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Abstract

Numerical models demonstrate that a broad class of geophysical vortices freely evolve toward
vertically aligned, axisymmetric states. In principle, this intrinsic drive toward symmetry opposes
destructive shearing by the environmental flow.

This article examines the case in which a discrete vortex-Rossby-wave dominates a perturbation
from symmetry, and symmetrization occurs by decay of the wave. The wave is damped by a reso-
nance with the fluid rotation frequency at a critical raditis,The damping rate is proportional to
the radial derivative of potential vorticity at. Until now, the theory of resonantly damped vortex-
Rossby-waves (technically quasi-modes) was formally restricted to slowly rotating vortices, which
obey quasigeostrophic (QG) dynamics. This article extends the theory to rapidly rotating vortices.

The analysis makes use of the asymmetric balance (AB) approximation. Even at a modest Rossby
number (unity), AB theory can predict damping rates that exceed extrapolated QG results by orders
of magnitude. This finding is verified upon comparison of AB theory to numerical experiments,
based on the primitive equations. The experiments focus on the decay of low azimuthal wave-number
asymmetries.

A discrete vortex-Rossby-wave can also resonate with an outward propagating inertia-buoyancy
wave (Lighthill radiation), inducing both tgrow. At large Rossby numbers, this growth mechanism
can be dynamically relevant. All balance models, including AB theory, neglect inertia-buoyancy
waves, and therefore ignore the possibility of a Rossby-inertia-buoyancy (RIB) instability. This
article shows that a large potential vorticity gradient (of the proper sign) at the critical radias
suppress the RIB instability, and thereby preserve balanced flow, even at large Rossby numbers.
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Fig. 1. In time, a geophysical vortex can become (a) vertically aligned, and (b) axisymmetric by intrinsic means.

1. Introduction

Environmental shear-flow persistently disturbs geophysical vortices, such as tropical
cyclones and ocean eddies. Such shear will tilt, distort and possibly destroy a vortex. How-
ever, a vortex may limit the impact of external shear by its intrinsic drive toward a vertically
aligned, horizontally axisymmetric state.

Fig. lillustrates both vertical alignment and horizontal axisymmetrization. During align-
ment, the centers of rotation at all heights spiral into a central vertical axis. During ax-
isymmetrization, the flow in a horizontal plane becomes circular. Detailed descriptions
of alignment are presented, for example,Holvani (1991) Viera (1995) and Sutyrin
et al. (1998) Similar descriptions of two-dimensional axisymmetrization may be found in
Melander et al. (1987)andDritschel (1998) Reasor and Montgomery (200 Bnagonio
and Montgomery (2001 Moller and Montgomery (19999ndMontgomery and Enagonio
(1998)discuss how alignment and axisymmetrization help maintain and intensify a tropical
cyclone.

One important, conservative mechanism for symmetrizatiom resonant wavefluid
interaction. In this case, the perturbation from symmetry is dominated by one or more
discrete vortex-Rossby-waves. Each wave is damped by a resonance with the bulk fluid
rotation frequency at a critical radius,. The damping rate is proportional to the ra-
dial derivative of the azimuthally averaged potential vorticity-atBriggs et al. (1970;
hereafter BDL)first developed the theory of resonantly damped vortex-Rossby-waves in
order to predict the rate at which an ideal two-dimensional vortex becomes axisymmet-
ric. Recent laboratory experiments have tested and verified thi§Selecter et al., 2000;

1 In this article, the term “symmetrization” refers to both vertical alignment and horizontal axisymmetrization.
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Pillai and Gould, 1994)Schecter et al. (2002; hereafter SM&Xtended the work of BDL
to three-dimensional quasigeostrophic (QG) flow. In doing so, they confirmed that resonant
damping can also drive vertical alignment.

Until now, the theory of resonantly damped vortex-Rossby-waves was formally restricted
to cases in whichR, « 1. Here, R, is the ratio of relative to planetary vorticity, i.e.
the Rossby number. The small Rossby number domain does not apply to hurricanes, nor
even tropical depressions. The present article develops a theory of resonantly damped
vortex-Rossby-waves that extendsRg = 1. We will restrict our attention to waves in
a barotropic vortex on thg-plane, in a uniformly stratified atmosphere/ocean. Because the
unperturbed vortex is barotropic, its azimuthal velocity profile), has no vertical depen-
dence. This simplified basic-state is adequate, in our opinion, for illustrating the damping
rate versus,.

Our analysis will assume that the vortex maintains hydrostatic balance, and furthermore
that the vortex maintains asymmetric bala(t8kapiro and Montgomery, 1993jydrostatic
balance formally requires that

D% /Dt?

2 _
D} =

<1, 1)

and asymmetric balance further requires that

D% /Dt?
ng

Here,Dy /Dt = 3/3t 4+ vr—13/9, wherer is time andx is the polar angle (sefig. 1). In

addition, N is the local buoyancy frequendyr) is the local absolute vorticity of the mean

flow, andé (r) is the average absolute vorticity within the radius\Ve emphasize thdt)%

can be much less than unity, everRi§ > 1. This is becauseDy /Dt)~1 is the time scale

for change in anoving reference frame, specifically, one that moves with the local mean

flow. FurthermoreN2 > 7€ for many atmospheric and oceanic applications; he(®e,

typically implies(1). Tornadoes provide a notable exception to this rule.

Unlike traditional balance (e.gdcWilliams, 1985, asymmetric balance (AB) permits
an order unity ratio of perturbation divergence to perturbation vorticity. As a result, the
AB approximation may better characterize asymmetric disturbances that are observed in
tropical cyclonegMontgomery and Franklin, 1998)

Using a primitive equation model, we will examine the alignment and/or axisymmetriza-
tion of several vortices: a Rankine-with-skirt vortex, a Gaussian vortex, and a convection-free
approximation of Hurricane Olivia (1994). At the beginning of each simulation, the vortex
is either tilted, or distorted elliptically. In all cases considered, the perturbation is quickly
dominated by a single discrete vortex-Rossby-wave. For cases in W,ﬂiezh latallr, the
wave decays at the rate predicted by the AB theory of resonant damping. It will be shown
that this rate can be orders of magnitude greater than that predicted by a naive extrapolation
of QG theory to large Rossby numbers. Such accelerated symmetrization was hypothesized
earlier byReasor and Montgomery (2001)

At very large Rossby numbers, and large azimuthal wave-numbers, it is difficult to sat-
isfy Df « 1 at allr. If this condition is not uniformly satisfied, AB theory may provide

Di =

<1l (2)



58 D.A. Schecter, M.T. Montgomery/ Dynamics of Atmospheres and Oceans 37 (2003) 55-88

misleading results. This will be illustrated by a particular case, in which AB theory pre-
dicts a weakly damped (or neutral) vortex-Rossby-wave, but the primitive equation model
yields an exponentially growing wave. The growth is caused by a resonant coupling to an
outward-propagating, spiral, inertia-buoyancy wékerd, 1994) Such inertia-buoyancy
waves are filtered out of the AB model, and balance models in general. We will show that
the resonant wave—fluid interaction inhibits the instability (sometimes called Lighthill ra-
diation), if the mean flow potential vorticity gradient is sufficiently large (and of the proper
sign) at the critical radius,. The consequent damping agrees quantitatively with AB theory

if D? « 1 atleast in the vortex core.

Before starting the main text, we note the following. To begin with, there are cases in
which the resonant wave—fluid interaction causes a discrete vortex-Rossby-wave to grow,
as opposed to decay. Decay occurs only if the radial derivative of potential vorticity has the
same sign at, as it does in the vortex core. If the potential vorticity decreases or increases
monotonically with radius, the damping condition is automatically satisfied. For this reason,
we will focus on monotonic vortices.

Furthermore, resonantly damped vortex-Rossby-waves are not normal modes of the per-
turbation equations, rather, they are quasi-modes. As a result, we cannot use a standard
eigenmode analysis to compute their complex frequencies. Instead, we will use methods
that are outlined in BDL.

Finally, guasi-modes do not form a complete set of solutions to the initial value problem.
Accordingly, there are cases in which quasi-modes contribute little to the perturbation,
and do not control symmetrization. Instead, the vortex may become vertically aligned,
and horizontally axisymmetric, by the wind-up and radiation of “sheared vortex-Rossbhy-
waves” (e.gMontgomery and Kallenbach, 1997; Bassom and Gilbert, 1998; Reasor and
Montgomery, 2001; Brunet and Montgomery, 2D0Zhe present article does not fully
resolve the conditions that favor one form of symmetrization over the other. This issue will
be addressed in forthcoming papers.

The remainder of this article is organized as follo@sction 2escribes the perturbation
equations and the AB approximatid®ection 3derives an expression for the damping rate
of a discrete vortex-Rossby-wave, using AB the@gction 4compares this expression to
the symmetrization rate of a vortex in a primitive equation mo8ettion 4also includes
a discussion of the Rossby-inertia-buoyancy instabifigction Srecapitulates the main
results, and discusses their possible relevance to the robustness of tropical cyclones.

2. Basic state and perturbation equations

In this section we will describe the class of basic vortex states under consideration, and the
equations that govern perturbations about those states. Our discussion here, and hereatfter,
will focus on atmospheric vortices. However, our results for the symmetrization rate versus
Rossby number and internal deformation radius apply equally well to oceanic vortices,
which obey isomorphic dynamics (eRedlosky, 198y

To begin with, we introduce a cylindrical coordinate system, z), in which z is a
pressure-based pseudo-heig@tdskins and Bretherton, 197.2)icrements of pseudo-height
are related to increments of physical heighby 6i: dz = 6, dz,. Here 00t andé, are the



D.A. Schecter, M.T. Montgomery/ Dynamics of Atmospheres and Oceans 37 (2003) 55-88 59

variable and reference potential temperatures, respectively. For an adiabatic atmosphere,
6ot = 6o, andz = z,. The subscript ‘tot’ is used here to denote a total field, which is the
sum of basic state (overscore) and perturbation (undressed) fieldgoe=g0 + 6.

The basic state of the vortex is barotropic, and characterized by the azimuthal velocity
v(r). The following variables, related tp, are used throughout this article for notational
convenience:

_ 19(rv)
) C(r) = - )
r or (3)

Ery=f+22, 7(r)=f+¢.

Here, f is the local Coriolis parametes? is the unperturbed rotation frequency, and
is the unperturbed relative vorticity. The average and absolute vorticitiasd 7, were
introduced in Section 1. The Rossby numli&grof the basic state is defined here in terms
of the relative vorticity and Coriolis parameter as follows:

Q) =

N | <l

¢ (0
&z%l @
The unperturbed geopotentialr, z) is in gradient balance with the azimuthal wind; i.e.
3 Iy =2
9 _ 5 O (5)
or r

Asthe Rossby number approaches zero, the Coriolis téfdominates the right-hand-side,
andEq. (5)reduces to geostrophic balance. As the Rossby number approaches infinity, the
centrifugal term {2/r) dominates the right-hand-side, alad. (5)reduces to cyclostrophic
balance.

We will assume that the vortex maintains hydrostatic balance at all times. In the pseudo-
height coordinate system, hydrostatic balance implies that

9 _s5 9 _&
Bz 90 ’ BZ 90 '
Here,¢ is the perturbation geopotential, apds the gravitational acceleration.

With hydrostatic balance, perturbations to the basic state are governed by the following
primitive equations:

(6)
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Here,(7) and(8) are the horizontal momentum equatiof®,is the adiabatic heat equation,
and (10) is the mass continuity equation in Boussinesq form. The variahlesand w

(10)
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denote the radial, azimuthal and vertical velocity perturbations, respectively. The vertical
velocity componentis defined as the material derivative of the pseudobeidte buoyancy
frequencyN (z) is given byy/92¢/3z2. To simplify the following analysisy will be treated
as a constant. This approximation is valid insofar as fractional chang&sare small
between the top and bottom of the vortex. Note thas. (7}{10) neglect quadratic terms
in the perturbation fields. ISection 5 we will briefly address the extent to which such
linearization is valid.

It will prove useful to consider the evolution of potential vorticity. The basic state and
perturbation potential vorticities are given by
19(rv) 1au} _3%¢

1= N?%3, T=N?|= - )
1 |:r or r oA naz2

11

Here, it is worth noting that the radial derivativesief 7 and¢ have the same sign, and are
directly proportional. Hence, the potential, absolute and relative vorticity gradients of the
basic state are essentially synonymous. The tendency equatighigor

DyIT , dif
Dt +N e = 0. (12)
Eq. (12)is derived by cross-differentiation ¢f) and(8), and elimination of the divergence
term using(9) and(10).

As discussed in the introduction,ﬂfﬁ is much less than unity, we may use an AB model
to approximate the primitive equatiofig)—(10). AB models can extend to arbitrary order
in the small paramet@% (Shapiro and Montgomery, 1993jor simplicity, we will use a
zero-order model. In this case, horizontal velocities are diagnostic variables, given by

__1[19¢ 1Dy i¢
u__ﬁ|:r8k+§Dt ar] (13)
1[0 1 Dy g
e as

Egs. (13) and (144re obtained by neglecti@?u andD?v in (7€) ~*Dy /Dtx (7) and(8),
respectively.

Two paths have been followed toward a prognostic equation for the geopotential per-
turbationg. Shapiro and Montgomery (1998ubstituted9), (13) and(14) into the mass
continuityequation (10)McWilliams et al. (2003substituted13)and(14)into the poten-
tial vorticity equation (12)Both paths yield dynamics of the form

Dy 1di~1ag

— =0 15
th+r dr ox ’ (15)

19 r 8 Sk 92 1 92
ST T L~ =g, 16
<rarﬁgar+ﬁgr2m?+1v28z2 »=4 (16)

in whichgq(r, 1, z, t) is a pseudo potential vorticity perturbation, introduced for analytical
convenience. The continuity and potential vorticity (PV) paths are distinguished
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by S(r):

1 continuity path

SO=1 @& -0 PV path 7
n

If z(r)/f and$2(r)/f are negligibleS(r) = 1 in both cases. In the same limjt,and¢
are the quasigeostrophic potential vorticity and streamfunction perturbations, respectively.
More generallyS(r) = 1 in both cases if the differential rotation is negligible, in the sense
thatré ~1ds2/dr <« 1. We have compared both prognostic equations to numerical solutions
of the primitive equations for several test cases in Wm§h<< 1. The prognostic equation
obtained from the potential vorticity path gave better accuracy. Accordingly, the AB results
presented here were obtained by usiiig) = (28 — ) /7.

Egs. (15) and (16form a closed set if spatial boundary conditions are imposegl. dm
rough agreement with tropical cyclone observations (gayvkins and Rubsam, 1958ve
will assume isothermab(= 0) boundary conditions at the top£ H) and bottom{ = 0)
surfaces of the vortex. From the hydrostatic relation, and the adiabatic heat equation, this
implies thatdo¢/9z andw both vanish at = 0 andH . We will also assume thatis regular
at the origin, and vanishes aspproaches infinity.

With such boundary conditionggs. (15) and (16)onserve the total wave activifiRen,
1999) defined by

A= ["a [ o a—t g2
= Z )\./ y . 18
/0 —/—71 0 di—L/dr? (18)

Conservation of4 provides a powerful constraint on the dynamics, which we will use in
Section 3o explain symmetrization.

Before delving into the symmetrization of a vortex, it will prove useful to exppadd
¢ into the following Fourier series:

o
qg= Z g™ (r, 1) cos(m—m) é™ +c.c., (19)
m=0,n=1 H
ad mimz
— (m,n) ALY ind
¢ = m_%_lqb mm (., gy cos( = ) ™ 4 cc., (20)

where c.c. denotes the complex conjugate.mkel (m > 0) components of the expansion
constitute misalignments-{g. 19, whereas the > 2 components constitute horizontal
deformationsifig. 1b).

In linearized dynamics, each Fourier component evolves independently.Eqo(h5)
we have

a . = ndpt
— nR (m,n) — —j_ (m,n) 21
(aﬁ' )q el A (21)

and fromEq. (16)

o0
g = f2 / dr'r’ Gren(r, g™ (', 1). (22)
0
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Here,Gm is a dimensionless Green function defined by

2 -
2(13 r . Sm 1 )Gmnza(r )

r

(23)

with the boundary condition§ (0, ') = Gm(oo, ') = 0. In(23), § is a Dirac distribu-
tion, and we have introduced the (ambient) internal Rossby deformation radius,

Ir = NH/mm | f]. (24)

Note thatGy, depends on the velocity profilgr); i.e. it does not have a universal structure.
Appendix Aoutlines the numerical construction 6, for an arbitrary profile.

3. Linear AB theory of discrete vortex-Rossby-waves and the resonant wave—fluid
interaction

The AB model filters out “high-frequency” inertia-buoyancy waves. However, it retains
vortex-Rossby-waves, i.e. waves supported by a gradient of basic-state potential vorticity.
Below, we present the AB theory of discrete vortex-Rossby-waves.

As in SMR, we begin by considering a Rankine vortex:

Zo
— r<ry
_ Zo 1 <y - 2
r)= , 2(0r) = , 25
¢ { 0 r>rn Zorf (25)
r>ry
2r2

in which Z, is a constant frequency. Without loss of generality, we will assumezhat
0. Such vortices are cyclones in the northern hemisphere, and anticyclones in the southern
hemisphere. The Rankine vortex supports a set of discrete vortex-Rossby-waves of the form

q= aQ(r)cos( o )e"”" @) 4 cc, (26)
¢ =ad(r) cos( - )e‘(“ @) 4 c.c., (27)

whereaq is a dimensionless wave amplitude. One may verify, ugiig, (22) and (25)that
the radial eigenfunctions are given by

Q) =rd(r—r), &)= fAriGRrr), (28)
up to a common multiplicative constant. Furthermore, the eigenfrequency is given by
n
w=Zy |:§+ 1+ROG(R)("U9VU):| (29)

whereRy = Zy/f > —1.In(28)and(29), G(R) denotes the Green function of a Rankine
vortex. This Green function is negative and depends implicitlyroand Ry: Appendix A
provides further details.
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Fig. 2. The vorticity profile of a generic monotonic geophysical vortex. The vortex has two regions: a core,
containing the bulk of the vorticity, and a skirt (shaded). The core alone can support discrete vortex-Rossby-waves.
The critical radii ¢.) of these waves are presumed to be in the skirt.

The critical radius-, of a wave is where the angular velocity of the mean vortex equals
the phase-velocity of that wave. Thatig,satisfies the resonance condition

Q(ry) = %’ (30)

For a Rankine vortex;, > r,. This follows from the fact thaﬁﬁfﬁ(rv, ry) < 0, making
the phase-velocity of the wave,/ n, less than the core rotation frequengy,/ 2.

Of course, a Rankine vortex is a highly idealized representation of a geophysical vortex.
A more realistic model will have a continuous vorticity distribution, as illustrateBigy2
Such vortices can also support discrete vortex-Rossby-waves. By analogy to the Rankine
vortex, we assume that the pseudo potential vorticity perturbati@ssociated with such a
wave is concentrated in the core of the vortex, where the magnitudg of & maximal. So,
if the outer skirt of low relative vorticity were removed, the discrete vortex-Rossby-waves
would still exist.

By further analogy to a Rankine vortex, we assume that the critical ragdafsa discrete
vortex-Rossby-wave is finite, and outside the core. The skirt generally provides a vorticity
gradient atr,, which did not exist for the case of a Rankine vortex. Because of the reso-
nance at, even a slight vorticity gradient there profoundly affects the evolution of the
wave amplitude.

To analyze the resonant interaction, it is convenient to decompose the pseudo potential
vorticity perturbation into core (c) and skirt (s) contributiogs= g¢ + gs. We may also
divide the total wave-activity into regional components= A; + As. These components
are defined by

H T ry }"2 )
= d dx dr———
Ae /o Z/_,, /0 " di1/dr 1o

HCI nd ood }”2 )
= A [ 31
A= e / ETRT ey

in which r, is the radius of the vortex cofeBy conservation of total wave activity, we

obtain

d d
A=~ s (32)

2 For the case of a Rankine vortex, one should interpret the integration-Jimit just beyond the radius where
¢ is discontinuous.
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Suppose that at = 0 a pseudo potential vorticity perturbation is created exclusively
in the core region of the vortex. Suppose also thats composed entirely of a single
discrete vortex-Rossby-wave. The geopotential (pressure) perturbation of this core wave
extends into the skirt. In time, the geopotential perturbation will cqﬁﬂe increase, most
effectively atr,. Consider a case in whichjd l/dr|r* is positive. ThenAs increases with
g2 atr,. Further assume thatjd/dr is positive throughout the core. Then, to conserve
total 4, qcz must decrease; i.e. the core wave must decay. By similar reasoningifat|,,
is negative, As will decrease, and the core wave will grow.

Conservation of wave activit§82) is now used to obtain a quantitative prediction of the
decay rate of a discrete vortex-Rossby-wave. Suppose, once agaig; thatomposed
exclusively of a discrete vortex-Rossby-wave, of the form give(28y, with » real, and:
now a function of time. Then, by straightforward calculation, we obtain

ol|a|2

—Ac =2mH(Q, Q) (33)

where
2

<Q,Q>=fO T

and the superscripk’ denotes the complex conjugate. We will refert@, Q) as the norm
of the wave. If dj—1/dr is positive in the vortex core, then the norm is positive.
The rate of change of wave activity in the skirt can be written as follows,

0(r)Q*(r), (34)

r? 3
(m,n) (m,n)
—AS = 47TH/ dr——— dn l/d Re |:qu R o qsm n *] ’ (35)
whereR¢[. . .] denotes the real part of the quantity in square brackets. We assume that the
geopotential perturbation in the skirt is dominated by that of the core ri@fe Then,

upon integrating21), we obtain

1

(m,n) ndn —inQ2t ! 1N (n2—w)t
gs T (n 1) = ——— = ®(r)e A dr'a(1’)ée : (36)

Substituting(33) and(35) into (32), and using'36) to evaluatg35), we obtain the fol-
lowing:

Iy

d 2n? di—1 ! S /
—lal® = f dr PP*Re [/ dr’a* (t)a(t)e M- —fq ) 37
dr (0. 0) dr 0 37)
To simplify the analysis, we let(t’) ~ a(¢) in the time integral. Then,
‘ o ) sin[(n2 — w)t 8(r —ry
Re |:/ dt’a*(t)a(t’)e’("g_“’)(’ —t)i| :|a(t)|2M:|a(t)|zu.
0 n2—w n|ds2 /dr|

(38)
The second approximation {88) assumes that>>> »~1. Substituting38)into (37) yields

d
a|a| = ylal, (39)
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Im[r] Im[r]

improper Landaun
contour contour

.

0 Re[r] 0 Re[r]
(a) (b)

Fig. 3. The complex frequenay of a discrete vortex-Rossby-wave is found by solving the magleation (41)
along a Landau contour (b). The mode equation along contour (a) has no regular solution. In both (a) and (b), the
asterisk marks the point wheng2 (r) = v.

in which
an  di~l/dr @@*
(0.0) |d2/dr|

y=- (40)

Eqg. (39)has the solutiom () o €”!. As explained previously, a wave with positive norm
decays ¢ < 0) if di~/dr|,, is positive, and growsy > 0) if di~t/dr|,, is negative. If
di;~1/dr|,, is zero, then the wave is neutral. Although we deriy@®) under the implicit
assumption that < |y|~1, it can remain valid for much longer times (SMR).

Eq. (40)is of theoretical value, because it shows that the evolution of a discrete vortex-
Rossby-wave is eventually controlled by the resonaneg. &lowever, the practical value
of (40)is limited, because it requires prior knowledgefofindr,.. In some cases, these are
easily approximatedSection 4.}; more generally they are not.

An alternative and often more convenient method for computing the frequency and decay
rate of a core vortex-Rossby-wave is Landau’s methahdau’s method is to solve the
following eigenmode problem:

19 r 8 S(rn? 1 1di1 n

f————— - - . @ =0,

rorqgdr  fpEr2  f22  r dr n2 —v

@(0) = @(c0) = 0. (41)

The complex eigenvalue,= o + iy, gives the oscillation frequencyw) and exponential
decay rate %) of the core wave. I{41), the subscriptL indicates that is a contour in

the complex plane that arcs over the point whes2(r) = v (seeFig. 3). If the contour

of integration were taken along the reahxis, and if;; were monotonic, there would be

no discrete eigenvaluésLandau’s method derives from a Laplace transform solution to
the initial-value problem. It has been used previously to obtain the complex frequencies of
discrete vortex-Rossby-waves in two-dimensional vortices (BDirngold, 1995Spencer

and Rasband, 199Bchecter et al., 200@&s well as three-dimensional quasigeostrophic

3 Landau (1946)sed a similar technique to compute the complex frequency of a collisionless plasma oscillation.
4 This is why damped discrete vortex-Rossby-waves are properly called “quasi-modes.”
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vortices (SMR). In principle, the decay rat@btained by Landau’s method is more accurate
than (40), which formally requires’/w « 1. It is proved elsewhere (e.g. SMR) that the
Landau solution fop converges t¢40) asy /o approaches zerd.

4. Comparison of AB theory to a primitive equation model

This section presents numerous simulations of vertical alignment and horizontal axisym-
metrization, governed by the conservative linearized prim#iyeations (A(10). In each
simulation, the vortex is initialized with a potential vorticity perturbation of the form

1
O, z,t =0 = cr”flo(lj—r(r) cos(me) cos(ni), (42)

in which IT = N2j andc is a constant. A similar perturbation may arise from an impulse
of environmental sheaAppendix Cexplains howu, v and¢ are initialized in a manner
that is consistent wit42), and how the tendency equations are subsequently integrated.

After a few eddy turn-overs, a discrete vortex-Rossby-wave tends to dominate the per-
turbation. In all cases considered, the basic state vorticity varies monotonically with radius.
As aresult, in AB theory, the wave is either damped or ne(kfaintgomery and Shapiro,
1995; Ren, 1999We will compare the decay rate of the wave to AB theory.

We will present our numerical results in natural units. Time will be measured in units of
central rotation periods;2/£2(0), and lengths will be measured in units of the core radius,
ry. Vortices with the same(r/r,) /¢ (0), Ro, andlr/r, 0bey equivalent dynamics in natural
units.

4.1. Rankine-with-skirt vortex

We will first examine the symmetrization of a Rankine-with-skirt (RWS) vortex. An ideal
RWS vortex is discontinuous, and defined by

E(r) = ZoO(ry — 1) + ZoALs(r)O(r — 1), (43)

in which Z,, is a constant frequency is the Heaviside step-functiogs is of order unity
or less for allr, and¢s(r,) = 1. The first term on the right-hand-side @3) represents
a Rankine core of radius,, and the second term represents a skirt. The skirt has negli-
gible circulation; thereforeA « 1. The unperturbed angular rotation frequency is given
approximately by(25), and precisely by2 = r=2 [; dr'r'¢.

For the primitive equation simulations, we will use the following continuous approxima-
tion of (43).

E(r) = é |:1_btanh(ﬂ):| O@r, —r) + ZOA§S(r) [l_tanh(l’u —r>:| ,
K or 2 s

.
(44)

5 InSMR, convergence is proved for the quasigeostrophic liRgit> 0. However, the proofis easily generalized
to finite Ry, in the context of AB theory.
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in whichy = 2.01,b = 1.01,6r = r,/30,r, = 1.09r,. By construction, the prefactor of
the step-function vanishes mat thereby ensuring continuity. We will consider the specific
case in which

2— r r < 2ry,
s(r) = Ty (45)
0 r > 2ry.

Fig. 6ashows the relative vorticity and angular rotation frequency of the continuous RWS
vortex, withA = 0.0249.

4.1.1. ABtheoryfor n = 1 andn = 2 discrete vortex-Rossby-waves

In Appendix B we analyze the resonantly damped vortex-Rossby-waves of an RWS
vortex. There, we show that the frequencies, critical radii and decay rates of such waves are
approximately given by

n n
=Zo| = GRYS (ry, 1) |, 46
(2 0|:2+(1+R0)(1+R0A) mn ("v rv) ( )

-1/2
* — 1 G(RWS) s v ’ 47
T rv|: +(1+Ro)(1+R0A) mn (ry, rv) ( )
mnf? r3 2dj~?
=— = |GRWS — 48
e a s e vy ] LR GO0 ) (48)

in which G%WS is the Green function of an RWS vortex. The geopotential wave-forms
() are approximately proportional (G,(T%WS) (r, ry).

We begin by considering the= 1 discrete vortex-Rossby-waves of an RWS vortex, with
s given by(45), andA = 0.0249.Fig. 4ashows the critical radiugl7) versus the Rossby
number, for several values fif between (br, and 145r,. The solid curves are for waves
in cyclones R, > 0) whereas the dashed curves are for waves in anticyclates: (0).
As |Ro| increases along each curve towartl, 0, remains approximately constant. A&|
increases past.D, r, decays toward,. For each anticyclonic curve, exhibits a slight
growth with|R,|, before decay.

Fig. 4b shows the decay rat@8) versus Rossby number, for the same valuegrof
The plotted decay rate is scaled|tq0)|. QG theory predicts that the scaled decay rate is
constant for a giverg, and equal to ther,| — O limit of AB theory.Fig. 4bindicates that
AB theory can diverge appreciably from QG theory as the magnitude of the Rossby number
approaches and exceeds unity. Such divergence occurs most dramatically for the case in
which lr = 1.45r,. For this case, QG theory predicts that the wave is neutral. The wave
is neutral because its critical radius is greater than twjcevhere the basic state potential
vorticity gradient is zero. In AB theory, increasingo| to order unity decreases the critical
radius below twice,, where the potential vorticity gradient is finite; accordingly, the wave
becomes damped.

Fig. 5illustrates how the: = 2 discrete vortex-Rossby-waves vary with the Rossby
number and internal deformation radius. As before, the solid curves are for cyclones, and
the dashed curves are for anticyclones. For all valudg @ind the Rossby number, the
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Fig. 4. Then = 1 discrete vortex-Rossby-waves of an RWS vortax=£ 0.0249). (a) Critical radius vs. Rossby
number. (b) Decay rate vs. Rossby number. Solid/dashed curves are for cyclones/anticyclones.

critical radius is less than twiog. Otherwise, the& = 2 andn = 1 waves are similar. For
example, the scaled decay rate generally decreases as the magnitude of the Rossby number
increases, and dg decreases.

We have purposely not presented anticyclonic data WRigh< —1. In this region of
parameter space, there are radii at whigh— 0, and thusD? — 00; consequently,
AB theory is formally invalid. Furthermore, the plotted AB theory becomes increasingly
unreliable ak, — —1. This formal break-down of AB theory coincides with a symmetric
(centrifugal) instability of the anticyclone at Rossby numbers less than minus one (e.g.
Smyth and McWilliams, 1998

4.1.2. \ertical alignment

We now examine the evolution of an= 1 perturbatior{(42) that is governed by the lin-
earized, conservative primitive equations. The vertical wave-numlpéithis perturbation
is arbitrary, insofar atk = NH/mx| f| = 1.45r,. If m = 1, the perturbation corresponds
to a simple tilt. Increasing: increases the number of nodes in the misalignment.

Fig. 6bshows the evolution of the geopotential perturbatiomt a fixed height, for the
case in which the Rossby number is 2. Evidently, the geopotential perturbation behaves
like a single azimuthally propagating wave. The decay of the wave corresponds to vertical
alignment.
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Fig. 6¢ plots the wave-amplitude versus time for cases in which the Rossby numbers
are 2 and 0.25. Here, the wave-amplitude is adequately measured by a local “tilt” vari-
able,|¢p D (r,, 1)|. The solid curves are from the primitive equation model. The dashed
curves are the AB theory of resonant damping; iVé, i whichy is given by(48). As pre-
dicted by AB theory, there is a transition from undamped to damped waves as the Rossby
number increases to order unity. Furthermore, AB theory adequately predicts the damp-
ing rate at a relatively large Rossby number (two), where QG theory does not formally
apply.

It is no surprise that AB theory compares favorably to the primitive equation model
for these exampledrig. 6d shows thatD? « 1 for both cases irFig. 6¢ hence, the
AB approximation is justified. Here, we have used the forrrina: (w — n82)?/7&, in
which w is given by(46). Shortly, we will address the qualitative deficiencies of the AB
approximation (and balance models in general) for some cases in Wﬁighl.

4.1.3. Horizontal axisymmetrization

We now examine the evolution of an= 2 perturbation(42) that is governed by the
linearized, conservative primitive equations. This perturbation corresponds to an elliptical
distortion of the horizontal flow. liz = 1, the major axis of the ellipse rotates°cross
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Fig. 6. The vertical alignment of an RWS vortex; = 0.0249;/r = 1.45r,. (a) Basic state relative vorticity, and angular rotation frequency, normalizejo (b)
Geopotential perturbatiapiin the horizontal plane, at an arbitrary height. The decay cdrresponds to vertical alignment. The evolution was obtained from a numerical
integration of the linearized primitive equations. Timis in units of 2r/$2(0). R, = 2.0. (c) The tilt of the vortex vs. time, for two different Rossby numbers. Solid
curves: primitive equation model. Dashed curves: AB theory for resonantly dammpetivortex-Rossby-waves. (d)f vs. radius, for the two cases in (c).
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the horizontal plane at= H/2. Increasingn increases the number of nodes of ellipticity
between; = 0andz = H.

Fig. 7ashows the evolution of the geopotential perturbatiomt a fixed height, for the
case in which the Rossby number is unity, dad= NH/mn | f| = 1.45r,. As before, the
geopotential perturbation behaves like a single azimuthally propagating wave. Here, the
decay of the wave corresponds to horizontal axisymmetrization.

Fig. 7bplots the wave-amplitude versus time, for two cases in wiRigk= 1, andlr/r,
is either 0.5 or 1.45. The wave-amplitude is adequately measured by a local “ellipticity”
variable|¢2 (r,, t)|. The solid and dashed curves have the same significancEigs @t
For all cases, the AB theory of resonant damping accurately describes the decay of ellipticity.
Once again, good agreement between the primitive equation model and AB theory is in
accord with the fact thab? « 1 (Fig. 70).

4.1.4. Limitation of balance

The applicability condition for the present asymmetric balance mdlfel« 1, can fail
if the Rossby number is too large. For example, consider a2 discrete vortex-Rossby-
wave in a Rankine cyclon€ig. 8aplots the AB theory oD? versus radius for this perturba-
tion, for the case in whickg equals the core radiug. Each curve in Fig. 8a corresponds to
a distinct Rossby number, between 1 and 10. Below the critical rafiftis,much less than
unity. Beyond the critical radiug?§ is greater than unity, if the Rossby number exceeds one.

According to AB theory, all discrete vortex-Rossby-waves of a Rankine cyclone are
neutral.Fig. 8bcompares this prediction to a set of numerical experiments, iyitgual
tor,. The experiments are based on the primitive equation model. The Rankine cyclone is
approximated by44), with A equal to zero. The initial potential vorticity perturbation is
givenby(42), withn = 2. Atlarge Rossby numbersgeowing discrete vortex-Rossby-wave
dominates the perturbation, contradicting AB theory. The growthyateobtained from
an exponential fit of ellipticity versus time. The scaled growth rates are shown in Fig. 7b,
for Rossby numbers between 1 and 20. As the Rossby number increases, beyond 2, the
e-folding time approaches about 7 central rotation periods.

The observed growing modes are analogous to those studi€oroy(1994) for the
case of a shallow-water vortex on thfeplane. Ford attributes the instability to a reso-
nant interaction between the core vortex-Rossby-wave, and an outward-propagating, spi-
ral, inertia-buoyancy wave. For a comprehensive discussion of linear instability due to
wave—wave resonances, we refer the read8atai (1989)

Fig. 8cshows the geopotential perturbation of the unstable modes for Rossby numbers
equal to 3, 5 and 10. The azimuthal phase-velocity of each mode is between 12 and 13%
smaller than the phase-velocity of its neutral counterpart in the AB model. In the skirt,
the geopotential perturbation consists of spiral bands. The radial wave-length of the spiral
pattern decreases as the Rossby number increases. Such behavior is easily derived.

To begin with, we may express the eigenmode problem of the primitive equation model
as a single equation for the geopotential perturbatios, @ (r)expli (nA — vt)] + c.c. At
large radii, where2, ;¢ — 0, this eigenmode equation reduces to

19 0o 2/f2 1
19,99 _off"=1, =0, (49)
ror or ll%
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In general, the eigenfrequencyis complex; however, the observed instability is weak.
Accordingly, we have approximated by its real partw. For an outward propagating
wave, the proper solution t@9) is a Hankel function of the first kind> = cHS” (p) ~

c/2/mp expli(p — m/4)], in which ¢ is a constant angd = /w?/f2 — 1r/Ir. From this
solution, the radial wave-length of the spiral is simply

2miR
V=1

Clearly, Is decreases as the Rossby numberd/f > 1) increasesFig. 8cprovides a
favorable comparison d@f to the observed radial wave-lengths.

By increasing §—/dr|,, above zero, itis possible to suppress the RIB instability. For the
basic state given b4), di;~1/dr|,, has the same sign as, and is approximately proportional
to A. Fig. 8dshowsy versusA, for the case in which the Rossby number is 3, and the
internal deformation radius is. As before, the diamonds were obtained from exponential
fits of ellipticity versus time in the primitive equation model. The squares correspond to
AB theory(48). Fig. 8dclearly indicates that is made negative by increasing For large
values ofA, resonant damping dominates the RIB instability, and AB theory provides a
good approximation fop.

(50)

ls:

4.2. Gaussian vortex

The RWS vortex has didactic value, and may be a reasonable model for the polar strato-
spheric vortex. However, the symmetrization rate of a smoother potential vorticity distribu-
tion can exhibit opposite tendencies wRh andi/r. As an example, we consider a Gaussian
vortex:

[ =2z /2 (51)

Fig. 10aplots the basic state vorticity and angular rotation frequency of a Gaussian vortex.
For brevity, we will restrict our attention to vertical alignment, which occurs by the decay
of then = 1 Fourier components of the perturbatiéig. 9illustrates the properties of the
n = 1 discrete vortex-Rossby-waves. The complex wave frequencies were obtained by
Landau’s method41). Fig. 9ashows the critical radius, versus the Rossby numbg&g,
for several values di between B75-, andr,; here,r, = 3r. To some extent, the curves
are qualitatively similar to the RWS resultsigs. 4a and HaHowever, the ascent of at
large (positive) Rossby numbers is distinct.
Fig. 9bshows the scaled decay ratey /| (0)|, versus Rossby numb@&g, for the same
values ofir. Along the cyclonic curves (solid), the scaled decay rate increasesRyith
Along the anticyclonic curves (dashed), the scaled decay rate decreases, and then sharply
increases alR,| approaches one. Note also that the decay rate increakedexreasesn
contrast to the RWS results.
We now examine the evolution of an= 1 perturbatior(42) that is governed by the lin-
earized, conservative primitive equations. The vertical wave-numladithis perturbation
is arbitrary, insofar atk = NH/mmx|f| = 0.75r,. Recall that ifm = 1, the perturbation
corresponds to a simple tilt. Increasimgncreases the number of nodes in the misalignment.
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Fig. 9. Then = 1 discrete vortex-Rossby-waves of a Gaussian vortex. (a) Critical radius vs. Rossby number. (b)
Decay rate vs. Rossby number. Solid/dashed curves are for cyclones/anticyclones.

Fig. 10bshows the evolution of the geopotential perturbatigrat a fixed height, for
the case in which the Rossby number is 2. The geopotential perturbation behaves like a
single azimuthally propagating wave. The phase of the wave varies slightly with radius.
The temporal decay of the wave corresponds to vertical alignment.

Fig. 10cplots the wave-amplitude versus time for cases in which the Rossby num-
bers are 2, 0.25, and0.25. The wave-amplitude is measured by a local “tilt” variable,
|p-D (27, ). The solid curves are from the primitive equation model. The dashed curves
are from the AB theory of resonant damping; i.¥.,én whichy is obtained from Landau’s
method. The decay rate predicted by AB theory is adequate for all three cases; however,
it is least accurate28%) for the case in which the Rossby number is 2. Increasing error
with Rossby number coincides with increasiD@ (Fig. 109.

4.3. Hurricane Olivia

To this point, we have considered modest geophysical vortices, that have Rossby numbers
of order ten or less, anigk/r, of order unity or less. In contrast, full-strength hurricanes
have Rossby numbers of order 100, drdr, of order ten (forn < 4). In this subsection,
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Fig. 10. The vertical alignment of a Gaussian vortigx:= 0.75r,. (a) Basic state relative vorticity, and angular rotation frequency, normalize@jo(b) Geopotential
perturbationy in the horizontal plane, at an arbitrary height. The decay arresponds to vertical alignment. The evolution was obtained from a numerical integration of
the linearized primitive equations. Timés in units of 2r/£2(0). R, = 2.0. (c) The tilt of the vortex vs. time, for three different Rossby numbers. Solid curves: primitive
equation model. Dashed curves: AB theory for resonantly damped. vortex-Rossby-waves. (dﬁ vs. radius, for the three cases in (c).
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we consider the alignment of a barotropic vortex with hurricane-like parameters. We note
that actual hurricanes may exhibit more complex behavior, in part because they are baro-
clinic and contain secondary convection that operates on a time scale comparable to that of
symmetrization.

Fig. 11ashows the relative vorticity and angular rotation frequency of a monotonic
barotropic vortex that resembles Hurricane Oligieasor et al., 2000)n this plot,; and
£ are normalized t&Z, = 8.84 x 10°3s™1, andr is in units ofr, = 30km. At 15N,
the Rossby numbeR, of Olivia is 234.18. Furthermore, usiny = 1.21 x 1072s71,
H >~ 10km andn = 1, we obtainr/r, = 34.29. Note that we have artificially filled the
eye ¢ < 8km) of Olivia with cyclonic vorticity. In doing so, we have removed possible
inflection-point instabilities (e.gMichalke and Timme, 1967Schubert et al., 199%hat
could otherwise interfere with the mechanics of linear symmetrization.

The specific functional form of is given below

2
i Zol + tanh [(2r, —r)/8r] [e_(,/gl)z <b2 N bgr_z) N b4e_(’/"2)2:|
r

2b1 2
1— tanh[2r, —r)/8r] (¥ \?
A e (L) (52

in whichdr = 2r,/15,01 = 0.343, 02 = 1.30r,, b1 = 1.36,b2 = 1.145,b3 = 10.92,
bs = 0.218,b5 = 23.683, andp = —1.783. As usual, the angular rotation frequency is
obtained from the relatiof (r) = r=2 [3 dr' r'z ().

Fig. 11bshows the evolution of a geopotential perturbation that is created by a tilt of
Olivia [Eq. (42) (m, n) = (1, 1)]. The data were obtained from a numerical integration of
the linearized primitive equations. After about five central rotation periods (roughly 2 h),
the perturbation resembles a discrete azimuthally propagating wave. As the wave decays,
the vortex becomes vertically aligned. A fit to the simulation data between five and forty
rotation periods yields a wave frequency= 0.044, and a decay raje= —5.5 x 1072, in
units ofz (0). Landau’s method provides the corresponding AB value of the complex mode
frequencyw = 0.048 andy = —3.8 x 1073,

Fig. 11cshows the tilt of the vortexjp™ D (0.567r,, t)|, as a function of time. The
solid curve represents the primitive equation simulation. The long-dashed curve represents
a numerical integration of the AB modg@l5) and (16§ The short-dashed curve represents
exponential decay, using the Landau valuejfotWe conclude that AB theory provides
a good approximation for linear alignment. It differs slightly from the primitive equation
model, becaus@? « 1is only marginally satisfied in the corEi¢. 119.

Despite the large Rossby numbet,(= 234.18) and “Froude number'Ror,/Ir =
6.8), Fig. 11 shows no trace of an = 1 RIB instability. The same holds for a sim-
ilar n = 2 simulation. So, at least for low wave-numbers, it would appear that the sym-
metrization processes accounted for by AB theory dominate conceivable unbalanced
instabilities of a hurricane-like vortex. This result was anticipatedvigntgomery and
Shapiro (1995)

6 The initial condition of the AB simulation is given k#2), with IT — ¢ on the left-hand-side.
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5. Summary and discussion

We have presented a linear AB theory of discrete vortex-Rossby-waves in a barotropic
mean vortex. If the vortex has a monotonic potential vorticity profile, such waves are damped
by a resonance with the fluid rotation frequency at a critical radliu&n analytical expres-
sion(40)was derived for the decay rate of the wave-amplitude. According to this formula,
the decay rate is proportional to the value §fd/dr = —N217-2dIT/dr atr,. For Rossby
numbers of order unity or greater, there are cases in which the AB and QG formulas for the
decay rate can differ by orders of magnitude. For such cases, AB theory proved superior
upon comparison to numerical integrations of the primitive equatiBiys(6c and 10c

The results of this article may help explain why some geophysical vortices are more
robust than others when exposed to environmental shear. Some recent work has studied
the adverse effect of vertically-sheared horizontal winds on tropical cyclone development.
Fig. 12illustrates how vertical shear can weaken a tropical cyclone. These data are from a
nonhydrostatic, moist numerical simulation Bsank and Ritchie (2001; Fig. 5Fhe sim-
ulation is initialized with an axisymmetric tropical depression. In time the central pressure
drops, and the maximal wind grows to hurricane intensity. After 48 h, the environmental
flow acquires vertical shear. If the shear-rate is sufficiently large, as in this example, the
vortex tilts. The figure suggests that the shear-induced tilt contributes to decay of the central
pressure anomaly, and thereby to weakening of the maximal wind.

In Section 4 we showed that tilts are often supported /by= 1 (m > 0) discrete
vortex-Rossby-waves, which are inclined to decay by resonant damping. Consider two
cyclones, | and Il, which have identical cores, but differing skirts. Specifically, the skirt
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Fig. 12. Weather prediction models demonstrate that tropical cyclones intensify/weaken in the absence/presence
of vertically sheared environmental wind. As the shear-induced tilt increases, the central pressure anomaly
(DP = initial minus current central pressure) decreases. Here, tilt is defined as the distance between the cen-
ters of rotation at 850 and 200 mb (long-dashed), or 850 and 500 mb (short-dashed). The large “tilt” shown after

t = 72 h is thought to be an artificial result of the vortex losing a distinct center in its upper levels. This figure is
adapted fronfrank and Ritchie (2001)
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potential vorticity of cyclone | has a larger negative slope. AB theory suggests that the
vortex-Rossby-waves will damp faster on cyclone . It stands to reason that cyclone | is
better able than cyclone Il to resist tilting, and thereby weakening, under vertical shear.
Accordingly, we speculate that cyclone | requires a larger vertical shear-rate than cyclone
Il to nullify its intensification.

Before investigating the role of discrete vortex-Rossby-waves in regulating the strength of
vortices that are exposed to external shear, several basic issues should be addressed. To begin
with, resonant damping generally competes with growth mechanisms. For example, at large
Rossby numbers, a vortex-Rossby-wave can grow by coupling to a spiral inertia-buoyancy
wave (Section 4.1.&ord, 1994. We have shown that growth by such coupling yields to
resonant damping, if @ /dr|,, is sufficiently large, and of the proper sign. Future work
should provide a more comprehensive analysis of this suppression.

Future work should also extend the theory of discrete vortex-Rossby-waves to baroclinic
vortices, which have vertically varying rotation. Baroclinicity will clearly complicate the
analysis of resonant damping, and of competing instability mechanisms. Nevertheless, there
are likely special cases for which the analysis is feasible.

Furthermore, one may generalize the basic state to include an elliptical vortex column in
permanent horizontal shear. Satellite images suggest that such basic states more accurately
represent Jovian vortices, such as the Great Red Spot. Like circular vortices, we propose
that elliptical vortices will favor vertical alignment, due to the resonant damping of dis-
crete vortex-Rossby-waves. Such damping may also quiet internal disturbances about the
elliptical horizontal flow.

Future work should also elaborate upon the nonlinear evolution of discrete vortex-Rossby-
waves. The nonlinear evolution was previously studied in the context of two-dimensional
Euler flow (BDL; Pillai and Gould, 1994; Schecter et al., 2000; Balmforth et al., 2001
Fig. 13is a laboratory experiment that illustrates the nonlinear resonant damping of an
n = 2 wave(Schecter et al., 2000)The working 2D Euler fluid in this experiment is
a magnetized pure electron plasma. Initially, the wave decays at a rate given by the lin-
ear theory of resonant damping (dashed line). However, as vorticity wraps into a cat's
eyes pattern at the critical radiug, the wave amplitude bounces and then equilibrates.
The theoretical value for the bounce perieglis proportional to one over the square
root of the wave amplitude. As indicated by the figure, the theoretical valug @#x-
tended tick mark) is in good agreement with the experiment. If the initial wave
amplitude is below a threshold, nonlinear bouncing will not occur, and the wave am-
plitude will decay toward zero(Balmforth et al., 2001) Presumably the three-
dimensional discrete vortex-Rossby-waves examined here exhibit analogous nonlinear
behavior.
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Appendix A

In this appendix, we describe a general method for constructing the Green function
Gm(r, r"), which relates the geopotential perturbation to the pseudo potential vorticity per-
turbation in the asymmetric balance model. The Green function must satisfy a homogeneous
differential equation,

19 r 8 Srm? 1
LiGm] = 12 (oL 2 20 L) G =0, (A1)
ror né ar nér f lR
for r # v/, and the jump conditions
_ ,  rf2dGm|
lim Gl *¢ =0, lim ——™ =1 (A.2)
e—0t e—~>0t n& dr r—e

Let f1(r) and f2(r) be solutions td.[ f;] = 0, with the boundary conditiong (0) = 0 and
f2(c0) = 0. The Green function is proportional f for r < r’, whereas it is proportional
to f» for r > r’. Provided thaf¢ is continuous at = r/, the jump conditions at’ yield

G, ) = LD, (A3)
w
in whichr_ (r.) is the lesser (greater) efandr’, and
r/fz ’ df2 ’ dfl / /
— A 2y 21 , A4
W= i) [fl(r ) ) = 0 a0 (A4)
It can be shown thal is a constant function of .
As r approaches zero, the differential equation fois given by
d2f1 1df n?
&2 Tra 20 =

Imposing the boundary conditiorf;(0) = 0, the solution to(A.5) is f1(r) ~ r". We
obtain the complete functiofy by settingfi(e) = ¢, df1/dr(e¢) = nc/e, and numerically
integratingL[ f1] = 0 forward inr. Here,c is an arbitrary constant, and the accuracy of the
solution improves as approaches zero.
Asr tends toward infinity, the functiorig /2 andS(r) become unity, and the differential
equation forf, becomes
?f 1df 1

&z Tra g0 (A9)

Therefore,f> ~ Ko(r/Ir), whereKy is a modified Bessel function. Using, the asymptotic
(r/Ir > 1) form of Ko, we have further that, ~ /Ir/r exp[—r/Ir]. A numerical solution
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to f» is obtained by setting>(e ~1) = ¢, d fo/dr (e 1) = —c(1+€lr/2)/ IR, and integrating
L[ f2] = 0 backward irr.

For the special case of a Rankine vor(gs), the functionj& /2 is discontinuous at, .
Specifically,

ﬁé 1+ Ro)z, r <ry,

— = 2 (A.7)
f? 1+ Ror—g, r>ry.
r

Forr' = ry, the jump conditions yield

GR (1, ry) = T 1202). (A.8)
wherer_ (r.) is the lesser (greater) ofandr,, and

~ r— f L ﬁ

W= arre [<1+Ro)f1(rv) ) ) fz(rv)} (A.9)

Here, the symbols,” andr;" indicate the limits as approaches, from above and below,
respectively. One can easily show that for< r,, f1(r) = I,[(1 + Ro)r/IRr]. Fig. 14
illustrates the global structure m‘(rffq) (r, ry) for several values oRg, [r andn.

Appendix B

In this appendix, we derive the properties of the discrete vortex-Rossby-waves of an RWS
vortex. Our approximate theory improves, in principle, as the skirt paramedpproaches
zero.

From the definition of an RWS vortefd3), the local absolute and average absolute
vorticities are given by

n | 1+Ro r<ry, 5_ 1+ Ro r<ry, (B.1)

f 1+ RoALs(r) 1 > 1y, f 14 Ro(rv/r)2 1 >ry. '
Here, we have used the approximation

Q2 lyrN\2 A [T, 1lir2

Z_o_§<7> +ﬁ/r d”’”{s(”)—§<7) ) (B.2)

for r > r,, according to the assumptiaty- 2/ dr'r'e(r') « 1.
An integral core mode equation is derived erZi) (22)and(B.1). Ignoring two terms
that are proportional ta\, we have
n2 —w né(r —
dr'r GRYS (v, )0 (') = 0. B.3
Q(r)+r(1+Ro)(1+RoA)/ ' GRYS (7, ) 0 (B.3)
This implies that the pseudo potential vorticity and geopotential wave-forms are given by

Or) =rd(r—ry), @)= fr2GRY, ry), (B.4)
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Fig. 14. The Green function(= r,) of a Rankine vortex. Equivalently, the geopotential wave-foin|)] of a
discrete vortex-Rossby-wave of a Rankine vortex. (a) Variation with Rossby number. (b) Variation with internal
Rossby deformation radius. (c) Variation with azimuthal wave-number.

up to a common multiplicative constant. The Green funcﬁlﬁﬁws) (r, ry) is constructed
just asG,(%)(r, ry) in Appendix A The result is

G Nl falr>) (B.5)

(rvrv):

in whichr_ (r-) is the lesser (greater) efandr,, and
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Vo — My 1+ Ro df2 +y fl _
W_(1+R0)2[1+R0Af1( D=2 - Ry )fz(rv)} (B.6)

The functionf1(r) is equal to the modified Bessel functidg{ (1 + Ro)r/IR], for r < ry.
The functionfz(r) satisfiesL[ f2] = 0, and the boundary conditigfy(c0) = 0. The linear
differential operatoL is defined by(A.1), with ((B.1); » > r,) used for; andé. The Green
function GRS converges taG (Fig. 14 asR,A — 0.

Upon substitutingd (r) = r,8(r — ry) into (B.3), one finds that the mode frequency is
given by

w=Zo |: 1+ Ro)(L+ Rod) G 1y, rv)] . (B.7)

To zero order im, the critical radius., satisfienZo(ry/rx)?/2 = w; i.e.

~1/2
=7y |1 GRVS | . B.8
T rv|: +(1+Ro)(1+RoA) mn (ry, rv) ( )

The decay rate is obtained by substitut{Bg4) into (40):

nf2 r3 2dip1t
- T [ (RWS) B
Y = T @+ Ro)(L+ Rod) 12 [Gm” (e, r”)] a (B-9)

Egs. (B.7XB.9) are the same g46)(48)in the main text.

Appendix C

In this appendix, we describe the primitive equation model that was used to investigate
vortex symmetrization. The prognostic equations for this model are given below:

% +in2(r) + a(r)i| u™m (1) — E(r)o ™ (r, 1) + aiqb(’”’”)(r, =0
r

0 . = in
Pm +1n82(r) + a(r)} VI (1, 1) 4 7 U (r 1) + —¢ ™ (r, 1) = 0,
r

252
g—i-ln.(?(r)—i-ot(r)}d)(m")( f —R i

ru(m n)( l)+ R (m n)(r 1)=0.
ar r

(C.1)

Here, the superscriggin, n) denotes the Fourier component of the field variable, expanded
as in (20). The Fourier components are marched forward in time using a fourth-order
Runge—Kutta scheme. The radial derivatives are approximated by second-order finite dif-
ferences, on a grid with 4000 equally spaced elements. The outer radial boundaat
20r,/3, 20 and 1@, for the RWS, Gaussian and Olivia simulations, respectively. At the
outer radial boundary and the origin, we impgs&-™ = 0.
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The functionx (r) in (C.1)represents a sponge ring. Its specific form is given below:

pf sin? [lz (r — qrb)} r>qrp,
a(r) = b (C.2)

0 r < qrp.

For the RWS and Gaussian simulatiops= 18.04,¢ = 7/8 and/ = 4. For the Olivia
simulation,p = 23843,¢9 = 0.9 and/ = 5. The sponge ring damps the field variables
near the outer radial boundary, thereby inhibiting the reflection of outward propagating
inertia-buoyancy waves. The simulation results did not change for numerous test runs in
which p was increased by a factor of ten, the boundary radius was doubled, or the radial
grid-point spacing was halved.

The field variables are initialized so that the potential vorticity perturbafiois given
by (42). However, the initial value of7 does not completely specify the initial valuesgf
v ande¢. Of the infinite possibilities, we select that for whigh v) has zero divergence,

and for whicho has zero rate of change. That ist at 0, we impose
10(ruy 10v 0o
== -— =0, — =0. C.3
r or + r oA at (€.3)

Sinceo is initially zero, the initial velocity perturbation may be represented by a stream-
functiony; i.e.

_( loy ay
(. v) = ( ran 8r> (€4

From(11)and(C.4), ¥ is related to the initial values d and¢ by the following:
19 9 1 92 9%¢
——r— 4= =1I. :
N |:r8r 8r+r28k2:|w+n82 (€9)
The conditionda/dr = 0 may be written as an additional relation betwgeandg:
19 8 1 92 19 -9y [27—&79%
e e T e

ror 8r+r_zw

Eq. (C.6)is derived with the aid of7), (8) and(C.4).
We may transfornigs. (C.5) and (C.Gpto Fourier space, with the following results:

=0. (C.6)

r

lez </><'" m — N2 (C.7)

19 a8 n? 25 — &
i e - Lok a2 Z2E |y —o (o)

Given IT""  and the boundary conditiogg™ ™o, = ¥"™|o,, = 0, we solve(C.7)
and(C.8)simultaneously fop ™ andy ™" . The initial conditions for "™ andv ™
are then obtained from the Fourier transforn{©f4).

u(m,n) — _Ew(m,n), v(m,n) — aiw(m,n). (Cg)
r
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