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Abstract

The comprehensive observational study of Bedard [2005] provisionally found that the infrasound of a tornado is
discernible from the infrasound of generic cloud processesin a convective storm. This paper discusses an attempt
to corroborate the reported observations of distinct tornado infrasound with numerical simulations. Specifically, this
paper investigates the infrasound of an ordinary tornado ina numerical experiment with the Regional Atmospheric
Modeling System, customized to simulate acoustic phenomena. The simulation has no explicit parameterization of
microphysical cloud processes, but creates an unsteady tornado of moderate strength by constant thermal forcing in a
rotational environment. Despite strong fluctuations in thelower corner flow and upper outflow regions, a surprisingly
low level of infrasound is radiated by the vortex. Infrasonic pressure waves in the 0.1 Hz frequency regime are
less intense than those which could be generated by core-scale vortex Rossby (VR) waves of modest amplitude
in similar vortices. Higher frequency infrasound is at least an order of magnitude weaker than expected based on
infrasonic observations of tornadic thunderstorms. Suppression of VR waves (and their infrasound) is explained by
the gradual decay of axial vorticity with increasing radiusfrom the center of the vortex core. Such non-Rankine wind-
structure is known to enable the rapid damping of VR waves by inviscid mechanisms, including resonant wave-mean
flow interaction and “spiral wind-up” of vorticity. Insignificant levels of higher frequency infrasound may be due to
oversimplifications in the computational setup, such as theneglect of thermal fluctuations caused by phase transitions
of moisture in vigorous cloud turbulence.
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1. Introduction

1.1. Background and Objectives

Recent observational studies have shown that tornadic thunderstorms persistently emit acoustic radiation with an
unusually strong component in the 0.5-10 Hz frequency range[Bedard 2005 (B05); Bedard et al. 2004; Szoke et
al. 2004]. One might speculate that such infrasound is connected to repeated electrical discharges; however, Bedard
reports no obvious correlation with lightning events [B05]. In theory, the infrasound could also come from condensa-
tion of water vapor, induced by mixing of temperature inhomogeneities in vigorous cloud turbulence [Akhalkatsi and
Gogoberidze 2011]. The efficacy of this theoretical source mechanism does not require the presence of a coherent
vortex in any obvious way. By contrast, Bedard presents a compelling case that the distinct 0.5-10 Hz infrasound of
a tornadic thunderstorm originates from a tornado, or stormrotation conducive to tornadogenesis [B05]. If coherent
vortices prove to be the prevailing source of the unusually strong signals, then monitoring infrasonic emissions could
significantly improve tornado warning systems [ibid].

This paper will focus on the following fundamental question: how might the wind fluctuations of a generic tornado
emit discernible infrasound? While the preceding question has been asked for decades [B05; Georges 1976; Georges
and Greene 1975], the answer is not entirely clear.
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Tornadoes are convective vortices that exhibit diverse fluctuations. Many (but not all) of these fluctuations emit
acoustic radiation [Powell 1964; Howe 2003]. Schecter and collaborators examined the infrasound generated by vor-
tex Rossby (VR) waves1 in idealized tornadoes with purely Rankine structure [Schecter et al. 2008 (S08)]. Typical VR
waves, and their acoustic radiation fields, have frequencies of order 0.1 Hz. This frequency regime falls below the 0.5
Hz cutoff of the aforementioned observational studies, and may be dominated by the infrasound of non-tornadic cloud
processes [Bowman and Bedard 1971; Georges and Greene 1975;Akhalkatsi and Gogoberidze 2009]. Nevertheless,
it is worthy of consideration on theoretical grounds. Numerical experiments in S08 provisionally showed that VR
waves in a strong tornado can produce more powerful infrasound at∼0.1 Hz than a non-rotating cumulonimbus. It is
possible that VR waves in more generic (non-Rankine) tornadoes are strongly damped, and unexcitable to significant
amplitudes by natural forcing. One goal of the present studyis to obtain further insight into the potential relevance of
VR waves to the∼0.1 Hz infrasound of a tornadic thunderstorm.

Higher frequency emissions from a VR wave would require an azimuthal wavenumbern much greater than unity.
Since the acoustic radiation field of a VR wave attenuates “exponentially” with increasingn, discernible emissions
in the 0.5-10 Hz frequency range do not seem plausible under ordinary circumstances [S08]. Earlier studies had
proposed that axisymmetric (n = 0) vibrations of the vortex core might account for the distinct 0.5-10 Hz emissions
of a tornadic thunderstorm [Abdullah 1966; B05], but this hypothesis appears to have some fundamental deficiencies
[Schecter 2012]. A second goal of the present study is to assess whether alternative modes of oscillation or more
complicated wind fluctuations of a tornado might be responsible for the high frequency observations.

1.2. Basic Methodology

To address the issues posed above, this paper investigates the source and magnitude of the infrasound emitted by a
generic tornado, simulated with a customized version of theRegional Atmospheric Modeling System (c-RAMS). The
reader may consult Cotton et al. [2003] for a description of standard RAMS, and Medvigy et al. [2005] for a descrip-
tion of the pertinent customization [cf. Nicholls and Pielke 2000]. The model is fully compressible, allows multiple
nested grids, and facilitates non-uniform vertical grid spacing. It has been shown that c-RAMS can adequately simu-
late classic mechanisms of vortex sound production [S08; Schecter 2011 (S11)]. It has also been shown that standard
RAMS is capable of generating tornadoes through natural supercell convection under severe storm conditions [Grasso
and Cotton 1995]. In principle, one could analyze the infrasound generated by tornadoes in similar supercell simula-
tions carried out with c-RAMS. However, achieving adequateresolution would be prohibitively expensive. Moreover,
acoustic peculiarities of standard cloud microphysics parameterizations could unnecessarily complicate the analysis,
bearing in mind that the present goal is limited to understanding the infrasound produced solely by tornadic wind
fluctuations [Schecter and Nicholls 2010; S11]. Simpler techniques with artificially driven convection have been
developed for efficiently simulating quasi-realistic tornadoes at high resolution [e.g., Rotunno 1977; Fiedler 1998;
Llewellen et al. 2000]. A variant that seems most akin to the Fiedler-technique is used here.

To review, the Fiedler simulations have no moisture, but impose artificial buoyancy forcing in the vertical momen-
tum equation. The atmosphere starts at rest, but the Coriolis parameter is elevated to the vorticity that would exist in a
mesocyclone. The artificial buoyancy forcing drives convection, which converges ambient angular momentum in the
lower troposphere and generates a tornado.

The present simulations exclude moisture as well, but the buoyant updraft is created by explicit heating aloft. The
Coriolis parameter is unchanged from its local planetary value, but a low-level cyclonic circulation provides elevated
background vorticity to facilitate a process resembling non-supercell tornadogenesis [Wakimoto and Wilson 1989; Lee
and Wilhelmson 1997]. The ambient atmosphere is stratified into a marginally stable boundary layer, a moderately
stable free troposphere, and a strongly stable upper atmosphere. The surface layer applies quasi-realistic drag, and
Rayleigh damping quenches upward propagating waves in the stratosphere. Radiation conditions are employed at the
lateral boundaries to minimize the reflection of outward propagating acoustic waves.

1The term “vortex Rossby wave” belongs to the shared lexicon of dynamical meteorology and physical oceanography [Montgomery and Kallen-
bach 1997; McWilliams et al. 2003; Schecter and Montgomery 2003,2004]. It refers to a non-axisymmetric wave whose oscillation mechanism is
connected to the radial gradient of axial vorticity (or potential vorticity). The classic example of a discrete VR wave isan azimuthally propagating
elliptical deformation of the vortex core. Other VR waves propagate both azimuthally and radially, and are sheared by differential rotation.
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1.3. Outline

The remainder of this paper is organized as follows. Section2 elaborates upon the computational setup of the
tornado simulations. Section 3 describes the basic structure of a simulated tornado. Section 4 describes the nature
of the simulated infrasound. Section 5 assesses the significance of tornadic wind fluctuations to the production of
infrasound in a severe storm, based on the present simulation results. Section 5 also provides evidence that VR waves
are less relevant than previously thought. Section 6 explains the apparent suppression of VR waves in the vortex
core. Section 7 offers some concluding remarks. Appendix A discusses a varietyof acoustic sources that are possible
in a c-RAMS simulation. Appendix B discusses a numerical subtlety pertaining to the artificial generation of high
frequency infrasound at nested grid boundaries.

2. Computational Setup

The primary simulation of our study is called the “α-experiment.” Theα-experiment has four concentrically nested
square grids, with horizontal increments of∆x = 3.6, 10.7, 32 and 128 m. The horizontal grid lengths areL = 1.2,
2.4, 6.5 and 26 km, respectively. The vertical mesh is the same for all grids, and is continuously stretched with height
z over 300 grid points. The vertical grid spacing∆z is 4 m near the ground, 50 m atz = 3 km, and 170 m atz = 10
km. The model top is atz = 29 km.

The surface value of the ambient potential temperatureθa(z) is 299 K. The lapse rate is given by

dθa
dz
=



















1 K km−1 z < 1 km,
4 K km−1 1 ≤ z ≤ 10 km,
10 K km−1 z > 10 km.

(1)

The surface value of the ambient pressure fieldpa(z) is 105 Pa. Above the surface,pa is adjusted to ensure hydrostatic
balance in a gravity field withg = 9.8 m s−2. The constant thermal forcing varies with radiusr and heightz. For
zb ≤ z ≤ zt, it is given by

dθ
dt
=

ǫθ

[1 + (r/rθ)2]2
sin

(

π
z − zb

zt − zb

)

, (2)

in which ǫθ = 0.11 K s−1, rθ = 1 km, zb = 1 km, zt = 9 km, anddθ/dt is the material derivative of potential
temperature. Forz < zb or z > zt, the thermal forcing is zero.

The initial cyclonic circulation (the parent vortex of the tornado) is confined toz ≤ zm = 5 km, and approximately
satisfies gradient balance. The azimuthal velocity distribution is given by

v =
r/rm

1+ (r/rm)2

√

2Bθazm

π

{[

cos

(

πz
zm

)

+ 1

]

−
1
8

[

cos

(

2πz
zm

)

− 1

]}

, (3)

in which rm = 3 km andB = 3×10−4 m s−2 K−1. A maximum wind speed of 12 m s−1 occurs on the surface atr = rm.
The radial velocityu and vertical velocityw are initially zero.

Of further note, the Coriolis parameterf is 10−4 s−1, which is representative of 45oN. Surface momentum fluxes
are determined from the friction velocity for a logarithmicwind profile with neutral stability and a roughness length
of 5 cm. The subgrid turbulence parameterization uses anisotropic Smagorinsky closure, and the aforementioned
Rayleigh damping layer is applied abovez = 15 km. Radiation conditions are enforced at the lateral boundaries of
the outermost grid using the Klemp-Wilhelmson formula for waves traveling near 330 m s−1 [Klemp and Wilhelmson
1978].

With horizontal resolution down to a few meters on the innermost grid, theα-experiment (and others like it) took
several weeks to complete on a modest 4-node cluster with a total of 32 processors. The importance of high resolution
in simulating aeroacoustics (tornado infrasound in particular) is well documented [cf. S08; Colonius and Lele 2004].
Therefore, the relatively high computational cost was unavoidable, even after an extensive minimization effort.
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Figure 1:(color online) Basic structure of a simulated tornado driven by constantthermal forcing. (a) Isosurface of horizontal wind
speed [uh(x, y, z)] normalized to itsz-dependent maximumumax(z); specifically, the isosurface corresponds touh/umax = 0.65. (b)
Vertical vorticity at 6 altitudes, smoothed with box-car averaging over 10.7 m in both horizontal dimensions (x andy). The positive
and negative halves of the color scale are logarithmic and cover two orders of magnitude each. (c) Azimuthally averaged velocity
field at the base of the tornado. Arrows show the secondary circulation,with a maximum wind speed of 32 m s−1. The shading
shows the azimuthal velocity. Panels (a) and (c) are snapshots att = 35 min, whereas each panel in (b) is taken 10 s later.

3. Basic Tornado Structure in the C-RAMS Simulation

Figure 1 illustrates the mature tornado that develops afterone-half hour in theα-experiment. Figure 1a shows
an isosurface of the horizontal wind speed, normalized to its maximum value at a given altitude. Belowz = 5 km,
where the thermal forcing is peaked and the wind speed of the parent vortex becomes zero, the isosurface exhibits a
funnel shape that is commonly associated with tornadoes. Above 7 km, the flow is turbulent. This upper turbulence
appears to rely on the existence of a tornado, because it fails to develop inside the core of a non-tornadic updraft if the
parent vortex is removed from the simulation [M.E. Nicholls, personal communication]. Figure 1b shows 6 horizontal
slices of the vertical vorticity distributionζz. The surface distribution is dominated by an unsteady ring with transient
subvortices, which are here defined as prominent vorticity peaks [cf. Fiedler 1998; Lewellen et al. 2000]. The shape
of the ring changes between elliptical and polygonal stateson a time scale comparable to the surface rotation period of
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Figure 2: Azimuthally averaged wind profiles above the corner-flow region att = 35 min in theα-experiment. (a) Azimuthal
velocity. (b) Vertical velocity. (c) Radial velocity. The curve style varieswith the value of the radial coordinater. The specific
values ofr (in meters) are shown by the curve labels in (a) and (b).

the tornado. Ascending into the core,2 the ring is replaced with a monotonic distribution. The transition to turbulence
aloft is evident in the panel forz = 7.8 km. Figure 1c shows the azimuthally averaged velocity fieldat the base of
the vortex. The peak azimuthal wind speed of 59 m s−1 occurs in a thin corner-flow region near the surface. The
maximum radial inflow velocity is 32 m s−1 slightly above the surface.

Figure 2 shows the vertical variation of azimuthal velocityv, vertical velocityw and radial velocityu above the
corner flow att = 35 min. Each curve corresponds to the azimuthal average ofv, w or u at a particular radius.
The azimuthal velocity varies little withz over several kilometers of the lower troposphere. Verticalinvariance of
v in the outer core runs roughly twice as deep (5 km) as verticalinvariance ofv in the inner core. A prominent
downdraft (region of negativew) occurs belowz ≈ 2.5 km along the central axis of the vortex. Atz = 0.62 km,
the interior downdraft has a peak value of 13 m s−1 and transitions to an updraft atr = 66 m. The radial velocity
is predominantly negative in the lower troposphere and is predominantly positive aloft. The upper outflow velocity
is an order of magnitude greater than the characteristic inflow velocity of the lower troposphere, but is an order of
magnitude smaller than the inflow velocity near the surface (cf. Fig. 1c).

Figure 3a shows the radial variation of vertical vorticityζz. Each curve corresponds to the azimuthal average ofζz
at a select altitude in the lower troposphere. To a reasonable approximation, one may write

ζz ≈
ζ∗

1+ (r/rv)γ
≡ Q (r; rv, ζ∗, γ) . (4)

Thez-dependent fit parameters (rv, ζ∗ andγ) are determined by the method of least squares. Figure 3b shows ζ̃z ≡ ζz/Q
versus ˜r ≡ r/rv for several values ofz. Above 1 km,ζ̃z stays close to unity for all ˜r ≤ 5. Figure 3c shows the vertical
variation of the fit parameters. The radial length scalerv of the vortex core increases from 57 to 151 m betweenz = 1
and 5 km. Over the same vertical interval,ζ∗ decreases from 1.8 to 0.6 s−1. On the other hand,γ stays fairly close to
1.8.

Evidently, the radial distribution of axial vorticityζz is significantly non-Rankine. A Rankine vortex has constant
ζz within a core radiusrv, and zeroζz outside. In other words,ζz is given by aQ-distribution [Eq. (4)] withγ → ∞.
By contrast, aQ-distribution withγ = 1.8 has a substantial skirt of monotonically decaying vorticity beyondrv. The
author believes that the presence of a monotonically decaying skirt is a realistic feature of the c-RAMS simulation.
To begin with, radial diffusion of the vortex core (due to subgrid eddy-viscosity) hasan estimated time scale 10 times
greater than the 36 minute duration of the simulation. Furthermore, the structure of the skirt seems insensitive to a
56% reduction of∆x and the attendant reduction of horizontal diffusivity, which is proportional to∆2

x (see Fig. 3a).

2The “vortex core” is ambiguously defined in the literature. Here, it refers to the central region of the vortex above the corner flow and below
the turbulent outflow layer.
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Figure 3:Vertical vorticity distributionζz of the core att = 35 min. (a) Azimuthally averagedζz in theα-experiment and a similar
numerical experiment where∆x is reduced to 2 m (8 m) andL is reduced to 612 m (1.6 km) on the innermost (second innermost)
grid. (b) Azimuthally averagedζz in theα-experiment normalized to best-fitQ-distributionsversus radius normalized torv. (c) The
fit parameters of theQ-distributions.

Details of the skirt may depend on details of both the parent vortex and the thermal forcing function. Nevertheless,
a generic skirt seems qualitatively consistent with a largenumber of tornado and dust devil observations [e.g., Wood
and White 2008; Bluestein et al. 2007; Tanamachi et al. 2007; Lee and Wurman 2005; Tratt et al. 2003].3 The
significance of a skirt to the production of infrasound will be addressed in section 6.

4. Simulated Infrasound

Figure 4 illustrates the infrasound generated in theα-experiment. The plotted fields are filtered pressure perturba-
tions, defined by

p f ≡ pτ1 − pτ1
τ2
, (5)

in which p is the total atmospheric pressure and

pτ(x, t) ≡
1
τ

∫ t+τ/2

t−τ/2
dt̃ p(x, t̃). (6)

Figure 4a is a 3D snapshot ofp f with τ1 = 0 andτ2 = 10 s, which represents all waves with frequencies greater than
about 0.1 Hz.4 In this frequency regime, one sees that infrasonic waves emitted from the upper turbulence have equal
or greater intensity than emissions from the vortex core.

Figures 4b and 4c are Hovm̈oller plots of the∼0.1-1 Hz and>
∼

0.5 Hz pressure perturbations. Specifically, the plots
are of p f with (τ1, τ2)=(1.2 s, 10 s) and (0, 2 s). Thex-axis shows distance on a horizontal line cutting through the
center of the system, at the altitude indicated on each plot.The dashed lines correspond to thex-t phase-trajectories of
waves propagating at the speed of sound in the positive and negativex-directions. At large horizontal distances from
the source, the phase-curves become parallel to the dashed lines. This confirms that the filtered pressure perturbation
is acoustic radiation sufficiently far away from the driven vortex and the turbulent inflow/outflow regions. Closer to
the central axis (x = 0), the dominant phase curves in the near-surface Hovmöller plots are horizontal. Such behavior
is consistent with waves coming from centralized sources aloft.

Figure 5 is a typical time series of the simulated infrasonicpressure perturbation, minus its linear trend during
an analysis period ofτ = 40 s. The detrended pressure perturbation is precisely defined by the following equation:

3It is worth noting that there are some cases in which Rankine wind structure (negligibleζz outside the radius of maximum wind) seems
reasonably consistent with the data [e.g., Sinclair 1973; Bluestein et al. 2004; Bluestein 2005].

4The maximum frequency at which acoustic waves are resolved on acomputational grid isc/4∆, in whichc is the sound speed and∆ is the grid
spacing. The coarse resolution of the largest grid (shown inFig. 4a) does not permit the accurate representation of acoustic waves with frequencies
greater than about 1 Hz.
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pressure anomalies exceeding 0.05 Pa in (a), 0.025 Pa in (b) or 0.1 Pa in (c) are mapped onto white/black. The time variablet′ is
zeroed at 35 min. The dashed lines in (b) and (c) are phase-trajectories for sound waves propagating parallel to thex-axis.

p′d ≡ p −
[

po + (pτ − po)t′/τ
]

, in which po andpτ are the pressure fields evaluated at the beginning (t′ = 0) and end
(t′ = τ) of the analysis period. The time series is taken 0.5 km aboveground, to avoid corruption by non-acoustic
pressure fluctuations associated with near-surface turbulence in the weakly stratified boundary layer. The dashed and
dotted curves show the 0.1-10 Hz and 0.5-2.5 Hz components ofthe signal. Both components are determined by
standard Fourier analysis. [The detrended signal is continued tot′ = 2τ = 80 s with odd symmetry about the center
(t′ = τ), and the Fourier transform is computed. Frequency components outside the band of interest are zeroed, and
the inverse transform is calculated.] Figure 5 demonstrates that the detrended time-series has a peak frequency of
order 0.1 Hz. The 0.5-2.5 Hz component, which is directly comparable to published field measurements [B05], is
an order of magnitude smaller than the∼0.1 Hz waves. The preceding result has been verified forall computational
point measurements (around thermally driven tornadoes) that will appear in section 5 of this paper. These include
measurements from all but the innermost grid, and from a simulation with reduced∆z and greater resolution of high
frequency waves in the upper troposphere.

The magnitude of the simulated infrasound does not obviously exceed scale estimates for noise generated adiabat-
ically by the upper level turbulence [cf. Lighthill 1952; Proudman 1952; Meecham and Ford 1958, Stein 1967; Howe
2003]. However, such estimates have large uncertainties, and are more useful in efforts to understand the basic scaling
of acoustic power with the turbulent Mach number in a broaderset of numerical experiments. Moreover, other acous-
tic sources are conceivable in a dry c-RAMS simulation, suchas parameterized diffusion of potential temperature.
Appendix A provides further discussion of the possibilities. It is worth noting that high frequency (>

∼
1 Hz) acoustic
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0
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whichτ = 40 s].

radiation from the upper level turbulence could be tainted by spurious emissions at the boundary of the innermost
grid. The reader may consult appendix B for a more detailed description of this potential problem. With limited com-
putational resources, it was impractical to cover the multi-kilometer domain of upper level turbulence with a single
fine grid. While this brings into question the accuracy of the simulated high frequency radiation, there was no obvious
tainting of low frequency (<

∼
0.1 Hz) emissions.

5. Significance of the Simulation Results

Regardless of what sources contribute to the computed infrasound, it is relatively weak. To see this, let us compare
its magnitude to that of the infrasound generated by other c-RAMS simulations and observed thunderstorms.

Figure 6 shows the peak-to-peak amplitude of the infrasonicpressure perturbation versus distance from the center
of the source in a variety of c-RAMS simulations. Unless stated otherwise, the plotted amplitude is obtained (after
Fourier analysis) from the 0.1-10 Hz component of the near-surface pressure perturbation, which is dominated by
contributions near 0.1 Hz. Solid squares correspond to theα-experiment. Small empty squares correspond to a similar
numerical experiment that uses a modified vertical grid. Themodified grid is uniformly spaced (with∆z = 40 m) for
z ≤ 8 km and moderately stretched (with∆z < 100 m) for 8≤ z ≤ 10 km. Large empty squares correspond to another
variant of theα-experiment that uses a slightly wider innermost grid (withL = 1.4 km) and an isotropic Smagorinsky
parameterization of subgrid turbulence. The isotropic turbulence parameterization sets the diffusivity proportional to
∆2

z for all directions, thereby weakening wind fluctuations andtheir acoustic emissions at high altitudes where∆z is
large.5 Solid diamonds represent the 0.05-0.5 Hz component of the pressure perturbation in theα-experiment.

For comparison, the grey triangles in Fig. 6 show computed amplitudes of the∼0.1 Hz infrasound of a mature, non-
rotating cumulonimbus simulated with c-RAMS. The reader may consult S08 for details of the computational setup.

5The diffusivity associated with subgrid turbulence depends not only on grid-spacing and the local deformation rate, but is directly proportional
to the dimensionless tuning-parameterC2

x,z [see the RAMS Technical Manual and Namelist Documentation available at www.atmet.com]. The
value ofCx,z is set equal to 0.25 in theα-experiment, 0.25 in the experiment with constant∆z below 8 km, and 0.15 in the experiment with isotropic
diffusivity.
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Notably,∆x =30 m for the innermost grid (which nearly covers the entire cloud) and∆z is continuously stretched
from 5 to 74 to 233 m at altitudes of 5 m, 3 km and 10 km, respectively. Downward and upward pointing triangles
correspond to simulations with 1-moment and 2-moment microphysics parameterizations [Walko et al. 1995,2000;
Meyers et al. 1997; Saleeby and Cotton 2004]. In both cases, the infrasound comes from diabatic processes in the
hail-to-rain transition layer [S11]. The grey sidebar on the right-hand side of the plot indicates the level of 0.5-2.5 Hz
infrasound that might be expected within 20 km of a tornadic thunderstorm, as inferred from published observations
[Fig. 4 of B05].

The grey circles in Fig. 6 show computed amplitudes of the sustained∼0.1 Hz acoustic emissions of 3D VR
waves propagating azimuthally around the cores of non-convective Rankine vortices. These simulation data (which
are obtained using a distinct measurement technique) are taken directly from S08. The solid and empty grey circles
correspond to vortices with 100 m s−1 and 50 m s−1 maximum surface velocities (respectively) atrv = 100 m. Both
vortices have 6 km vertical decay lengths. Precisely stated, ζz ∝ e−z/zv with zv = 6 km. The solid black circles
represent the infrasound of a 3D VR wave on a Rankine vortex resembling (in size and intensity) thecore of the
vortex generated in theα-experiment.6 The maximum surface velocity of theα-like vortex is 38 m s−1 at rv = 75 m,
and the vertical decay lengthzv is 4.5 km. The vertical variation of theα-like vortex differs from that of the S08
vortices, in that

ζz ∝
1

1+ (z/zv)4.5
≡ Z (z; zv) . (7)

In both the grey and black simulations, the VR waves are initialized by imposing vertically uniform, quasi-balanced,
elliptical deformations of the vortex core [see appendix D of S08]. The perturbation strength is measured by the
maximum fractional displacementǫ of the azimuthally dependent core radius from its unperturbed valuerv. The grey
simulations haveǫ = 0.1, whereas the black simulation hasǫ = 0.2. All of the VR wave simulations are without
surface drag and take place under isothermal ambient conditions, in which the temperatureTa is 300 K. Of further
note, it has been verified that the infrasound generated by VRwaves in c-RAMS is consistent with classic vortex
sound theory [S08; S11].

Consideration of Fig. 6 leads to the following tentative conclusions:

• The wind fluctuations of an ordinary tornado (as that of theα-experiment) do not readily produce∼0.1
Hz acoustic emissions that are discernible from those of diabatic cloud processes.

• The 0.5-2.5 Hz emissions, which have much smaller magnitudeaccording to Fig. 5, could not ac-
count for the observed infrasound of a tornadic thunderstorm.

• The cores of dry, thermally driven tornadoes do not radiate as strongly as they could in the 0.1 Hz
frequency regime, by comparison to less realistic numerical experiments with Rankine vortices.

The validity of the preceding inferences should be viewed ascontingent upon verification with substantially finer grids
and (with regard to the top bullet) refined microphysics parameterizations, once such verification becomes practical.
Nevertheless, the quiet core observed in our simulations isan especially interesting result that seems to have a very
reasonable explanation.

6. The Quiet Core

There are two notable reasons why the vortex core is relatively quiet in the simulations. First, the structure of the
core inhibits asymmetric deformations associated with VR waves. Second, the principal axisymmetric oscillations
(axisymmetric Kelvin modes) of a columnar vortex are non-radiative.

6Figures 7a-7c of section 6 show the perturbed vortex that generates the infrasound represented by the solid black circles.

9



0.01

0.1

1

10

1 10

pr
es

su
re

 a
m

pl
itu

de
 (Pa
)

distance (km)

0.
5-

2.
5 

H
z

to
rn

ad
ic

 s
to

rm
 o

bs
.

thermally driven
tornado sim.

perturbed
Rankine vortex

Figure 6:Infrasonic pressure perturbation near the surfaceversus distance from the center of the source.Squares and Diamonds:
the∼0.1 Hz infrasound produced in thermally driven tornado simulations with various grid configurations and subgrid turbulence
parameterizations. The dotted line through these data points is to aid the eye. See text for details.Triangles: the∼0.1 Hz infrasound
of a simulated non-rotating cumulonimbus with 1-moment (downward pointing) and 2-moment (upward pointing) microphysics
parameterizations [cf. S08].Circles: the∼0.1 Hz infrasound generated by VR waves in the cores of Rankine vortices with finite
depth. The solid and empty grey circles (with error bars) are for the S08vortices with maximum wind speeds of 100 m s−1 and 50
m s−1, respectively. The solid black circles are for a vortex with a maximum windspeed of 38 m s−1, a vertical structure closer to
a thermally driven tornado, and a VR wave with twice the amplitude of the others.

6.1. Structural Resistance to Asymmetric Deformations Associated with VR Waves
Section 3 showed that our thermally driven tornado has a substantial skirt of monotonically decaying vorticity

beyond the radiusrv. It is well known (in the context of 2D perturbation theory) that wave-flow resonances in a mono-
tonically decaying skirt can severely damp quasi-discreteVR waves [Briggs et al. 1970; Schecter et al. 2000; S08].
Section 3 also showed that the vorticity distribution has a gradual transition from high to low values between the inner
and outer core. A gradual transition, as opposed to a step atrv, allows arbitrary asymmetric perturbations to project
more strongly onto radially sheared VR waves than onto quasi-discrete VR waves [Schecter 1999]. Perturbations
consisting of radially sheared VR waves exhibit spiral wind-up of vorticity, and their pressure fields typically decay at
the characteristic shear-rate of the differential rotation.7 It stands to reason that neither sheared nor quasi-discreteVR
waves, in the core of the thermally driven tornado, are likely to persist and generate sustained infrasound. Moreover,
their propensity to decay suggests a tendency to resist excitation.

A pair of simple simulations clearly illustrates how the non-Rankine monotonic structure ofζz can suppress infra-
sonic emissions. Figure 7 shows the evolution of two elliptically deformed vortices. Both vortices have basic states
of the form ζz = Q(r; rv, ζ∗, γ)Z(z; zv), in which rv = 75 m andzv = 4.5 km. The functionsQ andZ are defined
by Eqs. (4) and (7), respectively. The top vortex has Rankinestructure, characterized byγ = ∞ andζ∗ = 1.07 s−1.
The bottom vortex has greater resemblance to that of theα-experiment, in thatγ = 1.8 andζ∗ = 1.45 s−1. Both
deformed vortices are in nonlinear balance without secondary circulation att = 0 [cf. appendix D of S08]. Figures
7a and 7d show the initial conditions near the surface. The phase of the initial elliptical perturbation does not vary
with z. The ambient state of the atmosphere is isothermal (withTa = 300 K) and the Coriolis parameter is zero. The
hydrostatically balanced pressure fieldpa is 105 Pa on the surface.

The computational configuration is the same for both simulations. The nested horizontal grids are identical to those
of theα-experiment. On the other hand, the vertical mesh has uniform spacing (∆z = 178.2 m) and extends toz = 18

7Needless to say, it is theoretically possible for transientgrowth to precede decay [Schecter 1999; Nolan and Farrell 1999; Antkowiak and
Brancher 2004].
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(axisymmetrization) strongly inhibits the production of infrasound forγ = 1.8.

km (as opposed to 28 km). The vertical resolution may seem coarse, but∆z is small compared to the characteristic
vertical wavelengths of the simulated VR waves and their acoustic emissions. Surface momentum fluxes are set to
zero, but the subgrid turbulence parameterization otherwise matches that of theα-experiment.

During a 60 s time interval, the elliptical deformation of the Rankine core propagates counter-clockwise with min-
imal decay. S08 verifies, for a similar numerical experiment, that the propagating disturbance has the characteristics
of ann = 2 VR wave, in whichn is the azimuthal wavenumber. The phase speed of the VR wave varies with height
(most dramatically abovezv) due to vertical shear in the basic state. This results in thetwisted vorticity isosurface that
is shown in Fig. 7c. In contrast to the virtually undamped VR wave of the Rankine vortex [Figs. 7a-7c], the elliptical
deformation of the non-Rankine vortex decays rapidly with time [Figs. 7d-7f].
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Figure 7g shows near-surface time series of the infrasound generated by the Rankine and non-Rankine vortices.
Specifically, each curve corresponds to the dominantn = 2 component of the following Fourier expansion of the
infrasonic pressure perturbation:

p′ = p̂′0(r, z, t) +
∞
∑

n=1

[

p̂′n(r, z, t)einϕ + c.c.
]

, (8)

in whichϕ is the azimuthal angle of the vortex-centered cylindrical coordinate system, andc.c. denotes the complex
conjugate of the preceding term. While the infrasound of the Rankine vortex persists, that of the non-Rankine vortex
decays to a small fraction of its initial amplitude after oneoscillation period.

It should be noted that sheared and quasi-discrete VR waves do not form a complete basis of asymmetric (n , 0)
perturbations in a 3D columnar vortex [Alekseenko et al. 2007; Fabre et al. 2006; Saffman 1992]. The excitation of
non-VR modes was greatly reduced in the simple simulations of this section by enforcing quasi-2D nonlinear balance
at t = 0. The present focus on VR waves is partly justified by an earlier paper that advocated their potential relevance
to the infrasound emitted by tornadoes [S08]. A comprehensive explanation for the weak infrasound (at 0.1-1 Hz)
created by more general asymmetric disturbances in the coreof the thermally driven tornado would be exhaustive,
and is best deferred to a separate theoretical paper.

6.2. Non-Radiative Nature of the Principal Axisymmetric Vortex Modes

On the other hand, it is important to briefly address the insignificant emissions from axisymmetric (n = 0) distur-
bances. Bedard proposed that the 0.5-10 Hz infrasound emitted by a severe storm is primarily generated by axisym-
metric oscillations of a tornado or pre-tornado vortex [B05]. This interpretation was based on the untested theoretical
work of Abdullah [1966]. A more recent linear analysis clarified that the principal axisymmetric oscillations of a
subsonic, columnar vortex (axisymmetric Kelvin modes) cannot excite acoustic radiation [Schecter 2012]. Numeri-
cal experiments further showed that (as in free space) axisymmetric radiation is shaped primarily by the impulse that
triggers the emission, not by the properties of the vortex [ibid]. It seems reasonable to infer that a significant level of
axisymmetric radiation from the vortex core would require asupplementary acoustic source that is absent from the
c-RAMS simulations considered here.

7. Conclusion

The preceding sections described the infrasound of a non-supercell tornado that was driven by an artificial buoy-
ancy source in the dry dynamical core of c-RAMS. Despite strong fluctuations in the lower corner flow and upper
outflow regions, the infrasound of the tornado was surprisingly weak. In the 0.1 Hz frequency regime, the infrasound
was no stronger than that of a simulated, non-rotating cumulonimbus. The smooth, skirted core of the tornado was
partly responsible for this, as it was shown to suppress VR waves and their infrasonic radiation fields. In the 0.5-2.5
Hz frequency regime, the infrasound of the tornado (plus grid noise contamination) was at least an order of magnitude
weaker than the infrasound observed to emanate from a severestorm.

While somewhat disconcerting, the preceding results shouldnot be seen to refute the compelling reports of dis-
cernible infrasound emitted by tornadoes [B05]. First notethat the tornado simulations in this paper neglected all
thermal fluctuations associated with phase-transitions ofcloud moisture. Conceivably, the presence of an intense
convective vortex could amplify the thermal fluctuations and their acoustic emissions [cf. Nicholls et al. 2004]. The
simulations also neglected the influence of debris on the structure and oscillations of the tornado [Lewellen et al.
2008]. Static thermal forcing in a shear-free environment was another unrealistic feature of the simulations. This
particular setup kept the vortex nearly erect, and reduced perturbations that might have developed by quasi-steady
translation over a frictional surface. In principle, more realistic simulations could provide a mechanism for ordinary
tornadoes to generate discernible infrasound, but this mechanism will have to await future discovery. If fine-scale
turbulence is an essential component of the prevailing mechanism, then definitive computational studies may require
substantially higher resolution than was used for this study.
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Appendix A. Acoustic Sources in C-RAMS

An acoustic source is rigorously defined as a term on the right-hand side of an inhomogeneous acoustic wave
equation (AWE). Schecter [S11] constructed the following AWEfrom the fundamental equations of c-RAMS [cf.
Akhalkatsi and Gogoberidze 2009,2011]:

∂ttΠ
′
−

c2
a

ρaθ2va
∂i

(

ρaθ
2
va∂iΠ

′
)

= S m + S uu + S pu + S b + S c + S tb, (A.1)

in which

S m ≡ ∂t

(

c2

θ2v

dθv
dt
+

c2

θv(1+ qv)
dqv

dt

)

, S uu ≡
c2

a

ρaθ2va
∂i

(

ρaθvau j∂ jui

)

,

S pu ≡ −∂t

(

ui∂iΠ
′ +

R
cv
Π′∂iui

)

, S b ≡ −
c2

a

ρaθ2va
∂3

{

gρa
[

θ′v − θva(qt − qv)
]}

,

S c ≡ −
c2

a

θva
∂i(εi j3 f u j), S tb ≡ −

c2
a

ρaθ2va
∂i

(

ρaθva∂ jσi j

)

.

(A.2)

Here,Π ≡ cp(p/pre f )R/cp is the Exner function,p is total pressure,pre f = 105 Pa,ρ is the mass density of the gaseous
component of moist air,θv ≡ cp p/RρΠ is the virtual potential temperature,c2

≡ RΠθv/cv is (basically) the local
sound speed,g is gravitational acceleration, andf is the Coriolis parameter.R, cp andcv are the gas constant and
specific heats (at constant pressure and volume) of air. The variablesqt andqv are the total and vapor mixing ratios
of water substance. The variableui is theith Cartesian component of the velocity field, andσi j is the viscous stress
tensor associated with small-scale turbulence. The symbol∂i is shorthand for the partial derivative with respect to the
Cartesian coordinatexi, andd/dt ≡ ∂t +ui∂i is the material derivative. The Einstein convention is usedfor summation
wherei or j is repeated. Ana-subscript or prime denotes an ambient or perturbation field. Ambient fields depend only
on the vertical coordinatex3, which is equivalent toz of the main text.

Each term on the right-hand side of Eq. (A.1) can be viewed as alocalized acoustic source, due to its smallness
(compared to the left-hand side) in the radiation zone of high frequency infrasound [S11]. The first termS m is usually
connected to heat and mass production by phase transitions of moisture. In the thermally driven tornado simulations,
qv is zero and the heat source [Eq. (2) withθ = θv] is static. Nevertheless, it is conceivable that parameterized diffusion
could activate high frequency components ofdθv/dt, andc2/θ2v could exhibit high frequency Eulerian fluctuations.
Therefore, it is conceivable thatS m could be nonzero in the infrasonic frequency band of interest.

The second termS uu reduces toLighthill’s quadrupole source of acoustic radiation in a dry isentropic atmosphere
with negligible gravity and uniformρa [Lighthill 1952]. Following Powell 1964, it is readily converted into an
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expression whose most influential term is proportional to the divergence of the cross-product of vorticity and velocity
[cf. S11]. The prevailing term is commonly identified as the source of vortex sound [Howe 2003]. Schecter [S11]
describes in detail howS uu is responsible for the infrasound of 3D VR waves that propagate around the cores of
tornado-like vortices.

Scale estimates pertaining to real storms suggest that the infrasound ofS uu (associated with a tornado) orS m

(associated with moist cloud turbulence) should dominate the infrasound of all other sources in Eq. (A.1) [S11]. An
additional source term,

S pθ ≡
c2

a

ρaθ2va
∂i(ρaθvaθ

′

v∂iΠ
′), (A.3)

would appear on the right-hand side of Eq. (A.1) if c-RAMS didnot neglect the acceleration due to−θ′v∂iΠ
′ in the

momentum equation. In theory, the infrasound ofS m associated with phase transitions of moisture (such as condensa-
tion induced by turbulent mixing) dominates that ofS pθ [AG09; S11]. Therefore, neglectingS pθ is a relatively minor
limitation of the present study, compared to neglecting phase transitions of moisture.

While possible, there is no need to laboriously compare the infrasound generated by each acoustic source term in
the thermally driven tornado simulations of the main text. The outcome would be tangential to the main point of this
paper, which is that the simulated infrasound is substantially weaker than expected from earlier theoretical studies and
tornadic thunderstorm observations. During the next phaseof simulations, which will include moisture and thereby
better reflect reality, a rigorous assessment of each acoustic source may be more valuable [cf. S11].

Appendix B. A Subtle Numerical Issue

Section 4 alluded to a numerical issue with c-RAMS, concerning the artificial generation of high frequency in-
frasound at the boundary of a nested grid. Figure B.1 shows snapshots ofp f (with τ1 = 0 andτ2 = 1 s) in the
α-experiment. The horizontal slices are taken near the base of the turbulent outflow, atz = 7.3 km. The square on
the first plot shows the boundary of the innermost grid. The prominent, high frequency waves shown byp f appear to
emanate from this boundary.

In principle, one might reduce spurious emissions from the innermost grid boundary by extending that boundary
well beyond the domain of turbulent flow. Alternatively, onemight use a continuously stretched or adaptive grid. The
former solution is impractical without massive computational resources, and the latter solution is not possible with
c-RAMS. Nevertheless, accurate simulations of high frequency sound waves generated by severe weather will require
some answer to this apparent problem.
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