NOTES FOR THE INVERSION CODE

BIRCH

1. INVERSIONS FOR A SCALAR MODEL

We assume that the relationship between the input travel-time maps d, the kernels K,
the model m, and the noise n is given by

(1) di(x) =ni(x) + /// Ki(x' —z,2)m(x', z) dz'dz ,Vi

where = (z,y) denotes horizontal position and z is height with z = 0 labeling the
photosphere. Notice that this assumes translation invariance of the kernel functions. The
index ¢ labels the different travel-time maps (i.e., different distances and/or filters).

The goal of the inversion is to use knowledge of d and K and the statistics of n to estimate
the model m. We will begin by applying the MCD approach (*ref*) to equation (1). In
the horizontal Fourier domain we have:

(2) di(k) =n;(k) + (277)2/1(;‘(147, z)m(k, z) dz , Vi, Vk

where k = (k, k) is the horizontal wavevector (** need to check the (27)? here **) and
the superscript * denotes the complex conjugate.

Assume that at each k, the z dependence of the model can be reasonably approximated
as a sum over some basis functions ¢(z) (e.g. b-splines)

N
3) m(k,z) = _bi(k)e;(2) ,
j=1

where the choice of the set of basis functions will depend on the problem we are trying to
solve.
Equation (2) is then

(4) di(k) = (k) + 3 M (R)b; (k) , Vi, Vk
J

where the matrix M is given by the projection of the kernel of index i against the basis
function of index j:

(5) My (k) = (27)? / K7 (K, ) (2)d
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1.1. RLS inversion. In general, the matrix M will be very badly conditioned and we
can’t just solve the equations directly. There are a number of options. Here we will use
the RLS (*ref*) approach using a Tikhonov type regularization (*ref*). We will look to
minimize a combination of the misfit between the model and data while simultaneously
controlling some other aspect of the model (e.g., amplitude or smoothness). Define a cost
function

2

1 2
(6) X[b] = Z 2 d; ZJ: Mijbi| + A %:bszb]
where A is a regularization parameter, R is symmetric positive-definite matrix (more later
on this), and o; is the noise estimate on measurement d; (in reality, we need to treat the
the full error covariance, this is a straightforward generalization and can be taken care of
later). The first term in the above equation is the misfit between the model and the data.
The second term is the ”regularization term”, which is a penalty against some property of
the solution b. The parameter A controls the relative importance of these two terms.

We minimize X by demanding d, X = 0,Vk. This gives

(2

(7) 0=->" % di =Y Mijb; | My, + XD Rjb;
v J J

define for later the diagonal matrix C;; =1 /o?. Then the above reduces to the matrix
equation

(8) [MTC™'M + N°R]b=M"C"'d
and
(9) [MPC™'M + NR)b=M"C1d

This is the equation that we want to solve at each k. Note, M is the transpose and
complex conjugate of M. Consider the case: K = i, where i = v/—1, d = 1, and switching
notation, K = M, m = b, then minimizing
X2 = ||Km—d|}

= (Km—d)*(Km—d)

= K*Km*m— K'm*d — Kmd* + d*d

= m'm—(—i)m" —im+1

= m=m,+i1m;

= m'm+im*—im+1

= m2+m?+2m;+1

= m}+ (mi+1)%m = —i,m, = 0,m; = —1

1.2. The regularization matrix.
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1.2.1. amplitude. Suppose we want to control the amplitude of the solution m(x, z). We
want the cost function be an approximation to

(10) Ifm] :/// m(a, 2)]? dad .

In the horizontal Fourier domain, it is the same

(11) I[m] = /// [m(k, z)]* dkdz .

At each k, we need to control [ m(k, 2)?dz. Insert the expansion in terms of basis functions,
and we get

(12) 1b] =Y b [ / cbi(z)gbj(z)dz} b,
which is in the form we want, and we] see that R is given by
(13) Ry = [ 02005212
1.2.2. first derivative.

1.2.3. second derivative.

1.3. First Project for RLS inversion of scalar. First thing to look at is given a matrix
M, and set of data d, a set of errors o, and regularization matrix R, solve equation (8) for
a number of \. Here we are working at a single k (each k has z-dimension only). Compute
averaging kernels (see below) and error estimates for the output models (see below).

1.4. Second project for RLS inversion of scalar. Generalize the code from previous
section to solve for many k. we need to talk about formats for the input files, etc.

Solve equation (9) for a number of A. Compute averaging kernels (see below) and error
estimates for the output models (see below).

1.5. Third project. Generalize to a full noise covariance matrix.

(14) r = (,y)
(15) ni(x)

The noise covariance is an input file and it contains Cj;(x,y). Here, i is an index into the
different travel-time maps.

(16) Cij(z,y) = Cyj(x) = E[ni(z')n;(z’ + )]
(17) C(ra — 1) = E[n(r2)n(r1)]

which is the expected input file for the noise covariance. From here, there are two options
for transforming and inverting the noise covariance.
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(1) (k) = FFT[C(ry — 1))
(2) C? (k) = E[n*(k)n(k)] = factorCM (k)
We follow the second option and find the factor,

Cij(k) = E[n;(k)n (k)
N (2711')4 Z Z E[”i(%)nj (xQ)]eik'(mfxz)

xr1 X2
N2 1 —ik-x
~ (2m)2 (2n)? 2 Aija)e
N2

Cij(n) = WAij(k)

The factor is %

1.6. Averaging Kernels. Averaging kernels A describe the way in which the output
model m is expected to be related to the actual (true) model m. The expected value of b
is given by

(18) E[b] = FMb

with F' = [MHC'_lM + )\R] "' MHC!. The operator F denotes expected value (ensemble

average) and b is the true model. The above shows that even if we average together
many inversion results, we don’t in general recover the true expansion coefficients b. The
relationship between the expectation for b and the true coefficients is E[b] = Ab with
A = FM. The matrices A are the averaging kernels. In an inversion that we did not have
to regularize, we would have the A equal to the identity (insert A = 0 into the above)

1.7. Noise Propagation. Look for the formal error in b due to the noise n:
(19) b; — Ebj] = Fijn;

so then, old equation,

(20) Cov [bs, bj] = E[Fypng, Fji, ] = FipCi Fjy

New equation,

(21) Cov [bi, bj] = E[Fing, Fji,mi] = Fj.CuFj

so the full error covariance of the output FCFH . This is missing a factor since C?) (k) =

En*(k)n(k)] = o2 CD (k).
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(MPCTIM +AR]b = MPC™'d
b(k) = F(k)n(k)
4 . N
C(x/) — E[b(.%’)b(x + g;’)] — ( > ZZF kl [n*(k‘l)n(kz)} 6@k2(a}+x )—ikix
En*(ki)n(kz)] = 51@171@

> ZF*CFezkx
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Now, the full error covariance of the output is (Wﬂ) [FCF H ]
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2. MCD RLS INVERSION FOR MANY MODEL PARAMS

Now generalize to the case where the model is a set of values at each location (z, 2).
Examples include inversions for a flow field, or for multiple structure variables (e.g. sound
speed, density, pressure).



