Compressible f-Plane Solutions to Local Body Forces and Heatings;

Part I: Initial Value and Forced /Heated Solutions

Sharon L. Vadas,!
NorthWest Research Associates, CoRA div., 3380 Mitchell Lane, Boulder, CO, USA

Keywords: gravity wave, acoustic wave, compressible fluids

Abstract

1 We determine the analytic, linear, f-plane, compressible solutions that arise in re-
> sponse to local, 3D, horizontal and vertical body forces and heatings in an isothermal,
3 non-dissipative atmosphere. These body forces and heatings turn on and off smoothly
+ over a finite interval in time, y, with n oscillations occurring during this time. The
s solutions include mean flow, gravity waves (GWs), and acoustic waves (AWs). We find
¢ that the compressible solutions are different from the Boussinesq solutions for GWs with
7 A, 2 2mH. In the lower atmosphere, this is A, 2 50 km. As with the Boussinesq solu-
s tions, the compressible solutions also contain a cut-off factor which significantly reduces
o the amplitudes of GWs and AWs with frequencies w less than a by (27)~'a®/w?, where
0 a = 2mn/x. We also derive the compressible f-plane polarization relations for GWs and
n AWs. We then show that the phase relationships between the horizontal and vertical
12 velocity, density, and temperature perturbations changes significantly when |\, 2 277H|.
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1. Introduction

GWs excited by wind flow over mountains and deep convection can excite GWs. Some
of these “primary” GWs can propagate to the mesosphere, where they break. This sat-
uration process creates horizontal body forces, which close the jets near the mesopause
that exist if the atmosphere were in thermal equilibrium (see Fritts and Alexander, 2003
(hereafter FA03), and references therein). They also create a mean wind in the direction
of GW propagation. This cools the summer mesopause because of an induced residual
circulation (Nastrom et al., 1982; Holton, 1982, 1983; Dunkerton, 1982; Garcia, 1987).
These body forces also radiate “secondary” GWs (Dickinson, 1969; Blumen, 1972; Wal-
terscheid and Boucher, 1984; Zhu and Holton, 1987; Fritts and Luo, 1992; Luo and Fritts,
1993; Medvedev and Gavrilov, 1995). They are dubbed “secondary” because they arise
in response to the breaking of “primary” waves.

Local, interval body forces and heatings describe the effects of outside processes on
a local fluid. Here “local” describes a localized region in space, and “interval” describes
a finite duration in time. These forcings/heatings can describe many of the effects of
wave breaking, wave dissipation, convective overshoot, auroral heating, and geostrophic
adjustment, to name a few. These forcings/heatings excite GWs and AWs, and may
create mean flows. Both the temporal and spatial characteristics of the forcings/heatings
determine the wave responses (Vadas and Fritts, 2001, hereafter VF01; Vadas et al.,
2003).

Although solutions have been derived for localized, interval heatings and body forc-
ings (VF01), these are only applicable in the Boussinesq approximation (i.e., A, < 47H).
However, compressible effects are expected to be important 1) for forcings/heatings

> wH. These lat-

~Y

deeper than the density scale height H, and 2) for GWs with A,

ter GWs penetrate deeply into the thermosphere (Vadas, 2007; Fritts and Vadas, 2008),
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create large mean winds upon dissipating there (Vadas and Liu, 2009, hereafter VL09),
and may seed plasma instabilities (Kelley, 1989; Takahashi et al., 2009; Makela, et al.,
2010). AWs also play a role in the variability of the thermosphere (Lastovicka, 2006).
Therefore, it is important to derive the analogous compressible solutions.

This paper is the first paper in a 2-paper series. The purpose of this paper is to
derive the f-plane, compressible solutions to local interval body forcings/heatings. In
doing so, we will generalize the VF01 solutions to include compressibility in full. We
organize this paper as follows. Sec. 2 describes the f-plane, compressible fluid equations
and solution methods. Sec. 3 derives the initial value solutions. The body forcing and
heating solutions are derived in Sec. 4. Sec. 5 compares the compressible and Boussinesq
solutions when f = 0. In Sec. 6, we calculate the exact, compressible, f-plane polarization
relations for GWs and AWs. We then examine the phase relationships between the GW
components when A\, 2 27H. Sec. 7 contains our conclusions. Appendices A and B

contain special case solutions to the forced/heated equations.
2. Compressible Solutions to Body Forces and Heatings

1. Linear, Compressible, f-plane Fluid Equations

We consider a 3D, local, interval body forcing/heating in our atmosphere which turns
on and off smoothly over a finite interval in time. (For example, the interval could be
10 min or 6 hours, and the region could be 20% x 10 km?® or 500 x 5 km? for convective
overshoot or geostrophic adjustment, respectively.) This is a generalization of impulsive
forcings/heatings, which turn on and off instantaneously in time. We assume that the
fluid is inviscid. The compressible momentum, mass and energy conservation equations

which describe this fluid are

Dv 1
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Dr +pV.v=0 (2)
% +(y = 1)TV.v = J(x)F(t), (3)
where
D 0

v = (u,v,w) is the velocity vector in geographic coordinates, u, v, and w are the zonal,
meridional, and vertical velocities, respectively, T' is the temperature, p is the density,
p is the pressure, {2 is the Earth’s rotation vector, g is the Earth’s gravitational force,
p = 1pT is the ideal gas law, r = 8308/Xyw m? s72 K™, Xyw is the mean molecular
weight of the particle in the gas, y—1 = r/C,, and C, is the mean specific heat at constant
volume. The body forcings/heatings have time dependence F(t), and occur only during
the finite interval in time, x. F and dF/dt must be continuous, analytic functions. The
spatial portion of the 3D body force is F(x) = F,(x)i + Fy(x)j + FZ(X)/%, where 7, j and
k are the zonal, meridional, and vertical unit vectors, respectively. The spatial portion
of the heating is J(x). These spatial distributions can be any arbitrary functions of
(x,y, z) (although they and their spatial derivatives must be continuous functions). The
body forcings and heatings, F(x)F(t) and J(x)F(t), respectively, are hereafter called
“sources”, since they excite GWs and AWs, and create mean responses.

Using the ideal gas law, we express the energy equation, Eq. (3), in terms of pressure:

2oV = L 7). (5)

We can also express this in terms of the potential temperature, which is defined as

0 =T(ps/p)"~ ", (6)

where p, is standard pressure. Therefore,

1D6 1DT v—1\1Dp
p Dt

6Dt T Dt 7y
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Plugging in Egs. (3) and (5), the V.v terms cancel, yielding

LDV _ 1 5 7). (8)

6Dt T
Therefore, our conservation of energy equation (Eq. (3), (5), or (8)), expresses the well-
known result that the potential temperature is conserved along the Lagrangian path of
a fluid particle in a non-dissipative fluid if the external heat added is zero (e.g., Holton,
1992). We note that our compressible equation set, Eqs. (1)-(3), agrees with the com-
pressible equations used in FA03 (Egs.(1)-(5) in that work).

We now expand the fluid variables as background means plus perturbations:

u = U+4+u, v=V

p = p+p, T=T+T, p=p+7, (9)

where the overlines denote background mean values (which are constant in z, y, and t),
and the primes denote perturbations. Thus the mean background wind is Ui + Vj. We
neglect the Earth’s curvature; this limits horizontal wave scales to Ay < 20000 — 30000
km. We also assume that the background fluid is isothermal (T = Ty = constant in
z) and unsheared (U and V constant in z) in order to solve this problem analytically.
Although beyond the scope of this paper, the excited waves can then be ray traced
through wind shears, non-isothermal, and dissipative atmospheres (e.g., Vadas et al.,
2009a,b; VL09). Our goal here is to provide simple and insightful solutions of the mean,
GW, and AW responses in an idealized background, but not the propagation and/or
dissipation of these excited waves.

We assume that the fluid obeys the f-plane approximation: 22 x v/ ~ f (—v’% + u’}'),
where f = 2€)sin 6 and @ is latitude. This is a good assumption at mid and high latitudes.
At 6 = 45° (mid) and 6 = 75° (high) latitudes, f = 1.0 x 107* s and 1.4 x 107* s71,

respectively. From Eq. (1), the hydrostatic equation (obtained when the perturbation
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quantities are set to zero) is

dp/dz = —gp, (10)
where g = —gk. Solving Eq. (10), p and p decrease exponentially in z (Hines, 1960):

p=pe " =T (11)

where H = —p(dp/dz)™' = rTy/g is the density scale height, and p, and P, are the
mean density and pressure at z = 0, respectively. We assume that the forcing/heating
amplitudes are small enough that wave-mean flow and wave-wave interactions can be

neglected. Linearizing Egs. (1)-(2) and (5), we obtain:

ov’ 1 ’ pl _ " N
o + %VP - ?Vp + f(=v"i +u'j) = F(x)F(t) (12)
op’ N
o H (VD PV =0 (13)
' e s D
3 + v .Vp+pV.v' = TJ(X)]-"(t), (14)
where
0 o —0 =0
o7 = <&+Ua_x+va_y>‘ (15)

In order for the coefficients on the left hand sides of Egs. (12)-(14) to be constant

with altitude, we define the following variables:

5 — e—z/Q’Hu/7 U:e_Z/QHU,, UZG_Z/QHU},,
6 = Y =TT D =Y gy = Y p,
¢ = e #MTT,,. (16)

Because v/, v', w', o’ /p, p' /P, and T" /T increase exponentially with altitude, the GW and

AW amplitudes increase exponentially with altitude, as is well-known (Hines, 1960). We
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also scale the forcings and heatings as
Fes = e_Z/QHFa:a Fys = e_Z/2HFy7
Foo = e#ME, Jo=e#y], (17)

z/2H

where the subscript “s” denotes that the forcing/heating is scaled by e~ in altitude.

We expand &, o, 1, ¢, ¥, C, Fys, Fys, F.s, and Js in a Fourier series, e.g.,

1 o0 o0 o0 . ~
f(xa Yy, z, t) = W / / / eil(karlermZ) f(k> l, m, t)dk dl dma (18)
T —o0 J—o0 J—00

where “~” denotes the Fourier transform of the variable, k = (k, [, m) is the wavenumber
vector, and k, [, and m are the zonal, meridional, and vertical wavenumber components,

respectively. Eqgs. (12)-(14) become

375 — ik — f5 = F F(t) (19)
i+ [ = P F () (20)
O im.d g6 = FoF () (21)
%%—i(k{ﬂ&msﬁ) —0 (22)
27% + 07 — ic2 (k€ + 16) = J,F(t), (23)

where the sound speed is cg,

& = ygH =T, (24)
§ = g(y—1)—ic’ms, (25)
ms = m—1i/2H, (26)
0 0 _
g _ 9 _. , 9
v g i(kU +1V) (27)

The linearized ideal gas law is p’/p = p'/p+T"/T. The scaled temperature perturbation

is then

{=1i-4 (28)
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135 Here, the Laplace transform of F(t) is Lz, the buoyancy frequency is N, and

Table 1 shows some important symbols used in this paper.

2. Solution methods

We take the Laplace transform of Eqgs. (19)-(23). For example, the Laplace transform

of 15, denoted qu, is the integral (Abramowitz and Stegun, 1972)

Therefore,

0

/oo e~ rtpdt.

L(Wy) = s,.L(Y) — 1(0),

where 12(0) is the value of ¢ at t = 0. We define

s=s, —i(kU +1V).

The Laplace transform of the scaled pressure perturbation is then found to be

Ly

1

s(s? — s7)(s?

—6(s% + f)(

a1 (5% + img) (s> + £2)(0)

si7(0) — g(0)) + ic2(as + BF)(s* + N3)]

+ [ic2(sAp + fBp)(s” + Np) — ds(s* + f*) Fs

+(s” +imag) (s> + f) ) L}

= (y—1g*/c

— kE(0) + 15(0)

= k5(0) — I£(0)

— kF,, +1F,,

= kF,, —

IF,..

(29)

(30)

(31)

(32)



w7 Additionally, Eq. (32) contains s; and sy, which are the 2 roots of the expression that

s result when deriving Eq. (32):

st [f2 4 A(K? + 1/4H?)] s + Ak NE 4 f2(m? + 1/4H?)] = 0. (38)
159 Here, k? = k* + 1 + m? and k% = k* + [*. Defining

a = —(si+s3) =[f*+AK +1/4H%)], (39)

b = 5252 =C[k5NE + f2(m?* + 1/4H?)], (40)
1o the 2 roots of Eq. (38) (corresponding to the GW and AW, respectively) are

1- W] , (41)
s3 = —wi= —g {1 + m} . (42)

w1 The intrinsic and ground-based wave frequencies are therefore wy. = —is and w, = —is,,

a
$ = —f=-%

2 respectively. Using these definitions, Eq. (31) becomes
143 Wiy = Wy — (/{ZU + ZV) (43)

s This is the familiar expression for the Doppler shifting of a wave’s frequency in a mean
s wind. The intrinsic GW frequency is wgw = w; = —isy, while the intrinsic AW frequency
us 1S waw = wo = —ise. Eq. (38) then becomes the well-known, non-dissipative, acoustic-

w7 gravity wave dispersion relation first derived by Hines (1960) (see also Eq.(22) in FA03).
wip = [+ 08 + 14RO wq, + ki Ng + [*(m® + 1/4H%)] = 0. (44)

ue  For a GW which propagates much more slowly than the sound speed (wgw/4/k? + 1/4H? <
150 Cg), the usual f-plane anelastic GW dispersion relation is obtained from Eq. (41) for
s 4b/a? < 1: s~ —b/a, or

k% N3 + f2(m? 4+ 1/4H?)
2 __ "Y"H"'B
152 wew — K2 n 1/4 B . (45)
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The acoustic cut-off frequency is obtained from Egs. (39) and (42) for f = k* = 0 and
4b/a* < 1: w, = v/a = ¢s/2H. Since ¢ = vgH, w, = vg9/2¢s = (v/2y/7 — 1)Np. For
v = 1.4 and Ng = 0.02 rad/s (buoyancy period of 7, = 27/ Np = 5.2 min), the acoustic
cut-off period is 27 /w, = 4.7 min.

The terms in the first square bracket in Eq. (32) incorporate only the initial conditions,
while the terms in the second square bracket incorporate only the interval body forcings

and heatings. The compressible f-plane polarization relations are given in Sec. 6.

3. Wave and Mean Responses to Initial Conditions
We now derive the initial value solutions. We set L+ = 0, and take the inverse Laplace

transform of Eq. (32). Here, we use the fact that the inverse transform of £(1) is

o) = [T ete(@)ds, = 0TI [T estpgyas, (46)

0 0
where we have used Eq. (31), since ds, = ds. We then solve Eqs.(19)-(23) with F = 0.

The compressible initial value solutions (denoted by the subscripts “IV”) are then

_ U — ] IfE
Erv(t) = e’(kUHV)t[ ! 2{<f —kw1F> sinw1t+(kE+lfF)cosw1t}

[P —wi w1
' lfG i
+f2 i 2 {( £2 - k:u@H) sinwot + (kG + IfH) coswgt} + %1 (47)
P : E
Gry(t) = el*UHV [fQ ‘ — {— <ku]j + lw1F> sinwit + (IE — kfF) coswlt}
— w2 )
i kG _ ikl
—— - lwoH t+(IG—kfH tp— 8
+f2—w%{ <w2 + lws )smwg + ( f )coswg} 7{}1)
. pp——, 1 1 .
iv(t) = e (KU+IV)t <2m8 — 7—7'[) {Tw% (E coswit — Fwy sinwst)
1
+ N (G cos wat — Hwy sin wgt)} (49)
7 _ LikUHIV) (—wi +ims(y = 1)g) (E . )
orv(t) e [ 02(N2 ) o sinwit + F coswt
(—wj ;_ ims (4 <— sin wot + H cos w2t> 4 s I] (50)
2(NE — w3) g

10
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~ = = [ F G
vy (t) = gl RUHIV)E [— sinwit + F coswit + — sinwqt + H coswyt + 1|, (51)
w2

w1
where
e = imygip(0) + go(0)s (52)
B o= ot [5s+ f20(0) — icta(s + N3) 53)
2 1
1 -
Fo= ) [((W(0)s? +€)(s + f7) +ic2Bf (51 + N3] (54)
G = 2 i = {—5(8% + f2)ﬁ(0) + icia(sg + Né)} (55)
2 1
1 ~
H = om0 +(s5 + ) +iclf (s + V)] (56)
I = %(fe +ic23N3). (57)
1°2

Special case solutions are given in Appendix A. Note that the GW and AW solutions
are separate and distinct; the GW terms are proportional to sinw;t and cosw;t, while
the AW terms are proportional to sinwot and coswst. We compare our solutions in the
Boussinesq limit (i.e., H — oo and ¢ — oo) with the Boussinesq initial value solutions
derived in VFO1. First, we convert the density to potential temperature #. Combining

Eq. (6) with the ideal gas law and linearizing, we get
p

=_Z — _. 58
= (58)

Neglecting the pressure perturbation in the Boussinesq approximation (since it is pro-

portional to 1/¢?), we find that
0/0~ /7. (59)
It is then easy to show that Egs. (47)-(51) reduce to Egs. (B.1)-(B.5) in VFOL.

4. Wave and mean responses to interval forcings/heatings
The function F(t) is the temporal portion of the forcing/heating, which turns on and

off smoothly for a finite interval in time in order to represent the temporal evolution

11
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196

of realistic body forcings/heatings. In order to take the inverse Laplace transform of
Eq. (32), F(t) must be a reasonably simple analytic function. Here, we choose F to be

the same function as in VF01:

1 [ (I—cosat) for0<t<yx
F) = X { 0 for t <0 and t > y. (60)
The interval forcing/heating lasts from ¢ = 0 to x, and has a frequency, a, of
a=2mn/x. (61)
The number of cycles within the total duration x is n = 1,2, 3, ..., a positive integer. If

n = 1, then only a single forcing/heating occurs over y. An impulsive forcing is a special
case of this more general forcing, and is obtained by setting n = 1 and y — 0. The
Laplace transform of Eq. (60) is

1 a2
Lr=—(1-e)—2
F = e T

(62)
For simplicity, we set the background mean winds to zero here. Then s = s, from Eq. (31).
We plug Eq. (62) into Eq. (32), and set all terms in the first square bracket equal to zero
(ie., £(0) = &(0) = 7(0) = ¢(0) = 1(0) = 0). We then take the inverse Laplace
transform of Eq. (32) to determine ¢. Finally, we solve Eqgs.(19)-(23) to determine the
other variables. The forced/heated solutions (denoted by the subscripts “FH”) during
the forcing/heating (i.e., when 0 <t < x) are

K (cosat—1)

Ern(t) = lli&2l7t+ {ia* (kM +1fN) — fF,.}

X fP-a
o B
+ % {i(~ka®N + 1f M) + Fp,}

+ ia® {f2 ! 5 [(kO + 1fP)(coswit — 1) + (—kw P + @) sinwltl

w1

+ (kQ + IfR)(coswat — 1) + (—kws R + @) sin wgt] H

==
fQ—W% %)

1 K it — 1 .
Gru(t) = ;l—za%—w(mw ){za2(1M—ka)+ fF)

Pt

12

(63)



asmat o —
+ {i(la®N + kf M) + F,.}

]
2
[(ZQ —kfR)(coswat — 1) — (lwe R + ka) sin wgt] H

[(ZO kfP)(coswit — 1) — (lw P + wO)sinwltl
1

(64)

+f2_

Ten(t) = —
Nre = X’YH

1 . o

[ 2 42 {[ (ivHms — 1)M — JS} (cosat — 1)
(ivHm, — )N + yHF.,| sinat }

! 5 [O(coswit — 1)

+ &Q(Z’YHmS - 1) {m - Pw1 sin wlt]
B 1

+a|-a?

Nz [@coswat —1) — ngsinwgt]H (65)

|

TN
N 1 [imag(y — 1)&2 asin at T
bralt) = [ = N g (M@~ img(y = 1) + 1.}
(cosat — 1){A2N(A2 msg(y — 1))+ g(y — 1)F, }
- a a —1Mmg -
NG — @ ™ a
. 1) — w2 10
() [t s
. . _1 _ 2
+ <7,m g]ié — ui% w2> L% sinwyt + R(cos wot — 1)} H (66)
2 M . O .
{ Kt+ —sinat + N(cosat — 1) + — sinw;t + P(coswit — 1)
w1
(67)

. &
ent) = &
i (t) .
Q .
+ —sinwst + R(coswyt — 1)] .
W2

w7 The forced/heated solutions after the forcing/heating is finished (i.e., when t > x) are
LfO
kw1P+ f—)S(wl)}

Eralt) = & [lx e {(kOHfP) (1) + (= -
{kQJrlfR ws) + (—kngJr%)S(wg)H (68)
senlt) = - [—kx? T T {(lo —KfP)C) ~ (P + 1O>8<w1>}
4 Q= bfRIC(ws) — (Rt + f)Sm)H(w)
eut) = SO |l 00w - P

13
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204

b e 00 - RSt (7o)
I Kx+a2{(imsg]% ) (D) + Pt
" (imsg]%__lig_ < ) L5+ Re(n)] H (71)
Grut) = & [ Rt L)+ Peton) + Ltn) + RO (72)
Here, we have defined
Sw) = sinwt—sinw(t — ) (73)
Cw) = coswt— cosw(t — ) (74)
K = 5%32 (ic? By N} + im.gf ], (75)
(76)
Vo= (GQH% s (BN = ) + @~ ) mag - ) T) (77)
N o= o H%l) sy (A (VE - )o@t - f)F) (78)
0 = Fm= S%l) G (—ic2fBr(NG + 81) = (imog + 1) (f* + 57) J,) (79)
P = s (AN ) 0+ E) (50
Q = T 8%1)(&2 ey (ic2f Be(NE + s3) + (imag + s3)(f* + s3).J.)  (81)
Ro= g 8%1) gy (AN +53) 077 + sE). (82)

The special case solutions are given in Appendix B. It can be shown that these forced /heated
solutions equal the impulsive solutions when y — 0 and U = V = 0. As with the initial
solutions, the GW and AW terms are separate and distinct; the GW terms are propor-
tional to sinwit and coswit, while the AW terms are proportional to sin wot and cos wot.
Although these solutions are quite complicated, they are easily solvable analytically in

specific limits (see Sec. 5) and numerically (see Sec. 6-8). Egs. (63)-(72), (28) and (16)

14



205 contain the GW and AW spectral solutions in (k, [, m) space. Taking the inverse Fourier

26 transform yields the compressible solutions in real space.

27 5. Forced/Heated Compressible Solutions for f =0

208 In this section, we calculate the compressible solutions for f = 0 after the forc-
200 ings/heatings are finished. This is applicable for medium and high frequency waves
20 (such that the Coriolis force can be neglected). We show that the compressible mean
an - and GW solutions equal the Boussinesq mean and GW solutions in the limit that H — oo

2o and ¢ — oo, as they should.

a3 1. Zonal body force
214 The post-forcing (t > x) Boussinesq GW zonal and vertical velocity and potential

25 temperature perturbations that arise from a zonal body force with f = 0 are (VF01):

e (R W 32 _

Y A S R ) F.,

YT +{kH< N%) xwl<a2—w%>8<‘””} (%)
—~ km w? a? —~

L S 84
VT TR Ny @ — ) ) oy
~ P A2 —~—
Gig — e T Fe) (85)

gk xwn (@ o)
216 Note that the zonal velocity perturbation is composed of mean and GW components. The
a7 post-forcing (¢ > x) compressible zonal and vertical velocity and density perturbations
28 from a zonal body force with f = 0 (from Egs. (68), (70)-(71), (16)) are

- 2o, 2 1 -
e—2/2Hy,! - efz/QHFx + [ ‘| efz/ZHFx
(i) = g () + [T )

fg-p) 2o (v ) 25 s

xwi(a? — W%) w3 3

Xwa (a2 — w;

__ 2 (2= __
(e=#/2Hy!) = kmw? | 141 (%Hm) (e—z/wa)
kipNg | 1 —wi/wi

{_ @’Swr) | a*S(w) )}, (87)

xwi(@? —wi)  xwa(a? — w3

15
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— kmw? 1 — a2
—2/2H o |5) — 1 —z/2HE )
o = St ] )
s (B [1osin (13- 2)]een)
wi(a? — w}) - w3(a? — w3)

« ~ 2

Here, each widetilde encompasses all factors within the parenthesis. Those
terms proportional to S(w;) and C(w;) are the GW solutions, while those terms propor-
tional to S(w2) and C(wsy) are the AW solutions. There are several differences between
the compressible and Boussinesq GW solutions. First, the zonal body force and the
GW compressible solutions are multiplied by exp(—z/2H) before taking their Fourier
transforms. Therefore, if the depth of the body force is much greater than H, the
compressible solutions are expected to differ significantly from the Boussinesq solutions.
Second, the compressible GW solutions include the extra terms in square brackets in
Eqgs. (86)-(88). The numerator of the [ ] term in Eq. (87) equals one if Hm > 1 (i.e.,
if \, < 27H), and the denominators of the [ | terms in Eqs. (86)-(88) equal one if
wi/wi < 1. From Egs. (41)-(42), this later expression is satisfied if 4b/a® < 1 or
2Np/cs < (K +1/4H?)/ky. Setting w? = ky®N3/(k? +1/4H?), this condition becomes
cy < ¢s/2, where the horizontal phase speed is cg = wi/kg.

We now compare Eqgs. (86)-(88) with Egs. (83)-(85). We see that the compressible
mean and GW solutions simplify to the Boussinesq solutions for H — oo and ¢? — oo,
since w?/w3 ~ b/a* x c;? Here, we have used the Boussinesq approximation that
0 /p~—0/0 from Eq. (59).

Fig. 1 shows contours of w? /w3 as a function of the horizontal wavelength Ay = 27 /kg
and the vertical wavelength A\, = 27 /m. Here, the buoyancy period is 7, = 5.2 min.
We see that w?/ws < 0.25, even for very large cy. Therefore, there are likely only
small changes in the GW compressible amplitudes due to the factor [1 — w?/w?] in the

denominators of Eqgs. (86)-(87). The right y axis shows the corresponding values of
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mH. For vertical wavelengths of importance in the thermosphere, we see that mH is
of order or smaller than 1. Therefore, we expect the GW velocity perturbations to be
significantly affected by compressibility for A\, 2 nH as compared to the Boussinesq
solutions. This suggests that the compressible amplitudes for GWs with A, 2 30 km
may depart significantly from the Boussinesq amplitudes.

Finally, Eq. (87) shows that the AW and GW vertical velocity amplitudes are com-
parable when the forcings/heatings are essentially impulsive. Essentially impulsive forc-
ings/heatings have y < 7., where 7. is the characteristic time found by plugging the
spatial scales of the forcing/heating into the wave dispersion relation (VF01). This is

because
S(w) ~ wx coswt, (89)

a’ > w?, and a* > w2 for impulsive forcings. However, the AW zonal velocity amplitudes
are reduced by ~ w?/N3 from the GW amplitudes, even for essentially impulsive forcings.
For forcings with n = 1 and x > 5 min (typical of horizontal body forces created
by geostrophic adjustment of the jet stream), the AW zonal and vertical and density

perturbation amplitudes are further reduced by
(2m)~ta® Jwd, (90)

because 27 /ws is smaller than 5 min. The GW amplitudes are only significantly reduced
for GWs with periods 77, < x/2; GWs with periods > x/2 are still excited with significant
amplitudes. Therefore, the AW source amplitudes are much smaller than the GW source
amplitudes for horizontal forcings with x > 5 min. We explore the GW and AW solutions

for several important examples in Vadas (2010).

2. Vertical body force

17



The post-forcing (t > x) GW Boussinesq zonal and vertical velocity and potential

264
temperature perturbations resulting from a vertical body force with f = 0 are (VF01):

265
~ km w? a’ ~
L W R—" 01
C T TR Mm@ o) oy
~2
o = _”1>2—“ ES 92
v (NB xwi(a? —wi) ), 52)
~2
w a —~
Y Fe(w). (93)

0/ = -
/ g xwi(a* — wi)
No mean winds are created from vertical body forces. The post-forcing (¢ > x) com-

266
pressible zonal and vertical velocity and density perturbations resulting from a vertical

2

=3

body force with f =0 (from Egs. (68), (70)-(71), and (16)) are

268

e
(e*%u’) _ kmw? |1+ (27Hm) (e*zﬁF )
k3 NZ | 1—w?/w3 N
a’S a’S
{_ a AQ(Wl - a AZ(WZ) . }7 (94)
xwi(a? —wi)  xwa(a? — w3)
—2\27 .
g L mwi |1 () | @ _Hp
(e w) - ]{}2 N2 1— WQ/WQ N (e Z)
H{VB 1/ W2 X
wlS(wl) - WQS(WQ) (95)
(Ng —wi)(@* —wi) (Nj—w3)(@®—w3) ]’
_ 2.2 (=2 A2 .
(e~ |5) — MWy 141 (Z'YmH) @ (e—z/QHFZ)
gkf | 1—-wi/wi | x
w3 zﬂ C(ws)

G-d@E—g [

[1 + wim <]<Jf_1123 - %)] Clwr) [1 + Wﬂi’H (N_g, 3

(Ng —wi)(@® — wi)

20 As before, those terms proportional to S(w;) and C(w;) are the GW solutions, while
those terms proportional to S(wsy) and C(wsy) are the AW solutions. Since
(97)

270

m2w? 1

k(NG — )
and w? < w3 in the Boussinesq limit, we verify that the compressible solutions equal the

272
Boussinesq solutions for H — oo and ¢ — oo. As with the zonal body force, the vertical

273

18



274

275

276

277

278

279

280

281

282

283

284

286

287

288

289

290

291

292

293

294

body force and GW perturbations are multiplied by exp(—z/2H) prior to taking their
Fourier transforms for the compressible solution. This factor is important for vertical
body forces much deeper than H. Although the (1 — w?/w3) factors are not expected
to significantly affect the compressible GW amplitudes (see Sec. 5a), the factors in the
numerators of the square brackets in Eqs. (94)-(96) are expected to significantly alter the
GW compressible amplitudes for A, 2 30 km (see Fig. 1).

For essentially impulsive forcings (i.e., x < 7.), the GW and AW zonal velocity
amplitudes are nearly the same. However, the vertical velocity amplitude of the AW
can be much larger than that of the GW by N%/w?. For forces with x > 5 min, the
AW amplitudes are suppressed by (27)'a? /w3 from their impulsive values. Additionally,
while the amplitude of those GWs with periods 7 < x/2 (and n = 1) are significantly
reduced, the amplitudes those GWs with 7 > x equal their impulsive amplitudes. We
explore the GW and AW solutions for the overshooting of a deep convective plume in

Vadas (2010).

3. Heating

If we define Jp to be the Boussinesq external heating (i.e., written as J(x) on the
right-hand-side of Eq. (2.4) in VF01), then using Eq. (8), J on the right-hand-side of
Eq. (3) is related to Jp via

g1y (98)

r
The post-forcing (¢t > x) Boussinesq, GW zonal and vertical velocity and potential

temperature perturbations from a heating are (VF01):

~ kmowq a? —~
! pu—
YT BN @ e P )
w = —ﬂ&—JNC 100
w NZ xon (6% — 0?) 5C(w1), (100)
o 1 a2 —
0'/0 = G—JBS(wl). (101)

Ele(Op - W%)

19



295

For the same heating, the post-forcing (¢ > ) compressible, zonal and vertical veloc-

26 ity GW perturbations (from Egs. (68), (70), and (16)) are

— Emw? 1 a?
e—z/Q’Hu/) — 1 [ ] < z/2’HJ>
( BN 1=/ X

297

298

299

300

301

302

303

304

305

306

307

e [l
__ m2? (141 (55 e
o - 2 [ (5o
[1 +i (g—m — ﬁ)] C(wy) [1 +i (—m — ﬁ)} C(ws)
(NG )@ — o) - -y (1%
T oo 1 (/7747 a2
) = [1_%/%] S
1 (5 - 8)] [ (5 - )] S
w1(NE — ) (@ — o)
i ot (- i (2 - 5)] Stew) o

wa (N — w3)(a® — w3)

As before, those terms proportional to S(w;) and C(w;) are the GW solutions, while those

terms proportional to S(ws) and C(ws)

are the AW solutions. Using Eq. (98) and the

fact that m?w? = k% (N3 — w?) in the Boussinesq limit, we verify that the compressible

solutions equal the Boussinesq solutions

solutions are again multiplied by exp(—

for H — oo and ¢ — oco. The heating and GW

z/2H) prior to taking the Fourier transforms

for the compressible solutions. This suggests that the compressible solutions will differ

substantially from the Boussinesq solutions for heatings deeper than H. Additionally,

because the numerators of the GW terms in square brackets are proportional to 1/mH,

it is expected that the compressible amplitudes will be different from the Boussinesq

amplitudes for GWs with A, = 30 km.

simple auroral heating in Vadas (2010).

We explore the GW and AW solutions for a
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6. f-Plane Polarization Relations

In this section, we derive the compressible f-plane polarization relations for GWs and
AWs. We show how these reduce to the Boussinesq polarization relations. We then
examine the phase relationships between the GW perturbation velocities, temperatures,

and densities for varying A, /47H.

1. Compressible polarization relations
We derive the exact, non-dissipative, compressible f-plane polarization relations via

assuming GW and AW plane wave solutions of the form
E(z,y, 2, 1) = Wrtka=ly=mz) ¢(. ] ). (105)

This follows the same form as Eq. (18). We define the “hatted” quantities as:

i = (e=/PMw)=¢ b= (c2/ M) =5, (106)
b o= (e M) =7, p= (e fp) =4, (107)
b= (e fp) =0, T = (e T) =, (108)
where the widetilde “ =~ 7 encompasses all factors within each parenthesis. Using

Eqgs.(19)-(23) and (16), we obtain the compressible polarization relations:

thkwr, + fl

. 1
b Hwr, — fk (109)
_ 2 ; _f2
ﬁ — .(wfr f ) ,a Z(wIT f ) (110)
thkwr + fl wr, — fk
N —Wriy 7/ 1 A
_ vt 111
v (NZ —w?) (m M w) P (111)
1lm — L N2 . w?r
, _ ln g - )
(N w[r)
L =Njlm = )+ %)
T = i P, (113)
(N2 w[r)
—wr(m — 55 + =5) (W2, — ) (kwr, +ifl
0 = I( 2271 727-[)( I ; f )( I f) 12, (114)
(Ng — wi,) (Kwi, + f21?)
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e (m — gy + 22w, — )l — ifR)

by = 115

0 (N3 — w2, (P, + 1) o (115)

5 = omlm 7L ) ; (116)
i(m — ﬁ)NB — 7;;

. N2(im — L) — “e (1 —

T _ B( 27—() ’YH( 7) ’L@ (117)

gwrr(m — 537 + 257)
Note that if the GWs and AWSs are assumed to have the oscillatory form e(-writ+katly+mz)
instead, then one must replace i by —i in Eqgs. (109)-(117) to obtain the corresponding
compressible polarization relations. In the limit that f = 0, it is easy to show that
Egs. (114), (116), and (117) agree with the compressible, dissipative polarization relations
derived in Vadas and Fritts (2005) (Egs. (B1)-(B3) in that paper) in the limit that v =0
(and for i — —i). Note also that Eq. (110) agrees with Eq. (27) in FA03. However,
Eq. (111) differs significantly from Eq. (28) in FA03; we conclude that Eq. (28) in FA03

has a sign error and neglects a term proportional to 1/H.

2. Boussinesq polarization relations
For GWs with A\, < 47H (or A, < 30 km in the lower atmosphere), Egs. (109)-(110)
are exactly the same. However, the rest of the compressible polarization relations reduce

to the following Boussinesq polarization relations:

—Wrrm

YT et (”8)
. z%}g 5 (123)
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. N2
7= By (124)
gwrr

If the GWs have the oscillatory form e!(-wrttkatly+m2) instead, one must replace i by —i

in Eqgs. (118)-(124) to obtain the corresponding polarization relations.

3. Phase relationships in the thermosphere for high-frequency GWs

We now examine the phase relationships of high-frequency GWs in the lower atmo-
sphere. We therefore can assume that f = 0. From Eq. (109), @ and © are always 0
or 180 degrees out of phase, regardless of \,/4nH. This is not the case for the vertical
velocity perturbation. For A\, < 47H and f = 0, Eq. (121) becomes

2
-m w3, . —k .
k (Nj —wi,) RO (125)

w =

The arrow denotes the familiar solution for eastward-propagating GWs (I = 0) with
m? > k*. In this case, if the GW is propagating upward (i.e., m < 0), then & is 0
(180) degrees out of phase with @ if the GW is propagating eastward (westward). This is
the familiar Boussinesq relationship. However, if A\, 2 47’H, the phase relationship from

Eq. (114) is

A —m 1(2_7) w%r ~
=— 11 . 126
YT ( * 2mw><N%—w%r>“ (126)

Since i = exp(im/2), w has a different phase relationship with @ when |\,/47H| 2 1.
Figure 2a shows these solutions for upward and eastward-propagating GWs in the lower
atmosphere with A\, = 300 km and for \,/47H = —.11, —1.1, and —3.4. Here, we choose
H = 7 km and v = 1.4, characteristic of the lower atmosphere. Additionally, f = 0,
y =z =t =0, and the magnitude of 4 is chosen to be 15 m/s for all GWs. Here, we plot
all & curves normalized to 25 m/s in order to better see their phase shifts with respect
to @. As expected, w is nearly exactly in phase with @ for the GW with A, /47H = —.11,
in good agreement with the Boussinesq solution. However, as |,/47H| increases to be

larger than one, w becomes significantly phase-shifted from u. Note that although the

23



355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

w curves are phase-shifted, these phase shifts preserve the sinusoidal properties of w.
Figure 2b shows @ and 11w for the GW with |A,| = 300 km. For this GW, w lags @ (in
x) by —55°. Because H is at least ~ 3 times larger in the thermosphere, significant phase
shifts will occur for GWs in the thermosphere for correspondingly larger values of ..

In the Boussinesq approximation, the temperature and density perturbations are
+90° out of phase with the horizontal velocity perturbations (see Egs. (121), (123), and
(124)). However, this is not true for GWs with very large A, (see Egs. (114), (116), and
(117)). Fig. 3a shows the temperature perturbations for varying \,/4nH for the same
atmospheric conditions as in Fig. 2. While the magnitude of T does not vary significantly,
its phase changes substantially with A, /47H. Although T leads @ (in z) by 90° for small
|A.|, the phase of T decreases significantly as |A.| increases. For A\, = —300 km, T leads
1 by only ~ 15 — 20°.

Fig. 3b shows the variation of p'/p as a function of \,/47H. Although the magnitude
of p does not vary substantially, the phase depends significantly on A\, /47H. While p lags
@ (in x) by 90° for small |A,|, the phase of p increases significantly as |A,| increases. For
A, = —300 km, p lags 4 by only ~ 15 — 20°. Fig. 3c and d shows T and p for A, = —10
and —300 km, respectively. As expected from the Boussinesq relations, T and p are 180°
out of phase when |\,/47/H| < 1. However, for A, = —300 km, T and j are nearly in

phase (p lags T by only ~ 40°).

7. Conclusions

In this paper, we derived the compressible f-plane solutions to linear horizontal and
vertical body forcings and heatings. The solutions consist of mean, GW, and AW
responses. We showed that the compressible amplitudes for those excited GWs with
A, S 2nH are nearly identical to the Boussinesq amplitudes. However, for GWs with

A, 2 2mH, the solutions are expected to differ substantially. In the lower atmosphere,
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the compressible solutions are necessary for GWs with A, 2 50.

As with the Boussinesq solutions, there is a significant cut-off factor. For forcing
frequencies of a, the amplitudes of the AWs and GWs are with frequencies larger than
2a are severely damped by (27)7'a®/w? from their impulsive values. However, the am-
plitudes of the AWs and GWs with frequencies smaller than a/2 are not significantly
changed from their impulsive values.

We found that the AW amplitudes are similar to the GW amplitudes for nearly
impulsive forcing durations. However, because AWs have frequencies smaller than ~ 5
min, forcings/heatings with durations y > 5 min (and n = 1) excite AWs with very
small amplitudes.

We also derived the exact, non-dissipative, compressible f-plane polarization relations
for GWs and AWs. We found that the phase relationships between «/, v', w’, T"/T, and
p'/p are far more complicated than the Boussinesq relationships for waves with A\, 2 7/H.
For example, for an eastward, upward-propagating GW with A, = 300 km and very large
A, v’ and w’ are 55° out of phase (instead of being 0° out of phase in the Boussinesq
approximation), and 7"/T and p'/p are only 50° out of phase (instead of being 180° out

of phase in the Boussinesq approximation).
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APPENDIX A
Special Case of the Initial Condition Solutions
400 When k =1 = ky = 0, then wy = f from Eq. (41). This causes the denominators
w1 of the GW terms in Egs. (47) and (48) to equal zero. Therefore, we calculate &5y (t)
w02 and gy (t) directly from Egs. (19)-(20) in this special case, since the horizontal velocity

w3 perturbations decouple from the pressure, vertical velocity, and density perturbations:

é}v(t) = o(0)sin ft + £(0) cos ft, (A.1)

Grv(t) = —£&(0)sin ft + &(0) cos ft. (A.2)

404 When k =1 =kyg =0 and f = 0, then w; = 0. This causes the denominators of F'

ws and I to equal zero (see Egs. (54) and (57)). Instead, the solutions in this special case

406 are
) s 1 .
nv(t) = w (G' coswyt — H'ws sin wot) (A.3)
NB - WQ
2 . / .
~ —w; +ims(y—1)g (G . , ims ,
t) = — t+ H t|+ I A4
¢IV( ) CE(NBQ — w%) o SN Woy COS Wy p ( )
~ &4
Yrv(t) = <— sin wot + H' cos w2t> + I, (A.5)
w2
w07 where
G = —o7(0), H =4(0)+¢/s2, I'=—¢/s2. (A.6)
APPENDIX B

Special Case of the Forced /Heated Solutions
208 When k =1 = ky = 0, then wy; = f from Eq. (41). This causes the denominators

o of Eqs. (63)-(64) and Eqs. (68)-(69) to equal zero. Therefore, we must calculate &gz (t)

4

o

a0 and Gpp(t) directly from Eqgs. (19)-(20) in this special case, since the horizontal velocity

m  perturbations decouple from the pressure, vertical velocity, and density perturbations.
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a2 During the forcing (i.e., when ¢ < x), the solutions are

413

414

415

416

417

418

419

420

421

~ B a’ — [sinft sinat
o) = s P
—l—f;; {d2(1 — cos ft) + f*(cosat — 1)}1
02 [Fu g, i
ru(t) X(&Qa— 1] lf&Q {aQ(cos ft—1) — f*(cosat — 1)}

After the forcing (i.e.,

— [sin ft sinat
i)

when ¢ > x), the solutions are

Eru(t) = @ =) {Fxss(f)_FySC(f)}
Trn(t) = =y [FesCUH) + FuS(P)].

(B.1)

(B.2)

(B.3)

(B.4)

If k=1=kpy =0and f =0, then the denominators of Egs. (B.1)-(B.4) equal zero. For

this special case, the horizontal velocity solutions are simple. During the forcing (i.e.,

when ¢ < x), the solutions are

T

EFH(t) = =

X
_ _ Fy,
O'FH(t) = X

After the forcing (i.e.,

gFH(t) = F,

oru(t) = Fys.

sin at
L — —

a
sin at
t— — .
a

when ¢ > x), the solutions are

(B.7)

(B.8)

When k£ =1 =ky =0 and f =0, then s; = 0. This causes K, O, and P to be oo from

Eqs. (75), (79), and (80). In this case, fjrx(t), ¢rm(t) and Ppg(t) are given by Eqs. (65)-

(67) during the forcing/heating, and by Eqgs. (70)-(72) after the forcing/heating, but with

the following replacements: K — K', M — M', N - N, O —- O, P —- P', Q — @,
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and R — R/, where

. s . ~9D 5
r stng 1 _ (stg —a )JS (Bg)
K= - a2s3 M a%(a? + s3)
N' = __ O O'=0, P =0 (B.10)
a%(a®+ s3)’
g _ lmg+sd o R, B.11)

s3(a2 + s3) s3(a? + s3)
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Figure Captions

Figure 1: Contour plot showing w?/w3 (solid lines) as a function of A\ and \, for Ng =
0.02s ', v=14,g=98 m/s? ¢, = 310 m/s and H = 7 km. The right hand y axis

shows the corresponding values of mH. Dashed lines show c¢p/cs in intervals of 50 m/s.

Figure 2: a): Thin solid line shows v for all GWs. Solid, dash, and dash-dot lines show
25w’ /max(w’) for the GWs with A, = —10, —100, and —300 km, respectively. Here, w’ is
calculated from Eq. (114), maz(w’) is the maximum of |w’|, and maz(w’) is 0.49, 2.5, and
2.2 m/s, respectively. The dotted line shows 25w’ /max(w’) for the Boussinesq solution
given by Eq. (121), with maxz(w’) = 0.49 m/s. b): Thin solid line shows u" and dash-dot
line shows 25w’ /max(w’) for the GW with A, = —300 km. The dotted line shows a pure

cosine curve, 26 cos(® — kx), with & = —55°.
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Figure 3: Phase relationship between u', T"/T, and p'/p for the same GWs from Fig. 2. a):
Thin solid line shows u’ for all GWs. Solid, dash, and dash-dot lines shows 8007"/T for
the GWs with A\, = —10, —100, and —300 km, respectively. Here, T"/T is calculated from
Eq. (114) and (117). The dotted line shows the Boussinesq solution given by Eqs. (121)
and (124). b): Same as in a), but the solid, dash, and dash-dot lines shows 800p'/p using
Egs. (114) and (116). The dotted line shows the Boussinesq solution given by Eqgs. (121)
and (123). ¢): 100T"/T (%) (solid line) and 1000 /p (%) (dashed line) for the GW with
A, = —10 km. d): Same as ¢), but for the GW with A, = —300 km.
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Table 1: Symbols and notation

F,(x), F,(x), F,(x) body force in z, y, and z directions
J heating
F(t) temporal evolution of forcing/heating
X total forcing/heating duration
a=2mn/x frequency of forcing/heating
n number of cycles in forcing/heating
p=rpl ideal gas law
(&,0,m) = e 22U/ V', W) scaled velocity perturbation
¢ =e" My /D scaled density perturbation
v =e "My /D scaled pressure perturbation
¢ = e 2PN T scaled temperature perturbation
(Fys, Fys, Fuy) = e */P(F,, F,, F.) | scaled body force
Jy=e My ] scaled heating
cs = V/YgH = /11T sound speed
Np = /v —1g/cs buoyancy frequency
(k,1,m) wavenumber vector
Wiy, Wy intrinsic and observed wave frequencies
S = Wry, Sp = Wy Laplace transform variables
w1 = Waw intrinsic GW frequency
Wy = WAW intrinsic AW frequency
subscripts “IV”, “FH” Initial value and Forced/heated solutions
S =sinwt + sinw(o — t) C = coswt — cosw(o — t)
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