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Abstract We use the output of numerical wave-propagation simulations as synthetic data
for “hare and hounds” tests of helioseismic holography. In the simple non-magnetic models
examined here, we show that when the inversion method includes a consistent treatment of
the filtering applied during the data analysis the inversions for the subsurface sound speed
are qualitatively correct.
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1. Introduction

Local helioseismology is a set of tools for studying the three-dimensional structure of the
solar interior (for recent reviews see Gizon and Birch, 2005; Gizon, Birch, and Spruit, 2010;
Kosovichev, 2011). Sunspots are one of the most important targets for local helioseismol-
ogy; there have been many estimates of the wave speed underneath sunspots and active re-
gions (e.g., Fan, Braun, and Chou, 1995; Kosovichev, 1996; Kosovichev, Duvall, and Scher-
rer, 2000; Jensen et al., 2001; Zhao and Kosovichev, 2003; Basu, Antia, and Bogart, 2004;
Crouch et al., 2005; Couvidat, Birch, and Kosovichev, 2006; Kosovichev and Duvall, 2006;
Bogart et al., 2008; Kosovichev, 2009; Gizon et al., 2009; Moradi et al., 2010; Kosovichev,
2011; Cameron et al., 2011). In many (although not all) of these studies, sound speed is used
a proxy for all effects that cause changes in wave speed; e.g. changes in temperature and/or
magnetic fields.

As a small step toward understanding the ability of local helioseismology to accurately
infer local changes in the sound speed, we show here simple “hare and hounds” tests –
that is, the analysis of artificial data without foreknowledge of the model used to create the
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data – of helioseismic holography (Lindsey and Braun, 2000). In particular, we use syn-
thetic data from a numerical wave-propagation simulation to show, in a few simple example
non-magnetic problems, that helioseismic holography can be used to infer local subsurface
changes in sound speed. We shall show that inversions can be carried out from travel-time
shifts measured using phase-speed filters or ridge filters. These simple tests show that it
is possible to produce forward models that account for the details of the filtering used in
the course of measuring travel-time shifts. Similar testing using the same simulation data
has been done for the time–distance helioseismology technique by Zhao, Parchevsky, and
Kosovichev (2011).

Here we will consider two types of sound-speed models, both motivated by inferences of
wave-speed variations associated with sunspots: two-layer models (e.g. Kosovichev, Duvall,
and Scherrer, 2000) in which there is a near-surface reduction in wave speed overlying a
layer of increased sound speed, and one-layer models (e.g., Fan, Braun, and Chou, 1995)
which consist of a near-surface enhancement of the sound speed. Tests with these sound-
speed models serve two purposes:

i) These models resemble the wave-speed structures inferred for some sunspots and thus
provide tests of the ability of inversions to retrieve the relevant spatial scales.

ii) In addition, these tests provide a baseline against which future inversions (e.g. with
models including magnetic fields) may be compared.

In Section 2 we describe the synthetic data used in this article. In Section 3 we describe
the methods for measuring travel-time shifts and show travel-time maps for the synthetic
data. The sensitivity (kernel) functions for the inversion are described in Section 4, and the
inversion methods and results are given in Section 5. We conclude with a discussion of the
implications of the results shown here (Section 6).

2. Synthetic Data

Simulations of wave propagation are an important tool for testing methods of local helio-
seismology. These simulations provide wave fields that are consistent with known models
for conditions (i.e. models for the sound speed, density, pressure, etc.) in the solar interior.
Local helioseismology can be applied to these synthetic wavefields and the results compared
with the known physical conditions in the interior of the model.

We use the linear wave-propagation code of Parchevsky, Zhao, and Kosovichev (2008) to
generate artificial data. The simulation computes the propagation of small-amplitude waves
through a specified model for the solar interior. The model consists of a background com-
ponent that is intended to model the quiet Sun together with a local perturbation to the
sound speed at constant pressure and density. In the examples shown here, the form of the
sound-speed perturbation is chosen to be

δc2/c2
0 = f (z) exp

(−r2/R2
)
, (1)

where r is horizontal distance from the center of the simulation domain, R = 20 Mm is the
horizontal length scale of the perturbation, z is height above the photosphere, c0(z) is the
unperturbed (“quiet-Sun”) sound speed, and δc2(r, z) is the perturbation to the square of the
sound speed. Here we show results for two different choices of f (z).

i) For the first case, the “two-layer” model, the function f (z) is chosen to resemble the
change in the sound speed inferred from time–distance helioseismology of sunspots
(e.g., Kosovichev, Duvall, and Scherrer, 2000) and is shown in Figure 9.
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Figure 1 Power spectrum of the
vertical velocity at 300 km above
the photosphere from the
simulation with the two-layer
sound-speed perturbation. The
resonant frequencies of Model S
are shown as black lines. There is
qualitative agreement with the
Model S resonant frequencies;
although there is some
disagreement for the f -mode
ridge at frequencies above about
4 mHz. Here, we do not use the f

mode and thus we do not expect
this deviation from Model S to be
important in the current work.
The dashed lines show the central
phase speeds of the phase-speed
filters TD1 through TD5.

ii) For the second case, the “one-layer” model, we choose f (z) = exp[−(z/D)2] with D =
1 Mm (see, e.g., Fan, Braun, and Chou, 1995).

The simulations are driven by a stochastic forcing function as discussed by Parchevsky
and Kosovichev (2009). We take the vertical velocity at a height of 300 km above the pho-
tosphere from the simulation as synthetic data.

Figure 1 shows the power spectrum of the synthetic data for the two-layer model.
Throughout most of the k–ω diagram, the resonance frequencies in the simulation show
general agreement with those of Model S (Christensen-Dalsgaard et al., 1996). There is
some disagreement in the position of the f -mode ridge at frequencies above about 4 mHz.
This disagreement may be caused by the interaction of the f mode with the top of the sim-
ulation domain. The f mode is not used in the current study, and thus we do not expect this
deviation to substantially affect the work carried out here.

3. Travel-Time Measurements

Filtering in k–ω space has been applied in many time–distance measurements (e.g., Duvall
et al., 1997; Kosovichev, Duvall, and Scherrer, 2000; Zhao, Kosovichev, and Duvall, 2001;
Couvidat, Birch, and Kosovichev, 2006; Jackiewicz, Gizon, and Birch, 2008; Gizon et al.,
2009; Zhao, Kosovichev, and Sekii, 2010, among a great many others) and also in measure-
ments made with helioseismic holography (e.g., Braun and Birch, 2006, 2008; Birch et al.,
2009). Some of the motivations for this filtering are to permit measurements at very short
distances (e.g., Duvall et al., 1997), improve signal-to-noise ratios (e.g., Couvidat and Birch,
2006), and/or to isolate particular wave modes (e.g., Braun and Birch, 2006). In this section
we show the results of measurements using both phase-speed filters and ridge filters; this
will allow comparison of inversion results for these two classes of filters.
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We use the following general data-analysis procedure: apply the ridge or phase-speed
filter to the synthetic wavefield (Section 3.1), measure the local control correlations using
the Green’s functions described by Lindsey and Braun (2000) (Section 3.2), apply frequency
filters to the resulting local control correlations (Section 3.3), and then measure travel-time
shifts from the filtered local control correlations (Section 3.4). The end result of the proce-
dure is a set of travel-time maps, one for each phase or ridge filter combined with a frequency
band-pass filter.

3.1. Ridge and Phase-Speed Filters

We use the ridge filters described by Braun and Birch (2008). These filters isolate waves of
a particular radial order n; here we look at the cases of n = 1,2,3,4. Notice that we are
not using the f mode in the current study. For the phase-speed filters we use filters TD1
(central phase speed of 12.8 km s−1) through TD5 (central phase speed of 35.5 km s−1)
from Couvidat, Birch, and Kosovichev (2006). For each filter, there is a corresponding pupil
function that is employed in the data analysis (for descriptions of the pupil functions see
Couvidat, Birch, and Kosovichev, 2006).

3.2. Local Control Correlations

The definition of the local control correlation, the holography Green’s functions, and holog-
raphy pupils (which depend on the filters) are described in detail by Braun and Birch (2008).
The local control correlation is analogous to the center–annulus cross-covariance employed
in time–distance helioseismology (for a review see Gizon and Birch, 2005).

3.3. Frequency Filtering

Braun and Birch (2006) showed that travel-time shifts measured in sunspots are strongly
dependent on the temporal frequencies that are used in the measurements. In addition, in
general, waves with different frequencies have different sensitivities to local changes in
sound speed (see Section 4). For both of these reasons, we apply filters to isolate small
ranges in frequency. We chose to use band-pass filters centered at 2.75, 3.25, 3.75, 4.25,
and 4.75 mHz with widths all equal to 0.5 mHz. This array of filters was selected to give an,
apparently reasonable, balance between signal-to-noise ratio and resolution in the frequency
domain.

3.4. Definition of Travel-Time Shifts

In general, there are many methods for measuring travel-time shifts from local control cor-
relations (or time–distance covariances): Gaussian-wavelet fitting (Duvall et al., 1997), one-
parameter fitting (Gizon and Birch, 2002), linearization of the one-parameter fitting method
(Gizon and Birch, 2004), and the phase method (Lindsey and Braun, 2000). A review of the
first three of these methods is given by Couvidat et al. (2010).

In all cases, we measure the travel-time shifts relative to the spatial average of the local
control correlation over the region further than 36 Mm from the center of the spatial domain,
(i.e. in the region in which the sound-speed perturbation is essentially zero, see Figures 2
and 4). For the simulations discussed here, the one-parameter and Gaussian-wavelet methods
give results that agree to within a few percent. The phase method gives results that typically
agree with the other two methods within about 10%. The sensitivity functions (Section 4
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Figure 2 Travel-time shifts
measured using ridge filters in
combination with frequency
band-pass filters for the two-layer
model. The maps are arranged
with the radial order of the ridge
filters increasing from left to
right from n = 1 to n = 4. The
central frequency of the
band-pass filters increases from
2.75 mHz in the top row to
5.25 mHz in the bottom row.
Notice that the travel-time shifts
are not a simple function of either
the radial order or the central
frequency. For example, for the
n = 1 case, the travel-time shifts
are negative at low frequency and
positive at high frequency. This
trend is seen in the n = 2 case as
well. For n = 3 and n = 4 the
travel-time shifts are mostly
negative. In some cases, (e.g.
n = 3, f = 2.5 – 3.0 mHz) the
maps are dominated by noise and
not shown. Each map covers an
area of 96 × 96 Mm2.

and Appendix) are derived under the assumption that travel-time shifts are measured using
the phase method, and for the remainder of the article we employ this method. Notice that
in the case of MDI measurements of sunspots, the situation is more complicated and dif-
ferent methods of measuring travel-time shifts can yield significantly different results (e.g.,
Couvidat et al., 2010).

3.5. Travel-Time Maps

Figure 2 shows maps of travel-time shifts measured using ridge filters together with fre-
quency band-pass filters. We find that the travel-time shifts depend on both the radial order
and the central frequency of the band-pass filter. For example, for the case n = 1, we see
negative travel-time shifts, (i.e. the waves are moving more quickly than in the reference) at
low frequency and positive travel-time shifts at high frequency. This pattern is repeated in
the n = 2 case, although the transition from negative to positive travel-time shifts happens
at a different frequency. This behavior is a consequence of the frequency dependence of the
mode structure and will be discussed in Section 5.

Figure 3 shows maps of travel-time shifts for the case of phase-speed filters combined
with band-pass frequency filters. The pattern here is more obvious than in the case of the
ridge-filtered measurements (Figure 2). We see that at low phase speeds (TD1, TD2, and
TD3) the travel-time shifts are positive for all frequencies. At the higher phase speeds (TD4
and TD5) the travel-time shifts are negative. This general pattern is what would be expected
for the two-layer structure of the sound-speed perturbation.
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Figure 3 Travel-time shifts
measured using phase-speed
filters in combination with
frequency band-pass filters for
the two-layer model. The maps
are arranged with the central
phase speed of the filter
increasing from 12.8 km s−1

(TD1) in the left-most column to
35.5 km s−1 (TD5) in the
right-most column. As in
Figure 2, the central frequency of
the band-pass filter increases
from 2.75 mHz in the top row to
5.25 mHz in the bottom row. For
filters TD1, TD2, and TD3 the
travel-time shifts are largely
positive, while for TD4 and TD5
they are mostly negative. Each
map covers an area of
96 × 96 Mm2.

Figures 4 and 5 show measurements from the one-layer model. For the case of ridge fil-
ters (Figure 4) the travel-time shifts caused by the increased sound speed are mostly negative
and increase in magnitude with increasing frequency. The maps at lower frequency and for
n = 2 and n = 3 are dominated by noise. The situation is similar for the case of phase-speed
filters (Figure 5). In particular, even at the lowest phase speeds we see negative travel-time
shifts. This is qualitatively different than was seen by Birch et al. (2009) (which was based
on different synthetic data). Birch et al. (2009) showed that travel-time shifts measured us-
ing phase-speed filters at low phase speeds are sensitivity to the detailed shape of the power
spectrum (in particular the power in between the p1 and f ridges).

4. Sensitivity Functions

In the Appendix, we generalize the Born-approximation calculations of Birch, Kosovichev,
and Duvall (2004) to compute the linear sensitivity of travel-time shifts measured from local
control correlations to weak local changes in the sound speed. The result of this calculation
is a set of sensitivity functions (kernels) that satisfy

δτ(r) =
∫∫∫

K(r ′ − r, z)δc2(r ′, z)/c2
0(z)dr ′ dz, (2)

where r and r ′ are horizontal positions, δτ is a map of travel-time shifts for a particular
choice of filters, z is height (with the photosphere located at z = 0), c0(z) is the sound speed
in the reference model (Model S: Christensen-Dalsgaard et al., 1996), and δc2 is the pertur-
bation to the square of the sound speed. For each combination of filters (e.g. combination of
ridge and band-pass frequency filters) there is a different kernel function [K].
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Figure 4 Travel-time shifts
measured using ridge filters in
combination with frequency
band-pass filters for the one-layer
model. The maps are arranged
with the radial order of the ridge
filters increasing to the right from
n = 1 to n = 4. The central
frequency of the band-pass filters
increases from 2.75 mHz in the
top row to 5.25 mHz in the
bottom row. Each map covers an
area of 96 × 96 Mm2.

In the rest of this article, we discretize the perturbation to the square of the sound speed
as

δc2(r, z)/c2
0(z) =

∑

k,i

mi(k)φi(z)e
ik·r (3)

where the φi(z) are basis functions that have a value of one when zk ≤ z < zk+1 and zero
otherwise. The grid {zk} consists of 35 points that are uniformly spaced in acoustic depth
and cover the range from −9.7 Mm to 0.5 Mm. We will see in the inversion results shown
later that the discretization in depth is not causing significant loss of information. The k

are horizontal wave vectors, and the sum over k is proportional to the inverse Fourier
transform in the horizontal directions (here we employ the Fourier convention of Gizon
and Birch, 2004). We will use the symbol hk to denote the grid spacing in k-space; here
hk = 0.0654 rad Mm−1.

Figure 6 shows one example of a function K for the case of the n = 3 ridge filter together
with a band-pass frequency filter centered at 4.25 mHz with a width of 0.5 mHz. The sen-
sitivity is strongly localized near the focus point, with a full-width at half maximum that is
about 2.5 Mm, which is slightly less than half of the dominant wavelength (about 7 Mm).
For horizontally uniform changes in sound speed, the depth dependence of the sensitivity is
approximately proportional to ρ0(z)‖∇ · ξ n(k; z)‖2, where ρ0 is the quiet-Sun density and
ξ n(k; z) is the displacement eigenfunction for the mode with radial order n and horizontal
wavenumber k, as would be expected from global-mode theory (e.g. Gough and Thompson,
1991).



18 A.C. Birch et al.

Figure 5 Travel-time shifts
measured using phase-speed
filters in combination with
frequency band-pass filters for
the one-layer model. The maps
are arranged with the central
phase speed of the filter
increasing from 12.8 km s−1 in
the left-most column to
35.5 km s−1 in the right-most
column. Each map covers an area
of 96 × 96 Mm2.

Figure 7 shows the horizontal integrals (i.e. sensitivity functions for the case when δc2 is a
function of z alone) for all of the ridge-filtered measurements shown in Figures 2 and 4. The
depth structure of the kernels is what would be expected from normal-mode theory. At fixed
radial order, the sensitivity functions are shallower at high frequency than at low frequency.
This is because the lower turning point moves upwards with increasing frequency at fixed
radial order. In all cases, there is very little sensitivity to changes in sound speed above the
photosphere. The eigenfunction calculation that is the basis of the computation of sensitivity
functions (Birch, Kosovichev, and Duvall, 2004) employs an upper boundary condition of
zero Lagrangian pressure perturbation. This boundary condition is very likely inaccurate
at frequencies near the acoustic cutoff frequency (roughly 5.5 mHz). In Section 5 we will
discuss some possible consequences of this approximation.

Figure 8 is the same as Figure 7 except that it shows the horizontal integrals of the kernels
for the phase-speed filtered measurements. The TD1 and TD2 filters are dominated by the
p1 mode. The TD3 filter is also mostly sensitive to the n = 1 mode, except for the frequency
range 5 – 5.5 mHz, where the n = 2 mode contributes as well. For the TD4 and TD5 cases,
the situation is more complicated, with different radials orders appearing in those filters at
different frequencies.

5. Inversion Results

The inversions we have carried out are standard MCD inversions (Jacobsen et al., 1999)
with a 1D RLS depth inversion at each horizontal wavevector. Each 1D RLS inversion is
regularized by the depth integral of the square of the solution m. The regularization parame-
ter [λ] is a function of the horizontal wavenumber and is given by λ2 = λ2

1 + k2λ2
2 (Couvidat
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Figure 6 Example kernel for the
ridge filter with n = 3 and the
frequency range of 4 to 4.5 mHz.
The top panel shows a slice at
about 200 km below the
photosphere. The two black
circles show the inner and outer
radii of the pupil used in the
travel-time measurement. The
bottom panel shows a vertical
slice through the kernel at y = 0.
The horizontal dashed line shows
the height of the photosphere and
the horizontal solid line shows
the height at which the slice in
the top panel is taken. The gray
scale shows the value of the
kernel in units of seconds (after
discretization into cells in three
dimensions; see the Appendix).
The depth dependence of the
kernel is roughly ρ0‖∇ · ξ‖2

where ξ is the displacement
eigenfunction of the n = 3 mode
at the mean frequency of the
power after the band-pass
frequency filter has been applied.

et al., 2005). Also following Couvidat et al. (2005), the inversion accounts for the full error-
covariance matrix, and this covariance is estimated using the method of Gizon and Birch
(2004). The error estimates for the inversion results are computed by the formal propagation
of errors.

Figure 9 shows vertical slices through four example inversions with different regulariza-
tion parameters. We see that the inversion results depend on the choice of regularization.
For small λ1 and λ2, the solutions are oscillatory in depth as well as in the horizontal di-
rections. It is possible to choose the regularization parameters to obtain inversion results
that are smooth in both z and the horizontal directions, or smooth in only the horizontal or
vertical directions.

Figure 10 shows a comparison of an example inversion carried out using ridge filters
and (λ1, hkλ2) = (0.2,0.2) Mm−1/2 with the known model for the perturbation to the sound
speed. In this case, the inversion has retrieved the basic structure of the true model. The
lower-left panel of Figure 10 shows, however, that the inversion has missed several features
of the true model. In particular, the inversion does not do well near the surface [z = 0] and
at depths greater than 5 Mm. This is because the kernels are small in these regions. It may
be that the zero Lagrangian pressure-perturbation boundary condition employed as part of
the kernel calculation results in kernels that are too small in the near-surface layers. To test
if errors in the kernels at high frequencies cause systematic errors, we repeated the inversion
shown here although with the measurements at frequencies above 4.5 mHz removed. The
results did not change substantially. The source of the large bias in the inversion at −2 Mm is
not clear. The lower-right panel of Figure 10 shows the comparison of some measured travel-
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Figure 7 Horizontal integrals of Born-approximation travel-time kernels for measurements made using ridge
filters and frequency filters. The kernels reflect the depth dependence of the mode eigenfunctions that con-
tribute to each measurement. At fixed radial order, the kernels extend to larger depths for lower frequencies;
this is expected as the lower turning-point depth increases with decreasing frequency at fixed radial order.

time shifts and the corresponding predictions of the inversion, (i.e. the travel-time shifts that
would be expected given the model m). We see that the inversion is largely reproducing
the measurements, although because of the regularization the model travel-time shifts are of
somewhat smaller amplitude.

Figure 11 shows an example inversion result for the two-layer model and the case of the
phase-speed filters. The situation is very similar to that seen in Figure 10. Again the inversion
does not do well near the surface and at depths below about 5 Mm. However, as with the
case of the ridge filters, the basic structure of the inversion result is roughly consistent with
the true model. Also, as with the case of the ridge filters, the inversion produces travel-time
shifts that are roughly consistent with the input travel-time shifts.

Figure 12 shows a few example averaging kernels for the inversion shown in Figure 11.
The averaging kernels show that the horizontal resolution decreases as the depth increases.
The averaging kernels show near-surface sidelobes. These sidelobes could perhaps be re-
duced by using an OLA inversion (e.g., Jackiewicz, Gizon, and Birch, 2008, in the context
of time–distance helioseismology) in place of the RLS inversion employed here.

Figure 13 shows an example inversion for the case of the one-layer model and the ridge
filters. The inversion has recovered the correct basic structure. The amplitude of the solution
is too small, this is a result of the choice of regularization parameters. As expected, the
travel-time shifts predicted from the inversion result (lower-right panel of Figure 13) are
somewhat smaller in amplitude than the measured travel-time shifts. Again, this is due to
the regularization. For other choices of the regularization parameters, it is possible to obtain
solutions that are larger in amplitude at the cost of noise in the inversion result.
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Figure 8 Horizontal integrals of Born-approximation travel-time kernels for the measurements made using
phase-speed filters and frequency filters. Notice that the kernels reflect the depth dependence of the mode
eigenfunctions that contribute to each measurement. For example, the filters TD1 and TD2 are dominated by
the n = 1 mode, while the TD3 filters selects the n = 1 mode at low frequencies and the n = 2 mode at high
frequency.

Figure 14 shows an example inversion for the case of the one-layer model and the phase-
speed filters. This situation is very similar to the case of the ridge filters: the solution has the
correct basic shape but the amplitude is somewhat too small. This is the price of regulariza-
tion using the amplitude of the solution.

6. Discussion

We used the results of two numerical wave-propagation simulations as synthetic data for
testing sound-speed inversions of travel-time shifts measured using helioseismic holography.
In all cases, the inversions were carried out using sound-speed kernels computed in the
Born approximation. In all of the examples shown here, the inversions are able to recover
the qualitative structure of the known perturbations to the background solar model. There
were no major qualitative differences in the inversions carried out using the ridge filters and
phase-speed filters.

The two-layer model shown here produces travel-time maps that are in many ways sim-
ilar to the results of measurements of sunspots made using helioseismic holography. They
are, however, not identical. For example, p1-ridge-filtered measurements of sunspots typi-
cally produce negative travel-time shifts (e.g. Figure 8 of Braun and Birch (2008) and Fig-
ure 7 of Gizon et al. (2009)) rather than the positive travel-time shifts seen here. In addition,
in sunspots there is typically a change of sign between the phase-speed filtered hologra-
phy measurements (at the lowest phase speeds) made at low frequency and those at high
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Figure 9 Example inversion results for the travel-time shifts measured using ridge filters for the two-layer
model shown in Figure 2 and the kernels shown in Figure 7. The gray scale shows δc2/c2. The regulariza-
tion parameters for the top-left panel are (λ1, λ2hk) = (0.2,0.02) Mm−1/2, top-right (1.0,0.02) Mm−1/2,
bottom-left (0.2,0.05) Mm−1/2, and bottom-right (0.2,0.2) Mm−1/2.

frequency (e.g., Braun and Birch, 2006, 2008; Gizon et al., 2009); this was seen using time–
distance analysis as well by Couvidat and Rajaguru (2007). It will be important to develop
model sunspots that can reproduce these observations.

The inversions are not able to recover the true sound-speed structure near and above the
photosphere as the travel-time measurements have very little sensitivity in this region; this
may be in part due to the unrealistic upper boundary condition (zero Lagrangian pressure
perturbation at about 500 km above the photosphere) at high frequency employed as part of
the calculation of the sensitivity functions. In addition, the inversion severely underestimates
the amplitude of the sound-speed perturbations at depths below about five Mm in the case
of the two layer model. This is due in part to the choice of regularization method.

The generalization of the simple tests shown here to magnetic sunspot models is impor-
tant. Here, we have only shown a self-consistent formalism for inversions for helioseismic-
holography measurements of local variations in the sound speed. The extent to which this
formalism can be applied to the case of sunspot seismology is currently being studied.
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Figure 10 Comparison of an inversion solution with the true two-layer model for the case of the ridge-fil-
tered measurements and (λ1, hkλ2) = (0.2,0.2) Mm−1/2. The top-left panel shows the azimuthal average of
the inversion result. The top-right panel shows the true model. The bottom-left panel shows the inferred model
(light line with error estimates) and true model (heavy line) at the center of the “spot” region. The bottom-right
panel shows the azimuthal averages of the travel-time maps (heavy lines) for (n = 1, f = 2.5 – 3.0 mHz),
(n = 1, f = 4.5 – 5.0 mHz), and (n = 2, f = 4.0 – 4.5 mHz) and the corresponding predictions (forward
models, shown in light lines) from the inversion result. The order of the line styles is solid, dashed, dot–
dashed. The noise level in the travel-time measurements can be seen in the small-scale variations.

Appendix: Sound-Speed Kernels for Local Control Measurements

Birch, Kosovichev, and Duvall (2004) used the approach of Gizon and Birch (2002) to de-
rive the sensitivity of time–distance travel-time shifts to local changes in sound speed. In
this Appendix, we show that this result can be generalized to the case of travel-time shifts
measured from local control correlations.

Assume that we have a model m(r, z) for the fractional change in the square of the sound
speed as a function of horizontal position [r ] and height [z]. We would like to obtain the
sensitivity functions (kernels) [K] that satisfy

δτ(r) =
∫∫∫

K(r ′ − r; z)m(r ′, z)dr ′ dz, (4)

where δτ(r) is the mean travel-time shift (the average of the ingoing and outgoing travel-
time shifts) measured from the center–annulus local control correlation with center located
at horizontal position r .
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Figure 11 Comparison of an inversion solution with the true two-layer model for the case of the phase-speed
filtered measurements and (λ1, hkλ2) = (0.1,0.1) Mm−1/2. The top-left panel shows the azimuthal average
of the inversion result. The top-right panel show the true model. The bottom-left panel shows the inferred
model (light line) and true model (heavy line) at the center of the “spot” region. The bottom-right panel
shows the azimuthal averages of the travel-time maps (heavy lines) for (TD2, f = 3.5 – 4.0 mHz), (TD2,
f = 4.5 – 5.0 mHz), and (TD5, f = 5.0 – 5.5 mHz) and the corresponding predictions (forward models,
shown in light lines) from the inversion result.The order of the line styles is solid, dashed, dot-dashed.

Figure 12 Averaging kernels for the target depths of −1 Mm (left), −2 Mm (middle), and −3.5 Mm (right).
The target locations are shown as white circles with an overplotted black dot. The contours show where the
averaging kernels have values of 20% and 50% of their maximum. Notice that the averaging kernel for the
target depth of 3.5 Mm has a substantial side-lobe near the surface.
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Figure 13 Comparison of an inversion solution with the true one-layer model for the case of the ridge–
filtered measurements and (λ1, hkλ2) = (0.2,0.25) Mm−1/2. The top-left panel shows the azimuthal av-
erage of the inversion result. The top-right panel show the true model. The bottom-left panel shows the
inferred model (light line) and true model (heavy line) at the center of the “spot” region. The bottom-right
panel shows the azimuthal averages of the travel-time maps (heavy lines) for (n = 1, f = 2.5 – 3.0 mHz),
(n = 1, f = 4.5 – 5.0 mHz), and (n = 2, f = 4.0 – 4.5 mHz) and the corresponding predictions (forward
models, shown in light lines) from the inversion result. The order of the line styles is solid, dashed, dot–
dashed. The signal-to-noise ratio of the travel-time measurements is much smaller than in the two-layer
model.

We begin from the expression relating the local control correlations [C±
lc ] to the two-point

time–distance cross-covariance [C]:

C±
lc (r,ω) =

∑

r ′
G±(‖r ′ − r‖,ω)

C(r ′ | r,ω) (5)

where the sum over horizontal positions [r ′] is taken over all grid points where the Green’s
function [G±] is not zero and ω is the temporal frequency. For the rest of the Appendix, we
assume r = 0 (we can always change the coordinate system such that this is the case, as the
reference model for the solar interior is invariant under horizontal translation). Equation (5)
shows that changes in the time–distance cross-covariance introduce changes in the local
control correlations given by

δC±
lc (0;ω) =

∑

r
G±(‖r‖,ω)

δC(r,ω), (6)

where δC(r) is the change in the time–distance cross-covariance C(r | 0) and δC±
lc (0) are

the changes in the local control correlations at horizontal position r = 0.
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Figure 14 Comparison of an inversion solution with the true one-layer model for the case of the phase-speed
filtered measurements for TD1 through TD5 and (λ1, hkλ2) = (0.2,0.1) Mm−1/2. The top-left panel shows
the azimuthal average of the inversion result. The top-right panel show the true model. The bottom-left
panel shows the inferred model (light line) and true model (heavy line) at the center of the “spot” re-
gion. The bottom-right panel shows the azimuthal averages of the travel-time maps (heavy lines) for (TD1,
f = 4.0 – 4.5 mHz), (TD2, f = 5.0 – 5.5 mHz), and (TD3, f = 5.0 – 5.5 mHz) and the corresponding pre-
dictions (forward models, shown in light lines) from the inversion result. The order of the line styles is solid,
dashed, dot-dashed.

Using Equation (6), it is possible to generalize the result of Birch, Kosovichev, and Duvall
(2004) to obtain the functions C± that satisfy

δC±
lc (0;ω) =

∫∫∫
C±(r, z)m(r, z)dr dz. (7)

Using the phase method (e.g. Equation (3) of Braun and Birch, 2008), the travel-time shifts
δτ± are related to C±

lc and δC±
lc as

ω̄δτ± = arg
[
C±

lc + δC±
lc

] − arg
[
C±

lc

]
, (8)

where arg denotes the argument of a complex number and ω̄ is the mean frequency. In the
limit that δC±

lc is very small compared to C±
lc and that we are working over a narrow of range

of frequency, we have

δτ± = Im[C±∗
lc δC±

lc ]
ω̄‖Clc‖2

(9)
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where Im[·] denotes the imaginary part. The shift in the mean travel time is then

δτ = [
δτ+ + δτ−]

/2. (10)
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