the noise model. Analysis of large volumes
of helioseismic Doppler data, with increased area cover-
age, is expected to substantially reduce the random error
of the inversions.
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