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Abstract4

This paper compares the tilt dynamics of a mature tropical cyclone simulated with5

a conventional cloud model to reduced modeling results and theoretical predictions.6

The primary experiment involves a tropical cyclone of hurricane strength on the f -7

plane exposed to a finite period of idealized misalignment forcing. A complementary8

experiment shows how the vortex responds to the same forcing when moisture and9

symmetric secondary circulation (SSC) are removed from the initial condition. It is10

found that the applied forcing excites a much stronger tilt mode in the dry noncon-11

vective vortex than in the moist convective hurricane. The evolution of tilt in both12

experiments agrees reasonably well with a simple linear response theory that neglects13

the SSC and assumes moisture merely reduces static stability in the vortex core. An14

additional experiment with suspended cloud water but no substantial SSC supports the15

theoretical notion that reduction of static stability is sufficient to inhibit the excita-16

tion of a tilt mode. However, there is some discrepancy between theory and details of17

asymmetric convection in the eyewall region of the simulated hurricane. Moreover, a18

final experiment without moisture but with an artificially maintained secondary circu-19

lation suggests that the SSC has a non-negligible role in reducing tilt. Diagnosis of20

the primary hurricane simulation further illustrates how the SSC has discernible influ-21

ence over misalignment at least in the eyewall. Sensitivity of tilt dynamics to the22

azimuthally averaged vortex structure is briefly addressed.23
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1. Introduction24

25

There has yet to emerge a complete understanding of the mechanisms that drive a tropical26

cyclone (TC) toward a state of vertical alignment. It is of interest to elucidate the alignment27

mechanisms, and the conditions that improve their effectiveness, because tilted TCs are often28

weaker than their upright counterparts [e.g. Riemer et al. 2010; Frank and Ritchie 2001;29

DeMaria 1996]. This paper explicitly demonstrates some of the merits and deficiencies of a30

recently advanced theory of tilt dynamics.31

32

1.1 Review of the Theory at Issue33

34

The literature contains a number of articles on the tilt dynamics of nonconvective vortices35

in a stably stratified atmosphere. Some of these articles discuss how vortices resist tilting36

under sustained vertical wind-shear [Jones 1995-2004; Vandermeirsh et al. 2002; Reasor et37

al. 2004 (R04)]. Others focus on the decay of tilt in the absence of external forcing [Polvani38

1991; Viera 1994; Reasor and Montgomery 2001 (RM01); Schecter et al. 2002 (S02);39

Schecter and Montgomery 2003 (SM03); Jones et al. 2009]. It has been shown that TC-40

like vortices commonly have mechanisms to counter tilt without diabatic processes driving41

a mean secondary circulation to potentially assist. It has also been shown that the effec-42

tiveness of such mechanisms can depend on details in the spatial distribution of potential43

vorticity (PV).44

In a simple but common scenario, the vertical misalignment of PV in a nonconvective45

vortex is dominated by a special vortex Rossby (VR) wave, here called the Principal Tilt46

Mode (PTM). The PTM is usually damped by depositing wave activity into an outer critical47

layer, where the mode is resonant with the fluid rotation [S02; SM03]. Sensitivity of critical48

layer damping to details partly accounts for variable tilt dynamics in seemingly similar49

vortices. Nevertheless, PTMs are found to follow some basic “rules of thumb.” Weaker50
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static stability or greater inertial stability in the vortex core tends to increase the natural51

precession frequency and damping rate of the PTM. These changes are thought to help52

reduce the excitability of the PTM and thereby enhance the resistance of the vortex to53

slow misalignment forcing, such as that related to ambient vertical wind-shear. Note that54

if the PTM is very strongly damped, the weak tilt created by forcing may largely consist of55

ordinary continuum modes and degenerate into sheared VR waves [RM01;R04]. The residual56

alignment mechanism may then involve the spiral windup and outward propagation of such57

waves.58

Of course, PTMs are not always damped. Appendix A discusses various conditions59

under which PTMs may persist or spontaneously grow without forcing. Furthermore, there60

may be additional shear-flow instabilities independent of the PTM that frustrate verti-61

cal alignment [cf. Nolan et al. 2001; Smith and Rosenbluth 1990]. Such instabilities are62

often overlooked in simplified studies by choosing a vortex in which they develop slowly or63

do not exist. The relevance of this choice is questionable for the study of intense TCs.64

Perhaps the most pressing concern regarding the PTM paradigm of tilt dynamics is65

the simplified manner in which moisture has been incorporated into the theory. The PTM66

paradigm is largely based on a simple linear model that treats moisture merely as a local67

reduction of static stability [Schecter and Montgomery 2007 (SM07); R04]. Because reducing68

static stability tends to lessen the excitability of a PTM, this model has a mechanism for69

moisture to inhibit tilt. Such moisture-induced inhibition is qualitatively consistent with70

earlier computational studies such as Wang and Holland 1996. However, the explanation71

provided by the simple model has not been thoroughly tested. The simple model neglects72

how tilt is influenced by deep convective transport by the diabatically maintained symmetric73

secondary circulation (SSC). The simple model also neglects the effects of surface fluxes and74

boundary layer processes on the asymmetric convection that is coupled to the behavior75

of a PTM. Finally, the simple model overlooks nonlinear and stochastic elements of deep76

convection.77
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One might infer from a number of quasi-realistic TC simulations in the literature that78

the features of moist convection neglected by current theory have some influence on the79

behavior of tilt [e.g. Rogers et al. 2003; Wong and Chan 2004; Braun et al 2006; Zhang and80

Kieu 2006; Braun and Wu 2007; Davis et al. 2008; Zhang and Tao 2013]. The same inference81

might be drawn from recent efforts to understand the observed relationship between convec-82

tive asymmetry and tilt in real TCs exposed to ambient vertical wind-shear [e.g. Reasor and83

Eastin 2012; Reasor et al. 2013]. However, the merits and shortcomings of current theory84

have not been fully clarified.85

86

1.2 Objectives and Overview of the Present Study87

88

The main objective of the present study is to directly test the assumptions and predic-89

tions of the simple linear theory (SLT) of tilt dynamics described above. Assessment of the90

SLT will be based on computational experiments with a conventional cloud model (CM), in91

which a TC of hurricane strength is exposed to a period of idealized misalignment forcing92

and then released to evolve freely with time. The primary experiment (E1) is designed93

to include all relevant physical processes. A second experiment (E2) carefully removes all94

moisture and the SSC from the vortex before the forcing is applied. A third experiment95

(E3) removes the SSC but includes suspended cloud droplets and the attendant reduction of96

static stability inside the vortex. A fourth experiment (E4) removes moisture but maintains97

the SSC through an artificially distributed heat source.98

Comparison of the primary hurricane experiment (E1) to the nonconvective dry vortex99

experiment (E2) will confirm that moist convection severely inhibits the development of tilt100

and the excitation of the PTM. Moreover, the evolution of tilt in both experiments will be101

found to agree reasonably well with explicit predictions of the SLT. The outcome of E3 will102

support the theoretical notion that reduction of static stability by cloud water is sufficient to103

inhibit the excitation of a PTM. However, some discrepancies will be found between the SLT104
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and details of asymmetric convection in the eyewall region of the E1-hurricane. Moreover,105

E4 will provide evidence that the SSC has a non-negligible role in reducing tilt. Diagnosis106

of E1 will further illustrate how the SSC has discernible influence over misalignment at least107

in the eyewall.108

For good measure, experiments E1 and E2 will be repeated with a slightly more intense109

and contracted vortex. The results will confirm various differences with the original experi-110

ments predicted by the SLT.111

112

1.3 Outline of the Remaining Sections113

114

The remainder of this article is organized as follows. Section 2 describes the computational115

setup for each CM experiment. Section 3 presents the relevant SLT. Section 4 presents the116

results of the CM experiments. Section 5 summarizes the main findings of this study. The117

appendices supplement the main text with some notable technical details.118

119

2. Setup of the Numerical Experiments120

121

2.1 Configurations of the Cloud Model122

123

The numerical simulations are conducted with the Regional Atmospheric Modeling System124

(RAMS 6.0), which is maintained and distributed to the public by ATMET LLC. RAMS125

is a conventional weather research model with a variety of options for parameterizing cloud126

microphysics, radiation, subgrid turbulent transport, and surface-fluxes [Cotton et al. 2003].127

Certain parts of the physics modules were simplified for this particular study, as described128

below.129

The primary experiment (E1) involves a well-developed hurricane. For this experiment,130

RAMS is configured with single-moment warm-rain microphysics [Walko et al. 1995] and a131
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longwave radiation scheme that neglects the effects of condensate [Mahrer and Pielke 1977].132

The subgrid turbulence parameterization is anisotropic, with the vertical component based133

on a local Smagorinsky [1963] closure. The standard RAMS enhancement of the vertical134

mixing coefficient in regions of moist instability is removed to limit the impact of diffusion on135

vertical alignment (see section 4.7). The horizontal mixing coefficient is effectively constant136

and barely large enough to prevent excessively strong grid-scale fluctuations in the convective137

core of the vortex. The ratio of momentum to scalar mixing coefficients is 1/3.138

Although RAMS includes a sophisticated module for computing surface-fluxes [Walko139

et al. 2000; Louis 1979], E1 uses a simpler scheme that is adequate for idealized hurricane140

simulations. In particular, the following equations are used for the surface-fluxes of horizontal141

momentum (τux,τuy), sensible heat (τθ) and moisture (τq):142

τux = −CD |u+|ux+, τuy = −CD |u+|uy+,

τθ = CE |u+| (θs − θ+), and τq = CE |u+| (qs∗ − q+),
(1)143

in which u ≡ (ux, uy) is horizontal velocity, θ is potential temperature, and q is the water144

vapor mixing ratio. The variables θs and qs∗ denote sea-surface values for θ and the saturation145

mixing ratio. The subscript ‘+’ indicates that the variable is evaluated at the first vertical146

grid point above sea-level. The dimensionless surface-exchange coefficients are obtained from147

a capped modification of Deacon’s formula,148

CD = CE = 1.1× 10−3 + 4× 10−5 min (|u+| , 30) , (2)149

with |u+| given in m s−1. The sea-surface temperature is held constant at a low value of150

23 oC, which prevents eyewall replacement cycles during the experiment.151

The computational domain is a periodic f -plane at 20o N. The value of the Coriolis152

parameter f is therefore 5×10−5 s−1. The fields are evolved on 3 nested grids spanning 567,153

1235 and 4500 km in the east-west and north-south directions. The corresponding horizontal154
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grid increments are 1.67, 5 and 15 km. The vertical mesh is the same for all grids and is155

stretched with height z over 80 increments up to z = 31 km. The vertical grid spacing is156

60 m near the ground, 140 m at z = 2 km, and 500 m for z > 10 km. Rayleigh damping157

is applied near the upper boundary to eliminate vertically propagating waves that would158

otherwise remain artificially trapped in the system. The damping rate increases linearly159

with z, from 0 at z = 23 km to 0.003 s−1 at the model top.160

The reference state of the atmosphere used by the dynamical core of RAMS in E1 is161

similar to the Jordan mean sounding (JMS) for hurricane season in the West Indies [Jordan162

1958]. The actual domain-averaged sounding that develops in the process of creating the163

hurricane differs from the JMS as described in appendix B.164

Experiments E2-E4 (introduced in section 1.2) have some basic configurational similari-165

ties with E1. The grids are equivalent to those of E1, as are the settings for turbulent trans-166

port and Rayleigh damping. The atmospheric reference states are the same, but without167

moisture in E2 and E4. That said, the configurational differences between E2-E4 and E1168

summarized in Table 1 are essential. In each case, the radiation scheme is switched off. All169

surface fluxes are eliminated in experiments E2 and E3, whereas only the surface momentum170

flux is retained (explicitly) in E4. Experiment E2 has no moisture and no artificial repre-171

sentation of diabatic cloud processes. The simplified methods for modeling cloud processes172

in E3 and E4 are explained below.173

Experiment E3 includes moisture only in the forms of vapor and suspended cloud174

droplets. Through minor code modifications, the cloud droplets in E3 are given zero terminal175

velocity. Experiment E4 artificially approximates diabatic cloud processes (combined with176

surface heat exchange and radiation) with a fixed source term in the prognostic θ-equation177

of the form178

θ̇src(r, z) = up0 ∂rθp0 + wp0 ∂zθp0. (3)179

Here and hereafter, r, ϕ and z denote radius, azimuth and height in a cylindrical coordinate180

system. The symbols ∂x and ∂xx (used later) concisely denote the first and second partial181
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derivatives with respect to the generic variable x. In general, u, v and w denote radial,182

azimuthal and vertical velocity fields. All variables having the subscript p0 correspond to183

the initial axisymmetric hurricane of the primary CM experiment (E1). The heat source184

given by the right-hand side (rhs) of Eq. (3) is that required to maintain θ = θp0(r, z) with185

a secondary circulation given by u = up0(r, z) and w = wp0(r, z). It is used here to drive186

an approximately steady mean secondary circulation in a dry simulation. Unlike E3, small187

perturbations in E4 do not experience a reduced buoyancy restoring force through phase188

transitions of cloud water.189

190

2.2 Initialization191

192

Figure 1 depicts the initial axisymmetric state of the hurricane in E1, obtained from the193

azimuthally averaged fields of a mature system in a preliminary RAMS simulation described194

in appendix B. Figure 1a shows the azimuthal velocity v and the perturbation of potential195

temperature θ from its z-dependent value at r ≈ 2200 km. The vortex is seen to exhibit196

classic warm core structure. The absolute maximum of v is 61.2 m s−1 at rmax = 90 km and197

zmax = 0.95 km. The large size of the storm is helpful for resolving small misalignments on198

the computational grid used for this study. Further discussion of the storm scale is deferred199

to section 2.4. Figure 1b shows the overturning secondary circulation in the vortex core. The200

maximum of w in the eyewall updraft is 2.9 m s−1. Figure 1c shows contours of saturation201

pseudoadiabatic entropy sp∗ [Bryan 2008] and absolute angular momentum L ≡ rv + fr2/2202

superposed on a plot of the water vapor mixing ratio q. The state of the eyewall is reasonably203

close to slantwise convective neutrality, in which the contours of sp∗ and L are congruent [cf.204

Emanuel 1986]. Figure 1d shows contours of qr superposed on a plot of qr + qc, in which qr205

and qc respectively represent the rain and cloud droplet mixing ratios.206

The dry baroclinic vortex in E2 is initialized with no secondary circulation and v approx-207

imately matching that of the initial hurricane of E1. The only notable difference in the208
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primary circulation is that v does not vary with height between the sea-surface and zmax.209

To elaborate, the initial conditions for v, θ and the perturbation Exner function Π (the210

prognostic pressure variable in RAMS) correspond to the azimuthally averaged end-state of211

a 24-h relaxation procedure. The relaxation procedure is to nudge the velocity field toward212

its intended state with a damping rate of 0.5 h−1 while letting θ and Π freely adjust. At the213

beginning of the procedure, v, θ and Π are matched to the initial conditions of E1, whereas214

u and w are set to their intended values of zero.215

The cloudy vortex in E3 is initialized with no secondary circulation and v approximately216

matching that of the initial vortex in E2. The precise initial conditions for v, θ, and Π corre-217

spond to the azimuthally averaged end-state of a 24-h relaxation procedure analogous to218

that of E2, but with unnudged moisture fields (q and qc) included. Following the relax-219

ation procedure, the cloud droplet mixing ratio qc is mostly removed outside the eyewall220

and outflow regions defined by the E1-hurricane. In the remaining cloud, qc is reset to221

approximately 5 g kg−1 and the edges are smoothed. The distribution of q obtained from222

the relaxation procedure is then adjusted where necessary to ensure saturation where qc > 0223

and subsaturation where qc = 0. The ice-liquid potential temperature (the prognostic heat224

variable in moist RAMS simulations) is initialized in accordance with the distributions of θ,225

Π and qc. Section 3.2 and appendix C further discuss the cloud distribution in E3 and how226

it theoretically affects static stability in the vortex.227

The initial conditions of E4 are obtained from a distinct relaxation procedure. The228

relaxation period starts with u, v, w, θ and Π matched to the initial conditions of E1. The229

system then evolves for 24 hours under the thermal forcing of Eq. (3) with no additional230

nudging. The azimuthally averaged end-state is used to initialize E4.231

Figure 2a demonstrates that the mass-weighted z-averaged relative vorticity (ζ) distri-232

butions in E1-E4 are initially the same to within a reasonable approximation. However, the233

preliminary relaxation in E2 and E3 alters the initial distribution of θ. The modest change234

of θ combined with the removal of secondary circulation and vertical shear below zmax affects235
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some details of the PV distribution in the vortex core. The PV in E4 also differs somewhat236

from that of E1 owing to a variety of modifications affecting the relaxed state, such as the237

removal of water mass.238

Figures 3a-3d show how the main CM experiments subtly differ in their initial r-θ profiles239

of dry isentropic PV, defined by240

PVθ ≡ (ζθ + f) /σ, (4)241

in which ζθ ≡ [∂r(rv) − ∂ϕu]/r → ∂r(rv)/r, σ ≡ −∂θp/g, and g = 9.8 m s−2 is the gravi-242

tational acceleration. The r and ϕ derivatives are here taken at constant θ, and the ϕ243

derivative vanishes owing to axisymmetry of the initial vortex. The lower bound of θ on244

each plot corresponds to the maximum of θ at z = 30 m. The upper bound corresponds245

to the minimum of θ at z = 14 km. It seems doubtful that subtle PV differences in E1-246

E4 change tilt dynamics as much as the principal configurational differences summarized in247

Table 1, but they are worth keeping in mind.248

249

2.3 Forcing Applied to Create Tilt250

251

In each CM experiment, the vortex is misaligned by adding an acceleration of the form252

v̇a = −2πnA

τ
cos

(πz

H

) [
cos

(
2πnt

τ

)
x̂ + sin

(
2πnt

τ

)
ŷ

]
, z < 3H/2, (5)253

to the rhs of the horizontal momentum equation over a time-period τ . The acceleration254

vector v̇a is horizontally uniform, changes sign in the middle troposphere, and rotates255

cyclonically with time. The unit vectors x̂ and ŷ in the definition of v̇a respectively point256

eastward and northward. Unless stated otherwise, the parameter settings are A = 1 m s−1,257

n = 2, H = 12.5 km and τ = 2π/f = 35.1 h. Setting H to the approximate depth of the258

vortex ensures that the top-half and bottom-half of the vortex experience opposite horizon-259
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tal forcing. By equating τ to one inertial period, the environmental air mass theoretically260

returns to a state of rest once the forcing stops (in the absence of frictional dissipation).261

In other words, the residual ambient shear-flow is minimized and the vortex evolves freely262

for t > τ . Low frequency forcing relative to the angular velocity of the vortex should also263

prevent the excitation of substantial inertia-gravity waves in its core.264

One positive aspect of the vortex perturbation procedure used here is that it facilitates265

study of both forced and freely evolving tilt in the same experiment. Although the applied266

forcing v̇a may be unnatural, it is deemed acceptable for investigating the fundamental appli-267

cability of the SLT to hurricanes. If the SLT fails to explain the response of a simulated268

hurricane to this artificial forcing, it will most likely fail to explain the response to natural269

forcing for similar reasons. The basic methodology developed in the following sections for270

evaluating the SLT can be readily extended to future experiments on tilt maintained by271

static ambient wind shear.272

273

2.4 Sensitivity Experiments274

275

To help understand the generic and peculiar aspects of the primary CM experiments,276

E1 and E2 will be repeated with modified initial conditions. The modified experiments are277

labeled E1-c and E2-c. The initial condition of E1-c consists of the ϕ-averaged fields of E1,278

averaged over the time interval 69 ≤ t ≤ 71 h. Figure 2b depicts the radially contracted279

relative vorticity distribution during this time period. The vorticity is seen to have a deeper280

central deficit and a greater peak value than at the beginning of E1. The absolute maximum281

of v is 71.2 m s−1 at rmax = 72 km and zmax = 0.95 km. The initial condition for E2-c is282

obtained as for E2, but with v (above zmax) corresponding to the initial state of E1-c.283

Note that both the original and contracted vortices have uncommonly large values of rmax284

and aspect ratios (rmax/H) that are somewhat exaggerated. Nevertheless, they are dynami-285

cally similar to real hurricanes in having Rossby numbers that satisfy Ro ≡ vmax/rmaxf � 1286
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and dry Froude numbers that satisfy Fr ≡ πvmax/NH ∼ 1. Here, vmax is the maximum287

azimuthal wind speed and N ≈ 0.01 s−1 is the dry Brunt-Väisälä frequency.288

289

3. Simple Linear Theory290

291

The following presents specific theoretical results required to compare the SLT to the CM292

experiments. The results are preceded by a brief description of the perturbation equations293

on which the SLT is based.294

295

3.1 The Linearized Primitive Equations296

297

The theory at issue neglects vertical variation and secondary circulation in the basic state298

of the vortex, and treats the tilt as a small hydrostatic perturbation [cf. R04; Schecter299

and Montgomery 2004 (SM04)]. A Boussinesq approximation is used to facilitate calcula-300

tions. The perturbation equations are formulated using the pressure-based pseudoheight301

of Hoskins and Bretherton 1972 [HB72] as the vertical coordinate z. For the purpose of302

comparing theoretical results to the CM experiments, it is assumed that z and w ≡ Dz/Dt303

approximately equal the genuine height and vertical velocity [HB72]. Here and elsewhere304

D/Dt denotes the material derivative.305

The basic state of the vortex satisfies gradient-wind and hydrostatic balance. It is306

characterized by the azimuthal velocity v̄(r) and the following related fields: Ω̄ ≡ v̄/r,307

ζ̄ ≡ r−1d(rv̄)/dr, ξ̄ ≡ 2Ω̄ + f and η̄ ≡ ζ̄ + f . The choices for v̄ will be addressed in308

section 3.2.309

The azimuthal velocity perturbations considered here are of the form310

v′ = v̂(r, t) cos(πz/H)eiϕ + c.c.,311
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in which the prime denotes a deviation from the basic state, the hat denotes a time-312

dependent radial wavefunction, and c.c. denotes the complex conjugate of the term to the313

left. The azimuthal and vertical wavenumbers are respectively set to 1 and π/H for consis-314

tency with the misalignment force in Eq. (5). The perturbations of u and the geopoten-315

tial φ have the same form as v′. The pseudo vertical velocity perturbation has the form316

w′ = ŵ(r, t) sin(πz/H)eiϕ + c.c., and similarly for θ′. It follows that w′ = θ′ = 0 at z = 0317

and z = H.318

The linearized radial and azimuthal velocity equations are written319

∂tû = −iΩ̄û + ξ̄v̂ − ∂rφ̂ + F̂ u,

∂tv̂ = −iΩ̄v̂ − η̄û− iφ̂/r + F̂ v.
(6)320

The variables F̂ u and F̂ v are the azimuthal Fourier coefficients of the radial and azimuthal321

misalignment forces [divided by cos(πz/H)] extracted from the rhs of Eq. (5).1 The potential322

temperature equation may be written323

∂tθ̂ = −iΩ̄θ̂ −ΥbN
2θref ŵ/g, (7)324

in which θref is the reference value of θ (say 300 K). The dry Brunt-Väisälä frequency N325

is set equal to 0.01 s−1 in close agreement with the CM experiments. The function Υb(r)326

is assumed to have values between 0 and 1 and theoretically accounts for the reduction of327

static stability (N2) in cloudy air [cf. SM07; Durran and Klemp 1982]. Hydrostatic balance328

and mass continuity take the forms329

φ̂ = − (gH/πθref ) θ̂ and ŵ = −H [∂r(rû) + iv̂] /πr. (8)330

When integrating the above system of equations, radial derivatives at the outer bound-331

1In other words, F̂u = ε−1
∫ 2π

0
dϕ

(
r̂ · v̇ae−iϕ

)
and F̂ v = ε−1

∫ 2π

0
dϕ

(
ϕ̂ · v̇ae−iϕ

)
, in which r̂ and ϕ̂ are

the radial and azimuthal unit vectors, and ε ≡ 2π cos(πz/H).

14



ary (rb = 8000 km) are computed with backward differencing. Linear damping is applied332

after the forcing period in a sponge ring extending approximately 750 km inward from rb.333

The general description of a perturbation will involve consideration of its vorticity334

ζ ′ ≡ [∂r(rv
′)− ∂ϕu′] /r and divergence χ′ ≡ [∂r(ru

′) + ∂ϕv′] /r. The corresponding r-t335

wavefunctions are denoted ζ̂ and χ̂. The description will also involve consideration of the336

two components of the angular pseudomomentum density J ≡ J PV + J vφ, defined by337

J PV ≡ − 1

2πH

∫ 2π

0

∫ H

0

dϕdz
r(Q′)2

2dζ̄/dr
= − r|Q̂|2

2 dζ̄/dr
and

J vφ ≡ − 1

2πH

∫ 2π

0

∫ H

0

dϕdz
r

ΥbN2
∂zφ

′∂zv
′ = − rπ2

ΥbN2H2
<

[
v̂φ̂∗

]
.

(9)338

Here, the asterisk denotes the complex conjugate, <[. . .] denotes the real part of the quantity339

in square brackets, and Q′ ≡ ζ ′ + η̄∂zzφ
′/ (ΥbN

2) is the pseudo PV perturbation. Without340

forcing, ∂tQ
′ + Ω̄∂ϕQ′ = −u′dζ̄/dr and ∂tJ = ∂r (r2<[ûv̂∗]) /r. The preceding equations for341

Q′ and J are derived as for the particular case of dry vortices (Υb = 1) in SM04.342

343

3.2 Tangential Wind and N2-Reduction Profiles Relevant to the CM Experiments344

345

Table 2 summarizes the specific versions of the preceding linear model used to help346

predict and explain the outcomes of the CM experiments. All members of the subset {L1-1,347

L1-2, L2, L3-1, L3-2} have the same tangential wind profile. The azimuthal velocity v̄ is348

obtained by inverting an analytic approximation of the initial vertical vorticity of E1-E4.349

The functional form of the approximation is depicted by the gray curve in Fig. 2a and is350

given by ζ̄0 in Eq. (D1) of appendix D. Members of {L1-c1, L1-c2, L2-c} share a wind profile351

corresponding to the initial conditions of E1-c and E2-c. Here v̄ is obtained from ζ̄c, whose352

functional form is depicted by the gray curve in Fig. 2b and is given by Eq. (D2).353

Different versions of the linear model sharing the same wind profile are distinguished by354
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their moisture parameterizations. For L2 and L2-c, the vortex is dry and Υb = 1.355

For L1-1 and L1-2, Υb is based on the distribution of cloud water in E1. First, Eq. (32)356

of SM07 is used to estimate a two-dimensional N2-reduction factor Υ(r, z) [Fig. 4a]. The357

time-average appearing in the SM07 formula for Υ is taken over the forcing period 0 ≤ t ≤ τ .358

The lowest values of Υ tend to occur in regions of substantial cloud coverage. Second, Υ359

is vertically averaged between 30 m and 12.3 km above sea-level. The result is here called360

the raw estimate of Υb. For L1-1, Υb is equated to an analytic approximation of the raw361

estimate denoted ΥE1
b (r; γ), in which γ = 1 [cf. Eq. (D3)].362

The justification for deriving Υb from Υ is admittedly questionable, because the SM07-363

theory formally applies to very small perturbations in non-precipitating vortices. The364

simplification from a moist-baroclinic vortex to a moist-barotropic vortex raises additional365

concerns. Approximate slantwise convective neutrality could necessitate lowering Υb to a366

magnitude much less than its raw estimate in the eyewall region of the vortex. Such further367

reduction of N2 is in L1-2, where Υb = ΥE1
b with γ = 2.2. Figure 4b shows the raw estimate368

of Υb and the two variants of ΥE1
b under consideration. The better variant for emulating the369

tilt dynamics of E1 is determined a posteriori.370

For L1-c1 and L1-c2, Υb is modeled after the cloud coverage found in E1-c. Figures371

4c and 4d show Υ and the raw estimate for Υb during the forcing period. Figure 4d also372

shows the two variants of the analytic N2-reduction factor ΥE1−c
b [Eq. (D5)] used in L1-c1373

and L1-c2.374

For L3-1 and L3-2, Υb is modeled after the cloud coverage in E3. Here, the removal375

of secondary circulation from the basic state lets middle-to-upper tropospheric cloud water376

expand its domain during the forcing period (see appendix C). The result is a broadening of377

the N2-reduction factor. Figures 4e and 4f show Υ and the raw estimate for Υb during the378

forcing period. Figure 4f also shows the two variants of the analytic N2-reduction factor ΥE3
b379

[Eq. (D4)] used in L3-1 and L3-2. Two variants are again considered because of uncertainty380

in how the simplified model should parameterize the complexities of E3, such as slantwise381
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convection and vertical variation of moist-stability.382

383

3.3 Two Misalignment Modes of Special Interest384

385

In all cases considered, the linear perturbations generated by misalignment forcing are largely386

controlled by two discrete modes: the PTM and the inner wobble mode (IWM). The natural387

behavior of each mode is seen when F̂ u = F̂ v = 0. Under this force-free condition, each388

mode has the form v̂ = V (r)e−iωt and likewise for all other variables. The complex frequency389

ω ≡ ωR + iωI can be found by a variety of methods. One method is to solve for the eigenfre-390

quencies of an ordinary differential equation (in r) for the wavefunction, with radiative outer391

boundary conditions [cf. SM04]. If the PTM is a damped quasimode, its wave equation392

must be solved along a complex radial contour. An alternative method is to initialize the393

unforced linear system with a quasi-balanced perturbation, in which ζ̂ ∝ dζ̄/dr, and extract394

ω from the time series of (say) û at a select radius. To avoid complications that might arise395

in defining an appropriate contour for the wave equation in searching for strongly damped396

quasimodes in nonmonotonic vortices, the alternative approach is used here for strongly397

damped PTMs (see appendix E).398

Figure 5 shows the radial and azimuthal velocity wavefunctions of the PTM and the IWM399

of the dry vortex in L2. The structural contrast seen here is typical. The IWM is essentially400

confined to r less than the radius of maximum wind (RMW), whereas the PTM extends to401

the periphery of the vortex. Figure 6 shows the complex frequencies of the PTMs and IWMs402

for all versions of the linear model listed in Table 2. The IWM oscillation frequencies are403

invariably close to the maximum of Ω̄, which is greater in the contracted vortex of L1-c1,404

L1-c2 and L2-c. The PTM oscillation frequencies (precession speeds) are relatively slow.405

In contrast to many earlier studies, the PTMs of the primary vortex (in L1-1, L1-2, L2,406

L3-1 and L3-2) have positive growth rates. When the vortex is completely dry, the growth407

rate of the PTM exceeds that of the IWM. The appreciable positive growth rate of the dry408
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PTM coincides with a positive value of dζ̄/dr at the critical radius r∗ = 312 km. Note that409

for wavenumber-1 perturbations, the critical radius is obtained from the relation Ω̄(r∗) = ωR.410

As ΥbN
2 decreases in the eyewall region of the primary vortex, ωR slightly increases and411

r∗ shifts inward toward a region where dζ̄/dr is significantly smaller. The structure of the412

PTM also changes considerably (see below). The result is neutralization of the PTM.413

The PTMs of the contracted vortex (in L1-c1, L1-c2 and L2-c) exhibit more familiar414

behavior. The dry PTM of L2-c is a strongly damped quasimode with negative dζ̄/dr at415

r∗ = 194 km. Decreasing ΥbN
2 increases ωR and reduces r∗ to where the negative magnitude416

of dζ̄/dr is amplified. A notable caveat is the emergence of a second critical radius near the417

center of the vortex. Nevertheless, the end result of lowering the static stability is greater418

damping of the PTM.419

The growth rates of the IWMs are clearly less sensitive to the variation of ΥbN
2 consid-420

ered here. A more general study of IWM growth rate variability that considers greater421

reduction of N2 in the eye, where the bulk of the IWM resides, is deferred to a later time.422

Because the PTM is of principal importance to the numerical experiments under consid-423

eration, further discussion of its structure is worthwhile. Figures 7a-7c depict the dry PTM424

of L2.2 Figure 7a shows snapshots of ζ̂ and |χ̂|, whereas Fig. 7b compares J PV to J vφ.425

Figure 7c shows the radial profile of the dimensionless asymmetric balance parameter, here426

defined for a wavenumber-1 mode by427

D2 ≡ (ωR − Ω̄)2

I2
sgn(ωR − Ω̄), (10)428

in which I2 ≡ η̄ξ̄ is the inertial stability and sgn(x) = ±1 for x ≷ 0. In the vortex core, it is429

seen that ζ̂ is roughly proportional to dζ̄/dr, |χ̂| �
∣∣∣ζ̂∣∣∣, ∣∣J vφ

∣∣ � ∣∣J PV
∣∣, and −1 < D2 < 0.430

Approximate proportionality between ζ̂ and dζ̄/dr is typical of a discrete VR wave in a431

barotropic vortex. The condition
∣∣J vφ

∣∣ � ∣∣J PV
∣∣ is a conventional criterion for distinguish-432

2These plots do not show the attendant perturbation in the skirt of the vortex, where the critical layer
resides. While the vorticity and divergence perturbations are relatively small in the skirt, the angular
pseudomomentum density is substantial in the neighborhood of r∗.
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ing VR waves from inertia-gravity waves [cf. Chen et al. 2003 (C03)]. Given that I2 and433

Ω̄ are positive, negative D2 verifies the retrograde motion expected of a VR wave whose434

angular pseudomomentum density is peaked in a region where dζ̄/dr < 0 [cf. Montgomery435

and Kallenbach 1997]. The condition |D2| < 1 implies that the intrinsic frequency of the436

PTM is less than the local inertial frequency. The conditions |D2| < 1 and |χ̂| �
∣∣∣ζ̂∣∣∣ further437

suggest that the PTM obeys quasi-balanced dynamics [cf. Shapiro and Montgomery 1993;438

Montgomery and Lu 1997; Möller and Montgomery 2000; McWilliams et al. 2003]. In439

summary, the characteristics of the dry PTM are consistent with those of a quasi-balanced440

VR wave.441

Figures 7d and 7e show that sufficient reduction of N2 suppresses the inner part of442

the PTM, makes the core maximum of |χ̂| comparable to that of
∣∣∣ζ̂∣∣∣, and makes the core443

maximum of
∣∣J vφ

∣∣ comparable to that of
∣∣J PV

∣∣. The greater amplitudes of |χ̂| and
∣∣J vφ

∣∣444

may bring into question the VR wave nature of the moist PTM. On the other hand, the445

condition −1 < D2 < 0 is maintained in the vortex core (not shown). By remaining slow and446

retrograde, the moist PTM retains two key features of the dry VR wave from which it derives.447

448

3.4 Response to Forcing449

450

Figure 8a depicts the evolution of v′ = v̂(r, t) cos(πz/H)eiϕ + c.c in the dry vortex of L2451

when Eqs. (6)-(8) are integrated forward in time. All perturbation fields are initially set452

to zero, but gain strength during the forcing interval 0 ≤ t ≤ τ . After forcing, the low453

frequency oscillations of the PTM dominate and continue to grow owing to intrinsic insta-454

bility. It is reasonable to assume that the growth of the PTM would slow down considerably455

with time in a nonlinear model that accounts for mode-mode interactions and the leveling456

of ϕ-averaged PV in the vicinity of r∗.457

Figures 8b and 8c illustrate how reduction of N2 in moist versions of the same vortex458

inhibits the excitation of the PTM. Immediately after the forcing period, the maximum459
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amplitudes of v′ in the moist vortices of L1-2 and L3-2 are less than half the maximum460

found in the dry vortex. At the same instant, the average amplitudes of v′ between the461

RMW and twice the RMW are less than 0.4 times their counterpart in the dry vortex.3 Lesser462

excitability of the moist PTM seems attributable to the growth rate reduction and structural463

change of the mode attending the depression of N2 in the vicinity of the eyewall. Note that464

despite having a smaller amplitude, the moist PTM persistently dominates v′ outside the465

RMW for days after the forcing stops. In contrast, high frequency IWM oscillations are not466

discernible until very late in the v′ curve corresponding to r = 0.2 km. The preceding result467

indicates weak coupling between the IWM and the applied forcing.468

Figures 9a and 9b illustrate how the linear response to misalignment forcing can change469

with the basic state of the vortex. Specifically, these figures depict the evolution of v′ in470

the contracted vortices of L2-c and L1-c1. To begin with, the forcing does not appear to471

excite the dry PTM of L2-c as strongly as the dry PTM of L2. Once the forcing stops, the472

maximum amplitude of v′ in L2-c is just 0.4 times the corresponding maximum in L2. It473

seems reasonable to assume that the PTM of L2-c is less responsive partly because of its474

rapid intrinsic damping. Such damping is evident in the quick decay of the post-forcing475

oscillations in v′ that occur with the natural PTM period outside the RMW. With moisture476

added to the system in L1-c1, the freed PTM existing for t > τ is practically negligible. With477

or without moisture, fast IWM oscillations eventually dominate v′ over the entire vortex. In478

a more realistic model, nonlinear saturation could very well prevent the IWM from dominat-479

ing the perturbation outside the RMW.480

481

4. Response to Misalignment Forcing in the Cloud Model482

483

The following evaluates the predictions and assumptions of the SLT by comparison to the CM484

experiments. The evaluation begins by demonstrating the qualitatively correct prediction485

3Comparable amplitude reductions are found in the radial velocity perturbation u′.
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that moisture inhibits misalignment. It then proceeds to a more detailed and quantitative486

assessment of the predicted dry and moist tilt dynamics.487

488

489

4.1 Development of Misalignment and Vertical Antisymmetry in the Main CM Experiments490

491

The CM experiments are first compared to one another using the following direct measure492

of vertical misalignment:493

M ≡

√∫ zt

zs

dz

zt − zs

|xc − xca|2
/∫ zt

zs

dz

zt − zs

rmax, (11)494

in which xc ≡ (xc, yc) is the horizontal position vector of the rotational center at height z,495

and xca is the z-average of xc between zs = 30 m and zt = 10.7 km. The values of the496

Cartesian coordinates xc and yc specifically correspond to the center of the polar coordinate497

system that maximizes the peak value of the ϕ-averaged azimuthal velocity v̄ at fixed z.498

The height-dependent radius of maximum v̄ is denoted rmax and appears in the denominator499

of M . In words, M is the root-mean-square displacement of rotational centers from their500

vertical mean, normalized to the vertical mean of rmax.501

Figure 10a shows M versus time for the four main CM experiments E1-E4. Consis-502

tent with the SLT, the moist convective vortex in E1 is substantially less responsive to the503

applied misalignment forcing than the dry nonconvective vortex in E2. The forcing also has504

trouble perturbing the non-precipitating cloudy vortex in E3, suggesting that reduction of505

static stability may be sufficient to prevent substantial tilt. Whether or not this mechanism506

strongly inhibits tilt in E1 is uncertain at this point, partly because differences emerge in507

the N2-reduction profiles of E1 and E3 during the forcing period [Fig. 4]. Furthermore, E4508

shows that M is considerably reduced in a dry vortex with a thermally driven SSC. It stands509

to reason that the presence of the SSC could help limit tilt in the E1-hurricane.510
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The supplemental notes in appendix C address the basic premises used to infer from the511

results of E3 and E4 that both static stability reduction by cloud coverage and the SSC may512

introduce viable mechanisms for inhibiting tilt. Appendix C.1 presents evidence that the513

cloudy vortex in E3 does not develop an appreciable SSC, and that its wavenumber-1 thermo-514

dynamics is consistent with substantial diabatic reduction of static stability. Appendix C.2515

verifies that the SSC in E4 is comparable to that in E1, and that the wavenumber-1 thermo-516

dynamics in E4 is quasi adiabatic.517

Note that small departures from equilibrium at t = 0 and weak instabilities cause M to518

grow somewhat without applied forcing. The discrete symbols in Fig. 10a show the unforced519

growth of M during the time interval 0 ≤ t ≤ τ . The data were obtained by letting A → 0 in520

Eq. (5) and repeating experiments E1-E4. The unforced version of E1 is denoted E1×0 and521

likewise for E2-E4. It is verified that the initial forced growth of M substantially exceeds522

that found in each unforced experiment.523

The tendency equation of an alternative variable connected to misalignment will be524

examined in section 4.4 to help assess the influence of the SSC in E1. This variable is called525

the vertical antisymmetry parameter (VAP) and is defined by526

VAP2 ≡ 1

2π(r2
o − r2

i )(zt − zb)2

∫ ro

ri

rdr

∫ 2π

0

dϕ

[∫ zt

zb

dz(v1e
iϕ + c.c.)G

]2

=
〈
|〈v1〉z|

2〉
r
.

(12)527

Here, v1(r, z, t) is the complex wavenumber-1 Fourier component of v, defined in the cylindri-528

cal coordinate system centered at xca(t). The weight function G(z) ≡ (2z− zt− zb)/(zt− zb)529

is antisymmetric about the mean height (zm) in the integral over z, and has values of ±1 at530

the two end-points. The notation 〈h〉z represents
∫ zt

zb
dzhG/(zt−zb), whereas 〈h〉r represents531

2
∫ ro

ri
rdrh/(r2

o − r2
i ). The limits of integration are chosen to be ri = 65 km, ro = 165 km,532

zb = 2.1 km and zt = 10.7 km. The integration volume therefore covers the bulk of the533

eyewall updraft in E1.534
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Figure 10b shows that VAP behaves much like M in the CM experiments under consid-535

eration. However, the two quantities are distinct. For example, VAP includes contributions536

from antisymmetric components of v1 that are not directly attributable to misaligned centers537

of rotation. One such component is the weak ambient vertical wind-shear superposed on the538

vortex flow during the forcing period. VAP also gives less weight to misalignments that539

have small vertical wavelengths, and no weight to misalignments in which v1 is symmetric540

about zm. Note that because VAP has no contribution from the vertically invariant compo-541

nent of v1, it does not depend on the velocity of the reference frame.542

543

4.2 Detailed Response of the Dry Nonconvective Vortex in E2544

545

The SLT of section 3 showed that a PTM dominates the tilt generated by slow misalign-546

ment forcing in the dry barotropic analogue of the simulated hurricane. It is here verified547

that the same is true in the dry baroclinic analogue.548

Figure 11 displays snapshots of the z-dependent rotational centers {(xc, yc)} of the549

baroclinic vortex in E2. All snapshots are taken after the forcing period, in a coordinate550

system centered at xca(t). To within a fair approximation, the displacement of (xc, yc) from551

the lowest center of rotation increases unidirectionally with height, indicating a clean tilt.552

The tilt precesses with an angular frequency of ωR = 6.8×10−5 s−1. The corresponding 26-h553

rotation period is merely 13% less than that of the dry PTM of the barotropic vortex of L2.554

Figures 12a-12c illustrate the basic structural similarity of the tilt mode in E2 with the555

corresponding PTM of the SLT [Figs. 7a-7c]. The plotted fields are defined using an isentropic556

cylindrical coordinate system centered at xca. The definitions involve the wavenumber-1 and557

wavenumber-0 components of the following Fourier expansion: v ≡
∑∞

l=−∞ vl(r, θ, t)e
ilϕ and558

likewise for all other fields. The definitions also involve the time average 〈. . .〉T over the free559

evolution period τ ≤ t ≤ τ + T , in which T ≈ 2 d.560
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Figure 12a is a contour plot of the asymmetric balance parameter,561

D2
θ ≡

(ωR − Ω̄)2

I2
θ

sgn(ωR − Ω̄), (13)562

in which Ω̄ ≡ 〈v0〉T /r and I2
θ ≡ [∂r(r 〈v0〉T )/r + f ](2Ω̄ + f). The preceding definition of563

D2
θ is the analogue of D2 [Eq. (10)] for dry baroclinic vortices [cf. Shapiro and Montgomery564

1993]. Figure 12b shows superposed contour plots of the wavenumber-1 isentropic vorticity565

amplitude 〈|ζθ,1|〉T and divergence amplitude 〈|χθ,1|〉T . As usual, ζθ ≡ [∂r(rv)− ∂ϕu]/r and566

χθ ≡ [∂r(ru)+∂ϕv]/r. Note that the partial derivatives appearing in the definitions of I2
θ , ζθ567

and χθ are evaluated at constant θ. Figure 12c essentially shows superposed contour plots of568

the two components of the isentropic angular pseudomomentum density Jθ associated with569

the l = 1 disturbance [cf. C03; Schecter 2008 (S08)]. More precisely, the plotted quantities570

are571

J PV
θ ≡ −

〈
r (σs)2 |PVθ,1|2

2 ∂rPV
s

θ

〉
T

and J vσ
θ ≡ −〈< [rv1σ

∗
1]〉T , (14)572

in which σs equals 〈σ0〉T and PV
s

θ equals 〈PVθ,0〉T smoothed with 10 km radial boxcar573

averaging. The isentropic density σ and potential vorticity PVθ were defined in section 2.2.574

For dry baroclinic vortices, comparing J PV
θ to J vσ

θ is analogous to comparing J PV to J vφ
575

in the simple linear model of section 3. Like the PTM of the SLT, it is seen that the576

core perturbation has the following retrograde VR wave characteristics: −1 < D2
θ < 0,577

|χθ,1| � |ζθ,1|, and |J vσ
θ | �

∣∣J PV
θ

∣∣. Here, the order-of-magnitude relations pertain to peak578

values.579

Figures 12d and 12e show r-t Hovmöller diagrams of <[PVθ,1(r, θ, t)] during the free580

evolution period, at θ = 298.7 and 331.4 K (the bold θ contours in Fig. 12a). The primary581

26-h oscillations are approximately 180o out of phase in the upper and lower troposphere,582

and are attributable to the slow PTM. Faster secondary oscillations are found in the lower-583

tropospheric portion of the inner core. Their frequency seems to exceed that of the deep584

misalignment IWM considered in linear response theory. Such minor fluctuations are notice-585
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able partly because the PTM fails to grow to the extent seen in the SLT. To accurately586

predict the saturation amplitude of the PTM would require a nonlinear theory that incorpo-587

rates the evolution of basic-state PV, especially in the neighborhood of the critical radius [cf.588

Balmforth et al. 2001 (B01); Schecter and Montgomery 2006 (SM06); S08]. A nonlinear589

theory would also help predict changes in the radial waveform of the PTM tied to changes590

in the radial gradient of basic-state PV that seem to have taken place in the vortex core591

mostly during the forcing period [Fig. 12f].592

593

4.3 Detailed Response of the Moist Convective Vortex in E1594

595

Figure 13 compares the moist tilt dynamics of E1 to that predicted by the SLT. The596

SLT is specified as in L1-2, where the PTM is effectively neutral. The alternative L1-1597

specification is ruled out of consideration, because there is no clear evidence in E1 of its598

relatively fast growing PTM.599

Figures 13a and 13b show the amplitude and orientation angle of tilt vectors in E1 and600

the SLT during and after the forcing period. The tilt vector is here defined by601

δxc ≡ xc(z2)− xc(z1), (15)602

in which z2 = 9 km. The value of z1 is somewhat arbitrary given the approximate invariance603

of xc in the lowest 2 km of E1, but is here set to 30 m. An orientation angle of zero604

corresponds to an eastward tilt. As explained in section 4.1, xc is determined by the velocity605

field in the vicinity of rmax, which is on the outer edge of the eyewall updraft in E1. In606

this sense, the present definition of tilt marginally pertains to misalignment of the outer607

core.4 Note that the velocity field used to obtain xc and tilt in the SLT is given by the608

initial basic-state plus the wavenumber-1 perturbation; second order changes to the flow are609

4Circumstances may exist in which δxc is not firmly tied to vertical misalignment in the very outer core.
Such misalignment is of interest for how it may contribute to the enhancement of low entropy downdrafts
that could limit TC intensity [Riemer et al. 2010,2013; Tang and Emanuel 2010].
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unaccounted for.5 Barring greater fluctuations and somewhat greater decay after the forcing610

period, the tilt vector of E1 evolves much like its counterpart in the SLT.611

Figures 13c-13f show the wavenumber-1 component of midlevel vertical velocity wmd.612

By definition,613

wmd(ϕ, t) ≡ 1

(rd − rc)(zd − zc)

∫ zd

zc

dz

∫ rd

rc

drw, (16)614

in which zc = 5.0 km, zd = 7.1 km, and the radial limits of integration are adjustable.615

The polar coordinate system in E1 is centered at xca, which meanders and ends up roughly616

70 km from where it began. The azimuthal Fourier expansion of wmd is written wmd ≡617 ∑∞
l=−∞ wmd

l (t)eilϕ. The total wavenumber-1 component is defined by Wmd
1 = wmd

1 (t)eiϕ+c.c.618

The crest amplitude of Wmd
1 is 2|wmd

1 | and the crest azimuth is ϕ = − arg(wmd
1 ).619

Figures 13c and 13d show time series of the crest amplitude and azimuth of Wmd
1 in620

the outer core, computed with rc = 120 km and rd = 200 km. Here there is fairly good621

agreement between E1 and the SLT.6 Note that in both cases, the crest azimuth of Wmd
1622

lags behind the tilt angle.623

Figures 13e and 13f show time series of the crest amplitude and azimuth of Wmd
1 in a624

region that includes the eyewall, bounded by rc = 70 km and rd = 150 km. Figure 13f also625

shows the wavenumber-1 crest azimuths of the midlevel heating rate (Dθ/Dt) and column626

integrated rain-mass density in the same radial segment of the E1-hurricane. It is seen that627

the crest azimuths of the vertical velocity, heating rate and rain-mass waves approximately628

coincide. Such a result is agreeable with the moisture parameterization of the SLT, but629

there is also cause for concern. Specifically, Wmd
1 in E1 is generally out of phase with its630

counterpart in the SLT. The crest azimuth lags behind the tilt angle in the SLT, but roughly631

5The reliability of measuring tilt with a linearized perturbation was tested by horizontally displacing each
layer of the unperturbed circular vortex of the SLT by an amount ε(z) and approximating the new velocity
field only to first order in |ε|. The tilt vector δxc obtained from the approximate velocity field was in good
agreement with the displacement vector ε(z2)− ε(z1) for amplitudes not exceeding about 25 km. Although
the amplitude error grew with increasing displacement, the orientations of the tilt vector and displacement
vector persistently agreed.

6Similar agreement was found when considering Wmd
1 in an arbitrary subregion of the outer core, bounded

by rc = 140 km and rd = 160 km.
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equals the tilt angle in E1. The crest azimuth in E1 also deviates considerably from its linear632

trend in time once the forcing stops.633

In summary, the SLT appears to predict tilt and midlevel convection in the outer core634

better than perturbations to convection in the eyewall. There is no obvious reason why635

inner core discrepancies should not corrupt outer core dynamics in E1. However, quasi-636

independent outer core dynamics seems plausible if the bulk of the PTM is outside the637

eyewall updraft. This scenario is somewhat suggested by the SLT [Figs. 7d and 7e].638

639

4.4 VAP2 Growth Rate Analysis640

641

Section 4.3 suggested that the SLT cannot fully explain how the eyewall region of the642

hurricane responds to weak misalignment forcing. The eyewall region contributes substan-643

tially to the wavenumber-1 vertical antisymmetry parameter VAP [Eq. (12)]. Evaluation of644

the factors controlling the growth rate of VAP2 may therefore help one identify significant645

elements of eyewall dynamics neglected by the SLT. The following analysis makes use of the646

Fourier expansion v ≡
∑∞

l=−∞ vl(r, z, t)e
ilϕ and likewise for all other fields.647

The tendency equation for VAP2 is obtained directly from the l = 1 component of the648

azimuthal velocity equation and is conveniently written649

d(VAP2)/dt = S0
i + S1

i + Se, (17)650

in which the subscript i/e denotes a source that is intrinsic/extrinsic to the moist primitive-651

equation dynamics of the system. The first intrinsic source on the rhs of Eq. (17) has a652

direct analogue in the SLT. It is given by S0
i ≡ Samg + Spg, in which653

Samg ≡ −2 〈< [〈v1〉∗z 〈u1η0 + w1∂zv0〉z]〉r and

Spg ≡ 2 〈= [〈v1〉∗z 〈θvrΠ1/r〉z]〉r.
(18)654
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The term Samg is connected to the angular momentum gradient of the symmetric flow.655

Specifically, Samg derives from the following term in the v1-tendency equation: −u1∂r(L0)/r−656

w1∂zL0/r, in which L0 ≡ rv0 + fr2/2 is the angular momentum. Note that ∂r(L0)/r ≡ η0.657

The term Spg is associated with the pressure gradient force. As in many CMs, the explicit658

pressure-gradient term θv∂ϕΠ/r in the v-equation is here approximated by θvr∂ϕΠ/r, in which659

θv and θvr are the actual and reference-state virtual potential temperature distributions. The660

operator =[. . .] in Eq. (18) denotes the imaginary part of the quantity in square brackets.661

The second intrinsic source on the rhs of Eq. (17) has no direct analogue in the SLT. It662

is given by S1
i ≡ Sssc + Ssvs + Sww + Strb, in which663

Sssc ≡ −2 〈< [〈v1〉∗z 〈u0∂r (rv1) /r + w0∂zv1〉z]〉r ,

Ssvs ≡ 2 〈= [〈v1〉∗z 〈v1v0〉z /r]〉
r
,

Sww ≡ −2

〈
<

〈v1〉∗z

〈 ∑
m6=0,1

um

r
∂r(rv1−m) + i(1−m)

vmv1−m

r
+ wm∂zv1−m

〉
z

〉
r

,

(19)664

and Strb will be defined shortly. The term Sssc is connected to the symmetric secondary665

circulation. The term Ssvs is connected to the symmetric vertical wind-shear, since it would666

be zero if v0 were independent of z. The term Sww accounts for nonlinear, asymmetric667

wave-wave interactions. The term Strb is associated with subgrid turbulent transport; it is668

expressed here by Strb ≡ 2
〈
<

[
〈v1〉∗z 〈Dv,1〉z

]〉
r
, in which Dv,1 is the wavenumber-1 component669

of the tendency term connected to “eddy-viscosity” in the azimuthal velocity equation. The670

extrinsic source in Eq. (17) is simply671

Se ≡ 2
〈
<

[
〈v1〉∗z 〈(ϕ̂ · v̇a)1〉z

]〉
r
, (20)672

in which v̇a is given by Eq. (5).673

The instantaneous growth rate of VAP2 may be written d ln(VAP2)/dt =
∑

α S̃α ≡ S̃tot,674

in which the individual source terms are related to those of d(VAP2)/dt by S̃α ≡ Sα/VAP2.675
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Figures 14a and 14b show S̃tot and its components during the first 12 h of E1 and E2,676

in a reference frame moving with and centered at xca. The initial VAP2 growth rates are677

directly controlled by the applied misalignment forcing (S̃e), but other factors shortly weigh678

in. In E1, the influence of S̃1
i on the vertical antisymmetry of the moist convective vortex679

is comparable and essentially opposite to that of S̃0
i . Moreover, the value of S̃1

i is largely680

determined by the SSC component, which first hinders and then promotes the growth of681

VAP2. The magnitudes of S̃svs and S̃ww do not exceed 1.8×10−4 s−1, and S̃trb is subdominant682

to both (not shown). The dry nonconvective vortex of E2 exhibits simpler dynamics, in that683

S̃1
i has only a minor (and mostly negative) influence on the growth of VAP2 through S̃svs.684

The VAP2 growth rate analysis for E1 suggests that an accurate theory for how the inner685

core of a mature hurricane responds to weak misalignment forcing may need to incorporate686

the SSC. Further inferences would be more speculative. The analysis does not overtly reveal687

the primary mechanism by which the SSC influences VAP2, let alone direct measures of688

misalignment. Like reduced static stability, the SSC could independently alter the structure689

of the PTM and thereby affect source terms other than S̃ssc. Another caveat worth noting690

is that the l = 0 and l = 1 modes commingle to a degree when the coordinate center is691

varied. A shift of xca at an arbitrary time t could alter source terms such as S̃amg and S̃ssc692

in opposite directions. That said, the results in Fig. 14 do not change qualitatively when693

the coordinate center is fixed at its original (t = 0) location.694

695

4.5 Response of the Contracted Vortex696

697

The SLT of section 3 predicted that the contracted vortices of E1-c and E2-c would have698

faster and less excitable PTMs than their counterparts in E1 and E2. This prediction seems699

qualitatively consistent with the CM experiments.700

Figure 15 displays time series of the tilt vector components after the forcing periods in701

E1, E2, E1-c and E2-c. Thick curves show data smoothed with 5-h boxcar averaging to702
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highlight oscillations in the PTM frequency range. PTM signals are clearly evident in the703

tilt vectors of the dry vortices of E2 and E2-c. The 13.7-h oscillation period of the PTM in704

E2-c is 19% greater than predicted by the corresponding SLT, but is still substantially less705

than its counterpart in E2. Nonlinear processes in E2-c prevent the continual damping of706

the PTM found in the SLT, but the prediction of reduced excitability relative to E2 holds.7707

Unlike the tilt vector of E2, the tilt vector of E2-c has a prominent secondary oscillation708

whose 3-h period equals that of an IWM. The appearance of this signal seems agreeable with709

the SLT [Fig. 9a].710

Although the tilt vector of the moist convective hurricane in E1 exhibits weak oscilla-711

tions at the expected PTM frequency, the contracted hurricane of E1-c shows no discernible712

sign of a PTM. The latter result is consistent in principle with very strong PTM damping713

found in the SLT of the contracted vortex with moisture parameterized as in L1-c1 or L1-c2.714

715

4.6 Comment on Eyewall Convection in E1 and E1-c716

717

It is worth remarking that with A = 1 m s−1 chosen for the forcing function, the precip-718

itation rings defining the eyewalls of the hurricanes in E1 and E1-c do not severely break719

down. Figure 16a shows how the ring of column integrated rain mass in E1 is maintained720

throughout the simulation. Ring maintenance suggests that the wavenumber-1 component721

of w is insufficiently strong in the eyewall to create a broad region of unsaturated downdraft.722

For comparison, Fig. 16b shows substantial desymmetrization of the ring in a similar exper-723

iment (E1×4) with A = 4 m s−1. On the one hand, the SLT might be more appropriate for724

cases in which perturbation-w is relatively strong compared to the SSC. On the other hand,725

the fundamental assumption of linear dynamics (made in the SLT) seems more problematic726

for cases in which the perturbation is large and cloudy only on its updraft side [cf. Patra727

7Like the dimensional magnitude of the tilt vector, the nondimensional misalignment M is also reduced.
The mean value of M during the free evolution period in E2-c is approximately 44% of the corresponding
mean in E2.
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2004]. A detailed comparison of the SLT to the behavior of large amplitude tilts in mature728

hurricanes is deferred to a future time.729

730

4.7 Comment on Subgrid Turbulent Transport in the CM Experiments731

732

As noted earlier, the mixing coefficients in the CM experiments were adjusted to minimize733

the impact of turbulent transport on tilt dynamics without creating excessive noise. On the734

fine grid, the horizontal mixing coefficient for momentum Kh had an approximately constant735

value of 593 m2s−1 in all simulations. The vertical mixing coefficient for momentum Kv was736

determined by a Smagorinsky-type closure and varied in each numerical experiment. Figure737

17 shows the azimuthally averaged values of Kv output by the CM during the forcing periods738

of E1-E4. It is seen that Kv is of order unity or less in the middle troposphere.739

The time scales for turbulent transport in the horizontal and vertical directions are740

reasonably estimated by τh ≡ λ2
h/Kh and τv ≡ λ2

v/Kv, in which λh and λv are the horizontal741

and vertical lengthscales of the structure of interest. For λh = 10 and 100 km, τh = 47742

and 4.7 × 103 h. For λv = 4 km and Kv = 1-10 m2s−1, τv = 4.4 × 103-102 h. Using the743

scalar mixing coefficients would reduce each of the previous time scale estimates by a factor744

of 3. The short estimate of τh for λh=10 km suggests that parameterized turbulence may745

have caused modest radial smoothing of basic-state PV over the course of each simulation.746

However, the large estimates of τv and of τh with λh=100 km provide some reassurance that747

parameterized turbulence had little direct influence on the simulated vortex-scale tilts.748

749

5. Concluding Remarks750

751

This paper compared the tilt dynamics of a simulated hurricane to the predictions of752

a simple linear theory (SLT) that neglects the symmetric secondary circulation (SSC) and753

treats moisture merely as a local reduction of static stability (N2). The primary hurricane754
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simulation (E1) was carried out with a traditionally configured CM. Additional simula-755

tions were conducted with reduced physics and/or modified vortex structure to help identify756

features that enable the hurricane to resist tilting when exposed to misalignment forcing.757

The main results are summarized and discussed below.758

The simplest CM experiment (E2) consisted of a dry nonconvective vortex closely resem-759

bling the primary hurricane. The vortex was subjected to a period of idealized misalignment760

forcing and then left to freely evolve with time. As predicted by the SLT, the forcing primar-761

ily excited a slowly precessing tilt mode (the PTM) with VR wave characteristics.762

Also as predicted, the same misalignment forcing generated much weaker tilt in the763

primary hurricane experiment. According to the SLT, lesser tilt was caused by moisture-764

induced reduction of N2 in the vicinity of the eyewall. Such reduction of N2 theoretically765

limited the excitability of the PTM by neutralizing its growth rate and altering its structure,766

while just slightly changing its natural precession frequency. An additional CM experi-767

ment (E3) with suspended cloud water but seemingly negligible SSC supported the SLT768

result that reduction of N2 is sufficient to inhibit the excitation of a PTM.769

In a more detailed comparison to theory, the tilt vector [Eq. (15)] in the primary hurri-770

cane experiment was found to vary with time much like its counterpart in the SLT. However,771

the theoretical phase relation between the tilt angle and the crest azimuth of the attendant772

midlevel vertical velocity wave seemed to hold only in the outer core of the simulated hurri-773

cane. The inner core discrepancy suggested some deficiencies in how the SLT parameterizes774

perturbations to diabatic convection in the vicinity of the eyewall. It is not entirely clear775

how to reconcile these deficiencies with the successful prediction of tilt evolution. On the776

other hand, neglected eyewall processes are conceivably incidental if the bulk of the PTM777

resides in the outer core [cf. Figs. 7d and 7e].778

The qualified success of the SLT was further challenged by a final CM experiment (E4)779

that excluded moisture but kept the SSC through an artificially distributed heat source.780

The reduced misalignment found in E4 supported the intuitive notion that the SSC may781
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independently inhibit tilt. Fully understanding the mechanism will require further investi-782

gation. One might speculate that the presence of the SSC changes the complex frequency783

and structure of the PTM in such a way that renders it less excitable. This hypothetical784

mechanism for limiting the growth of outer tilt would be analogous to that which occurs785

by reducing N2 in the SLT. A more straightforward effect of the SSC on tilt dynamics was786

examined in the eyewall region of the E1-hurricane. Convective transport by the SSC seemed787

to oppose the growth of wavenumber-1 vertical antisymmetry (VAP) in the eyewall during788

the early stage of forcing, but its negative influence did not persist.789

Note that the structure of the primary hurricane considered in this study was well790

suited to illustrate the potential importance of the PTM in governing tilt and the potential791

importance of moist convection in limiting tilt. As predicted by the SLT, a slightly stronger792

and contracted vortex was found to have a less dominant PTM that effectively resisted793

excitation even without moisture.794

In brief summary, the SLT offers partially valid insight on how tilt develops in hurricanes795

exposed to misalignment forcing. A more advanced theory that properly incorporates the796

SSC (and the boundary layer) seems needed to clarify some unresolved issues on how moist797

convection in the eyewall affects tilt dynamics.798
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Appendices808

809

A. Undamped and Growing PTMs810

811

In linear theory, the damping rate of a PTM is basically proportional to the negative radial812

gradient of PV in the critical layer. If the amplitude of the PTM exceeds a modest thresh-813

old, its stirring of the critical layer will flatten the local PV distribution before significant814

damping occurs [cf. Briggs et al. 1970; Schecter et al. 2000; B01; SM06]. Moreover, a815

positive radial PV gradient in the critical layer would cause the PTM to initially grow [S02;816

SM03; SM04]. Transient growth may also occur through interaction of the PTM with a pre-817

existing disturbance [cf. Antkowiak and Brancher 2004; Nolan and Farrell 1999; Lansky et818

al. 1997]. Finally, PTMs in extremely intense vortices with negligible skirts of outer PV can819

amplify with an e-folding time of 5-10 core rotation periods by emitting spiral inertia-gravity820

waves with negative angular pseudomomentum [SM03; SM04; S08; cf. Hodyss and Nolan821

2008; Billant and LeDizès 2009].822

823

B. Additional Information on the Initial Setup of E1824

825

The preliminary simulation used to obtain the initial conditions of E1 had several stages.826

The first stage lasted approximately 9 days with the sea-surface temperature (SST) set equal827

to 25 oC. During this time, the TC developed an outer eyewall that caused the demise of its828

inner predecessor. The model was then reinitialized with a symmetrized version of the recon-829

figured and relatively large convective vortex. The SST was lowered to 23 oC and the system830

was allowed to relax for approximately two more days. Another two days of adjustment with831

weaker diffusivity (achieved by the subgrid turbulence modification described in section 2.1)832

produced the initial condition of E1. The lower SST was used in E1 as a precaution against833

another eyewall replacement event.834
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Figure A1 compares the initial vertical distributions of actual and saturated pseudoe-835

quivalent potential temperature in E1 to those of the JMS. Both variables are approximated836

as in Bryan 2008 and horizontally averaged over the entire computational domain. By the end837

of the preliminary simulation, which did not conserve moist air mass, the domain averaged838

surface pressure was unnaturally high (ps = 1065 hPA) and a minor temperature inversion839

had developed just above z = 2 km. While such imperfections reflected in Fig. A1 may be840

inadequate for modeling a real hurricane, they are not critically problematic for the purpose841

of this idealized study.842

843

C. Supplemental Notes on the Reduced Physics Experiments E3 and E4844

845

C.1 The Non-Precipitating Cloudy Vortex Experiment E3846

847

Figure A2a illustrates the evolution of qc in the non-precipitating cloudy vortex experi-848

ment E3. The distribution of cloud water initially resembles that of the primary hurricane849

in E1, but broadens over time in the middle and upper troposphere. Such broadening850

accounts for the distinct Υ distribution in Fig. 4e. Note that the low cloud band in the inner851

core is attributable to an aesthetic shortcoming of the initialization algorithm for E3. It is852

not thought to have a significant consequence on tilt dynamics.853

Supporting evidence that cloud coverage in E3 acts to substantially reduce the effective854

static stability relevant to tilt dynamics is provided below. The analysis is carried out in a855

reference frame centered at xca. The notation hmd(ϕ, t) is used to represent a generic midlevel856

field-variable analogous to wmd [Eq. (16)] with zc = 5.0 km, zd = 7.1 km, rc = 70 km and857

rd = 150 km. As usual, one may write hmd ≡
∑∞

l=−∞ hmd
l (t)eilϕ.858

The wavenumber-1 component of midlevel potential temperature evolves according to859

d

dt
θmd
1 = −

(
u∂rθ +

v

r
∂ϕθ

)md

1
−

[
1− Θ̇md

1

(w∂zθ)
md
1

]
(w∂zθ)

md
1 . (C1)860
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The heating rate Θ̇ is obtained here by computing the material derivative of θ from standard861

model output fields. It is found that Θ̇md
1 and (w∂zθ)

md
1 are almost exactly in phase in E3.862

Perfect phase agreement would allow the substitution863

1− Θ̇md
1

(w∂zθ)
md
1

→ 1−

∣∣∣Θ̇md
1

∣∣∣∣∣∣(w∂zθ)
md
1

∣∣∣ ≡ Υ∗ (C2)864

in Eq. (C1). The dimensionless variable Υ∗ therefore somewhat resembles the static stability865

reduction factor Υb in Eq. (7) of section 3. The resemblance improves to a degree as the SSC866

becomes negligible and the lowest order approximation of w∂zθ becomes w∂zθ0, in which θ0867

is the azimuthal mean of θ. The value of Υ∗ clearly decreases from unity as |Θ̇md
1 | increases868

from its dry-adiabatic value of zero. For small perturbations in the non-precipitating cloudy869

vortex of E3, the condition Υ∗ � 1 is taken to suggest that condensation and evaporation870

are substantially reducing the cooling and warming that would otherwise occur adiabatically871

in the updrafts and downdrafts of the wavenumber-1 disturbance [cf. Fig. A2b]. For other872

vortices in which Θ̇md
1 and wmd

1 are in phase but the mean updraft is more considerable, values873

of Υ∗ less than unity might simply indicate an acceleration/deceleration of condensational874

heating in the positive/negative regions of the wavenumber-1 vertical velocity perturbation.875

Figure A2c shows the time series of Υ∗ obtained from hourly sampling of E3. The mean876

value of the time series is 0.11 and the standard deviation is 0.08. It has been verified that877

the mean of Υ∗ computed with hourly output is within 5% of the mean computed with 5-min878

output over the intervals 1 ≤ t ≤ 12 h and 24 ≤ t ≤ 30 h. High frequency (5-min) output879

was not archived over any other intervals. Note that redefining Υ∗ with the substitution880

(w∂zθ)
md
1 →

∫ zd

zc
dz

∫ rd

rc
drw1∂zθ0/(rd − rc)(zd − zc) in Eq. (C2) changes its value by only a881

modest amount to 0.15±0.08. The two variables on opposite sides of the substitution arrow882

have nearly indistinguishable phases, and their amplitudes differ by only 5% on average.883

Needless to say, the SSC of the non-precipitating cloudy vortex in E3 is precisely zero884

only at the beginning of the experiment. The SSC is defined by the wind vector (u0, w0),885
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in which u0 and w0 are the azimuthally averaged radial and vertical velocity fields. The886

following statistics of the SSC are average values obtained from hourly snapshots taken887

for t ≤ 35 h. In the cylindrical shell of the E3-vortex defined by 65 ≤ r ≤ 165 km and888

2.1 ≤ z ≤ 10.7 km, the root-mean-square (rms) radial and vertical velocities are respectively889

urms
0 = 0.7 m s−1 and wrms

0 = 0.08 m s−1. The corresponding rms velocities in the E1-890

hurricane are urms
0 = 5.4 m s−1 and wrms

0 = 0.7 m s−1. Furthermore, the shell-averages of891

u0 and w0 in E3 are merely 0.006 and 0.01 times their counterparts in E1. The minuscule892

means in E3 are due to lesser wind speeds (evident in the rms measurements) and greater893

cancellations between positive and negative velocities.894

In summary, the condition Υ∗ � 1 in E3 seems to suggest that a substantial reduction895

of static stability is in effect. On the other hand, the SSC in E3 appears to be at least an896

order of magnitude weaker than its E1 counterpart.897

898

C.2 The Dry Thermally Forced Vortex Experiment E4899

900

In a fixed cylindrical coordinate system whose central axis is coaligned with that of the901

axisymmetric thermal forcing in E4, Θ̇md
1 would be zero and Υ∗ would be unity barring902

subgrid turbulent transport. In practice, the value of Υ∗ obtained from 5-min output in a903

reference frame centered at xca is approximately 0.98±0.02 during the intervals 1 ≤ t ≤ 12 h904

and 24 ≤ t ≤ 30 h. The condition Υ∗ ≈ 1 distinguishes E4 from E3, and from E1 where905

during the forcing period Υ∗ = 0.14± 0.08.906

On the other hand, the SSC of E4 is verifiably similar to that of E1. Take the same907

cylindrical shell used in section C.1 to define the rms and mean values of u0 and w0. It is908

found that urms
0 and wrms

0 are respectively 5.7 and 0.7 m s−1 in E4, compared to 5.4 and909

0.7 m s−1 in E1. The means of u0 and w0 are 2.4 and 0.36 m s−1 in E4, compared to 2.6 and910

0.34 m s−1 in E1. The preceding statistics are again averages from hourly snapshots taken911

for t ≤ 35 h.912
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As a final remark, the VAP2 growth rate budget of E4 is fairly similar to that of913

E1 [Fig. 14a]. In particular, S̃1
i provides a significant negative contribution early on that914

is largely determined by its SSC component. The amplitude of the early negative peak in915

the time series of S̃ssc is 0.64 times that of E1, and the duration of the negative peak is916

approximately 2 h instead of 4 h.917

918

D. Vorticity Profiles and Moisture Parameterizations Used in the SLT919

920

The approximation for ζ used in the SLT to represent the initial vortex in E1-E4 is921

ζ̄0 =
0.0018

1 + (r/107970)8.9635
− 0.0012188

1 + (r/73270)4.3684
− 0.000020257

1 + (r/750000)24

− 0.0004176

exp
[(

r−91000
12500

)2
] +

0.00003502

exp
[(

r−174690
71820

)2
] +

0.000019313

exp
[(

r−404570
51718

)2
] ,

(D1)922

whereas that used to represent the contracted vortex in E1-c and E2-c is923

ζ̄c =
0.0040419

1 + (r/68229)6.4
− 0.0039938

1 + (r/52027)4.5407
+

0.00034098

1 + (r/72074)2.4462

− 0.000019321

1 + (r/750000)24
+

0.00053033

exp
[(

r−80000
11000

)2
] .

(D2)924

Here, ζ̄ and r are in units of s−1 and m, respectively. The analytical functions used to925

represent the N2-reduction factors in E1, E3 and E1-c are926

ΥE1
b = 1− 0.17505

1 +
(

r
340000

)2.6 −
0.094295

exp
[(

r
22611

)2
] − γ

0.3728

exp
[(

r−100000
23107

)2
] , (D3)927

928

ΥE3
b = 1− 0.428

1 +
(

r−111670
139950

)2 − γ
0.18484

exp
[(

r−111670
29858

)2
] , and (D4)929
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930

ΥE1−c
b = 1− 0.14815

1 + r
639190

+
0.11347

exp
[(

r
60595

)2
] − γ

2 exp
[(

r−82000
19385

)2
] . (D5)931

The values of γ are given in Table 2.932

933

E. Computation of Complex Quasimode Frequencies934

935

Damped PTMs are not genuine normal modes of the linear system [Eqs. (6)-(8) without936

forcing], because the damping mechanism requires aberrant growth of perturbation PV in937

the neighborhood of the critical radius [S02; SM03; SM04]. One practical method for finding938

the complex frequency of a damped PTM (also known as a quasimode) is to examine the939

evolution of a quasi-balanced tilt in the absence of forcing. The procedure starts by setting940

the wavenumber-1 vertical vorticity perturbation ζ ′ proportional to cos(πz/H)dζ̄/dr in the941

vortex core. The nondivergent component of the horizontal velocity perturbation is made942

consistent with ζ ′, whereas the divergent component and w′ are set to zero. The geopo-943

tential perturbation is initialized such that it zeroes the time derivative of horizontal flow944

divergence.945

Figure A3 illustrates the free evolution of quasi-balanced tilts in vortices with ζ̄ = ζ̄c and946

moisture parameterized as in L1-c1, L1-c2 and L2-c. The plotted variables are the amplitude947

and phase of the radial velocity wavefunction û(r, t), defined by u′ = û cos(πz/H)eiϕ + c.c.948

In all cases, the early behavior of û is essentially invariant with radius in the outer core.949

Moreover, û exhibits the exponential decay and constant oscillation frequency characteristic950

of a damped normal mode. The oscillation frequency and negative growth rate are identified951

as ωR and ωI of the PTM.952

953
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Experiment Initialization Moisture Surface Fluxes Radiation
E1, E1-c moist convective

hurricane
vapor, cloud droplets

and rain
all activated longwave

E2, E2-c dry baroclinic
nonconvective vortex

nonexistent deactivated deactivated

E3 cloudy baroclinic
nonconvective vortex

vapor and
suspended cloud droplets

deactivated deactivated

E4 dry baroclinic
convective vortex

artificial
axisymmetric heating

momentum only deactivated

TABLE 1. Brief description of the CM experiments. The initial vortices in E2-E4
are designed to resemble the initial hurricane in E1. The initial vortices in E1-c and E2-c
are modeled after a slightly contracted state of the hurricane found late in E1.

version
label

corresponding
CM

experiment
ζ̄ Υb γ

L1-1 E1 ζ̄0 ΥE1
b 1

L1-2 E1 ζ̄0 ΥE1
b 2.2

L2 E2 ζ̄0 1 —

L3-1 E3 ζ̄0 ΥE3
b 1

L3-2 E3 ζ̄0 ΥE3
b 2

L1-c1 E1-c ζ̄c ΥE1−c
b 1

L1-c2 E1-c ζ̄c ΥE1−c
b 1.4

L2-c E2-c ζ̄c 1 —

TABLE 2. Versions of the linear model relevant to the CM experiments. Each version is
defined by its basic state vorticity ζ̄ and static stability reduction profile Υb, which depends
on the dimensionless parameter γ.
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Figure 1: Axisymmetric initial condition of the primary hurricane in E1. (a) Azimuthal velocity
v (contours in m s−1) and perturbation potential temperature (red shading). (b) Secondary circu-
lation [(u, w) flow vectors] superposed on a color contour plot of v. The w component of the flow
vector is magnified by a factor of 10 relative to u. (c) Saturated pseudoadiabatic entropy (dashed)
and absolute angular momentum (solid) contours superposed on a color contour plot of the water
vapor mixing ratio q. The entropy and angular momentum contour labels are in units of J kg−1K−1

and 106 m2s−1, respectively. (d) Mixing ratios of total condensate (color) and rain (contours in
g/kg).
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Figure 2: (a) Initial vertical relative vorticity (ζ) profiles for E1-E4, averaged with mass-weighting
between z = 30 m and 12.3 km. The inset shows details of the outer skirt. The thick gray curve is
an analytic approximation (AA) used for the SLT of section 3. (b) Same as (a) but for E1-c and
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Figure 3: Initial dry isentropic PV distributions for E1-E4 (as labeled). The red color scale is
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section 4.2).
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Figure 4: Theoretical estimates for the reduction of static stability. (a,c,e) The N2-reduction factor
Υ of SM07 for (a) the primary hurricane in E1, (c) the contracted hurricane in E1-c, and (e) the
cloudy vortex in E3. The solid and dashed curves in (a) and (c) are contours of absolute angular
momentum and saturated pseudoadiabatic entropy, respectively. (b,d,f) The vertical averages of
Υ (solid curves) for (b) the primary hurricane in E1, (d) the contracted hurricane in E1-c, and (f)
the cloudy vortex in E3. The dashed and dotted curves are the analytic N2-reduction factors used
for the indicated versions of the SLT.
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Figure 12: PTM of the dry vortex in E2. (a) Contour plot of the asymmetric balance parameter
D2

θ of the PTM in the r-z plane. The dashed curve corresponds to the z-dependent critical radius
of the PTM, where D2

θ = 0. The dotted curves are θ-contours shown to assist the reader in relating
the (r, θ) coordinates of (b) and (c) to (r, z). (b) Time-averaged amplitudes of the wavenumber-
1 relative vorticity (color) and divergence (contours). Both the vorticity and divergence ampli-
tudes are normalized to the maximum of 〈|ζθ,1|〉T . (c) The PV component (red shading) and vσ
component (contours) of wavenumber-1 angular pseudomomentum. Both components are given in
the same dimensionless units. Solid/dashed/dotted contours correspond to positive/zero/negative
values of J vσ

θ . The small bright and dark spots are presumably unimportant and occur where
∂rPVs

θ is exceptionally small. The fields in both (b) and (c) are smoothed with 8-km radial boxcar
averaging. (d,e) Hovmöller diagrams of <[PVθ,1(r, θ, t)] at (d) θ = 298.7 K and (e) θ = 331.4 K.
In both (d) and (e), the plotted fields are normalized to their r-t maxima. (f) Basic-state PVθ at
t = 0 (dotted curve), t = 35 h (dashed curve) and during the free evolution period (solid curve).
The distributions are averaged with σ-weighting over the interval 296 ≤ θ ≤ 344 K.
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Figure 13: Comparison of the moist tilt dynamics of E1 to that of the SLT with L1-2 specifications.
(a,b) Time series of (a) the tilt amplitude and (b) the tilt orientation angle. The +s correspond to
E1, whereas the dotted curves correspond to the SLT. (c,d) Time series of (c) the crest amplitude
and (d) the crest azimuth of the wavenumber-1 component of midlevel vertical velocity averaged
between r = 120 and 200 km. The ×s correspond to E1, whereas the dashed curves correspond
to the SLT. (e,f) Same as (c,d) but with averaging between r = 70 and 150 km so as to include
the eyewall region of E1. The crest azimuths of the wavenumber-1 midlevel heating rate (gray
diamonds) and column integrated rain-mass (white diamonds) are also shown in (f). The bottom
t-axis labels apply to all plots in the column.
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Figure 14: Time series of the VAP2 growth rate and its components during the first 12 h of
misalignment forcing. (a) Results for the moist convective hurricane in E1. The thick red curve is
the theoretical growth rate (S̃tot) given by the sum of the solid, dashed and dotted black curves (S̃0

i +
S̃1

i + S̃e). The dashed gray curve is the dominant SSC component of S̃1
i . The +s show the growth

rate obtained from the times series of VAP2 that is output by the model. (b) Results for the dry
nonconvective vortex in E2. Here S̃tot is given by the thick blue curve, and the dashed gray curve
is the component of S̃1

i connected to symmetric vertical wind shear. The total growth rate in
E1 (S̃tot−E1; thick pink curve) is superposed on the plot to illustrate its lesser value (for the most
part) after 4 h of forcing.
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Figure 15: Evolution of the tilt vector (δxc ≡ δxcx̂ + δycŷ) after forcing in (a) the primary vortex
and (b) the contracted vortex. (a) Time series of δxc and δyc in (bottom) the primary hurricane of
E1 and (top) its dry analogue in E2. Red and blue curves respectively show δxc and δyc. Dotted
curves show unfiltered time series, whereas thick solid curves show time series smoothed with 5-h
boxcar averaging. (b) Same as (a) but for (bottom) the contracted hurricane of E1-c and (top) its
dry analogue in E2-c.
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Figure 16: (a) Three snapshots of column integrated rain mass density µr normalized to its
instantaneous maximum in E1. (b) Select snapshot of normalized µr in E1×4.
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Figure 17: Vertical mixing coefficients averaged over ϕ and over time during the forcing periods
of (left to right) E1, E2, E3 and E4. The color scale is logarithmic and the same for all plots.
The contours are evenly spaced in log(Kv) with the black-to-white transition occurring between
the black contour at Kv = 6 m2s−1 and the white contour at Kv = 3.4 m2s−1.
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Figure A1: Initial domain-averaged profiles of actual and saturated pseudoequivalent potential
temperature (θep and θ∗ep) compared to those of the Jordan mean sounding (θJ

ep and θ∗Jep ).
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Figure A2: The non-precipitating cloudy vortex of E3. (a) Snapshots of the azimuthally averaged
cloud droplet mixing ratio qc during the application of misalignment forcing. The upper and lower
plots respectively correspond to t = 1 and 18 h. (b) Typical snapshot of Θ̇md and wmd normalized
to their instantaneous peak values. (c) Time series of Υ∗.
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Figure A3: Radial velocity perturbation in an unforced but initially tilted vortex with ζ̄ = ζ̄c. (a)
Time series of the amplitude of û at r = 130 km for linear simulations with 3 different moisture
parameterizations. (b) Time series of the phase of û at various outer core radii whose values are
shown in the legend. The top plot in (b) corresponds to the dry vortex of L2-c, whereas the middle
and bottom plots in (b) respectively correspond to the moist vortices of L1-c1 and L1-c2. (c) Early
time series of |û| in the dry vortex of L2-c at various outer core radii. All amplitudes in (a) and (c)
are normalized to their initial values. Although the skirt of an unstable IWM eventually dominates,
a slow exponentially damped quasimode (the PTM) apparently controls the outer perturbation at
early times.
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