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[1] We derive the analytic, linear, f-plane compressible solutions to local, interval, 3-D
horizontal and vertical body forces, and heat/coolings in an isothermal, unsheared, and
nondissipative atmosphere. These force/heat/coolings oscillate at the frequency Oa and
turn on and off smoothly over a finite interval in time. The solutions include a mean
response, gravity waves (GWs), and acoustic waves (AWs). The excited waves span a
large range of horizontal/vertical scales and frequencies !. We find that the compressible
solutions are important for GWs with vertical wavelengths |�z| > (1 to 2) � �H if the
depth of the force/heat/cooling is greater than the density scale height H. We calculate the
primary GWs excited by a deep convective plume, ray trace them into the thermosphere,
and calculate the body force/heat/coolings which result where the GWs dissipate. We find
that the force/heat/cooling amplitudes are up to �40% smaller using the compressible
(as compared to the Boussinesq) GW spectra. For a typical plume, the force/heat/coolings
are deeper than H and have maximum amplitudes of �0.2 to 0.6 m/s2 and �0.06 to
0.15 K/s for solar maximum to minimum, respectively. The heat/cooling consists of
dipoles at z �150–200 km and a heating at z �240–260 km. We find that the
compressible solutions are necessary for calculating the secondary GWs excited by these
thermospheric force/heat/coolings.
Citation: Vadas, S. L. (2013), Compressible f-plane solutions to body forces, heatings, and coolings, and application to the
primary and secondary gravity waves generated by a deep convective plume, J. Geophys. Res. Space Physics, 118, 2377–2397,
doi:10.1002/jgra.50163.

1. Introduction
[2] Local, interval body forces and heat/coolings can

describe important f luid responses to processes such as
convective overshoot, wave breaking, or wave dissipation.
Here, “local” denotes a finite region in space, and “interval”
denotes a finite duration in time. The responses include
gravity waves (GWs), acoustic waves (AWs), and mean
changes. While the temporal and spatial characteristics of
the force/heat/cooling determine the wave responses, only
their spatial characteristics determine the mean response
[Vadas and Fritts, 2001] (hereafter VF01).

[3] VF01 derived the solutions to local, interval
force/heat/coolings using the Boussinesq approximation.
This approximation is satisfied for vertical depths of Dz �
H. These solutions were used to calculate the primary GWs
excited by deep convective plumes (modeled as vertical
body forces), for example [Vadas and Fritts, 2009; Vadas
et al., 2012]. However, compressibility is expected to be
important for GWs with |�z| > (1 to 2) � �H excited by
force/heat/coolings with Dz > H.
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[4] Deep convective plumes in the troposphere excite
“primary” GWs and AWs [Holton and Alexander, 1999;
Horinouchi et al., 2002; Lane et al., 2003; Lastovicka,
2006]. Because the plume updraft velocities are much less
than the speed of sound, most of the energy goes into
GWs rather than AWs. Most of these GWs reach nonlinear
amplitudes and break, or reach critical levels, in the strato-
sphere and mesosphere [Holton and Alexander, 1999;
Lane and Sharman, 2006]. However, some can propagate
into the thermosphere [Vadas, 2007]. There, they even-
tually succumb to dissipation from kinematic viscosity,
which increases exponentially with altitude [Pitteway and
Hines, 1963; Richmond, 1978; Hickey and Cole, 1987].
This creates regions of nonzero, horizontal divergence of
vertical momentum fluxes, dubbed “body forces” [Vadas
and Fritts, 2004, 2006]. These forces are spatially and
temporally localized [Vadas and Liu, 2013; Vadas and
Crowley, 2010]. Heat/cooling also accompanies GW dissi-
pation [Walterscheid, 1981; Liu, 2000; Becker, 2004; Yiğit
and Medvedev, 2009], although to our knowledge, this
process has not yet been calculated for the thermospheric
dissipation of GWs excited by convective plumes.

[5] It is well known that local, interval force/heat/
coolings excite upward and downward-propagating GWs
[Zhu and Holton, 1987; Vadas and Fritts, 2001;
Vadas et al, 2003; Fritts et al; 2006]. Vadas and Liu [2009,
2011, 2013] determined the large-scale “secondary” GWs
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created by the body forces generated by GWs excited from
convective plumes in Brazil using ray tracing and the Ther-
mosphere-Ionosphere-Mesosphere-Electrodynamics Gen-
eral Circulation Model. These secondary GWs had
horizontal wavelengths of �H �2000–5000 km and hori-
zontal phase speeds of cH �500–600 m/s. However, they
could not resolve the secondary GWs with �H < 2000 km.
Vadas and Crowley [2010] calculated the thermospheric
body forces from multiple convective plumes and clus-
ters in tropical storm Noel. These forces had variability
of �100–150 km horizontally, �50–100 km vertically,
and <15 min temporally. They could not calculate the
excited secondary GW spectra, however, because Dz > H,
causing the Boussinesq assumption to be likely inapplica-
ble. They argued that a typical secondary GW spectrum
would likely peak at horizontal wavelengths and peri-
ods of �H �100–300 km and �r < 30 min, respectively.
These scales were found to agree reasonably well with the
scales of the secondary GWs observed at the bottomside
of the F layer. Because secondary GWs can propagate to
z �500–600 km [Vadas, 2007], can have large horizontal
wind and temperature perturbations, and may play a role in
seeding equatorial plasma bubbles [Makela et al., 2010], it
is important to model their excitation as accurately as possi-
ble in order to determine their influence on the thermosphere
and ionosphere.

[6] The purpose of this paper is to generalize the VF01
and Vadas and Fritts [2013] solutions to include compress-
ibility in full. As in VF01, the background is isothermal,
unsheared, and nondissipative in order to obtain analytic,
linear solutions. However, realistic temperature, wind, and
dissipative effects can be included away from the source
region via ray tracing (see section 4).

[7] We organize this paper as follows. In section 2, we
derive the f-plane, linear, compressible solutions to tempo-
rally and spatially localized body force/heat/coolings in an
isothermal, unsheared, and nondissipative fluid. In section 3,
we compare the compressible and Boussinesq solutions for
the GWs excited by a convective plume. In section 4, we
ray trace these GWs into the thermosphere and calculate
the body force/heat/coolings which result. In section 5, we
determine the GWs excited by simplified force/heat/coolings
in the thermosphere using the compressible and Boussinesq
solutions. Section 6 contains our conclusions. Appendices
contain a derivation of the energy equation, the compress-
ible, f-plane polarization relations for GWs and AWs, and
the initial value and special solutions.
2. Compressible Solutions to Body Forces and
Heat/Coolings

[8] In this section, we derive the f-plane, linear, com-
pressible solutions to horizontal and vertical body forces and
heat/coolings in an isothermal, unsheared, and nondissipa-
tive fluid. Applications of these solutions include determin-
ing the GWs and AWs excited by deep convective plumes,
secondary GWs excited by thermospheric body forces
and heat/coolings, and GWs and AWs excited by meteor
fireballs (in preparation).

2.1. Compressible, f-plane Fluid Equations
[9] We consider a 3-D local, interval body force or

heat/cooling which turns on and off smoothly over a finite

interval in time (for example, the interval can be 10–15
min, and the region can be 202 � 10 km3 or 2002 � 50
km3 for convective overshoot and a thermospheric body
force, respectively). This is a generalization of impulsive
force/heat/coolings, which turn on and off instantaneously.
In order to solve the equations analytically, we assume the
fluid is composed of a single species and is isothermal
(constant temperature), inviscid, and unsheared. We show
how to include non-isothermal, dissipative, and wind effects
(via ray tracing) away from the source region in section 4.

[10] The compressible momentum, mass and energy
equations are

Dv
Dt

+
1
�
rp – g + 2� � v = F(x)F (t), (1)

D�
Dt

+ �r.v = 0, (2)

DT
Dt

+ (� – 1)Tr.v = J(x)F (t), (3)

where D/Dt = @/@t + (v.r), v = (u, v, w), u, v, and w are the
zonal, meridional, and vertical velocities, respectively, T is
temperature, � is density, p is pressure,� is Earth’s rotation
vector, and g is the gravitational force. We use the ideal gas
law, p = r�T, where r = 8308/XMWm2s–2K–1, XMW is the
mean molecular weight of the particle in the gas, �–1 = r/Cv,
and Cv is the mean specific heat at constant volume. The
total energy equation is derived in Appendix A. The body
forces and heat/coolings have time dependence F(t). The
spatial portion of the 3-D body force is F(x) = (Fx, Fy, Fz),
and that of the heat/cooling is J(x). Positive (negative) Fx
and Fy denote an eastward (westward) and a northward
(southward) forcing, respectively. Positive (negative) Fz
denotes an upward (downward) forcing. Positive (negative)
J denotes a heating (cooling). In our formalism, the functions
F and J can be any arbitrary (but continuous and derivable)
functions of x.

[11] The mean molecular weight decreases from XMW =
28.9 in the lower atmosphere to XMW = 16 in the upper
thermosphere as the molecular composition changes from
primarily diatomic N2 and O2 to monotomic O [Roble and
Ridley, 1994]. At the same time, � changes from � = 1.4 to
� = 1.67 because of the change from a diatomic to a mono-
tomic species. The transition from diatomic to monotomic
species occurs in the thermosphere at z � 150 to 300 km.
In order to solve the equations analytically, we assume that
XMW and � are locally constant. We show how to include
variations of XMW and � away from the source region
in section 4.

[12] Using the ideal gas law, we express Equation (3) in
terms of the pressure:

Dp
Dt

+ �pr.v =
p
T

J(x)F (t). (4)

We can also express Equation (3) in terms of the potential
temperature � , defined as

� = T(ps/p)(�–1)/� , (5)

where ps is the standard pressure. Then Equation (3)
becomes

1
�

D�
Dt

=
1
�T

J(x)F (t). (6)
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Equation (6) expresses the well-known result that the poten-
tial temperature is conserved along the Lagrangian path
of a fluid particle in a nondissipative fluid if the exter-
nal heat added is zero [e.g., Holton, 1992]. Note that
Equations (1)–(3) agree with Equations (1)–(5) in Fritts and
Alexander [2003] (hereafter FA03).

[13] We denote the heat/cooling function we used in VF01
as JB; that quantity was written as J(x) on the right-hand
side of Equation (2.4) in VF01 (here, the subscript B stands
for Boussinesq). This function differs from the heat/cooling
function we define here, J(x). Using Equation (6), the
heat/cooling defined here is related to JB from VF01 via

J '
�H

r
JB. (7)

2.2. Linear Equations and Fourier Expansion
[14] We expand the variables as background means (over-

lines) plus perturbations (primes):

u = U + u0, v = V + v0, w = w0,
� = � + �0, T = T + T0, p = p + p0. (8)

We neglect the Earth’s curvature, which limits wave scales to
�H < 20,000–30,000 km. We also assume that the fluid obeys
the f-plane approximation: 2� � v0 ' f (–v0Oi + u0Oj), where
f = 2� sin‚ and‚ is latitude. For low-frequency waves, the
f-plane approximation is a good assumption at mid-latitudes
and high latitudes. At low latitudes, the so-called “beta”
approximation is needed instead for low-frequency waves
(note that the beta approximation is beyond the scope of this
paper). For medium and high-frequency waves with periods
less than a few hours, f = 0 is an excellent approximation at
any latitude, because the Coriolis force is ineffective at such
short time scales.

[15] The hydrostatic equation is d p/dz = –g�, yielding
[Hines, 1960]

� = �0e–z/H, p = p0e–z/H, (9)

where H = –�(d �/dz)–1 = rT0/g is the density scale
height, and �0, T0, and p0 are the mean density, tempera-
ture, and pressure at z = 0, respectively. We assume that the
force/heat/cooling amplitudes are small enough that wave-
mean flow and wave-wave interactions can be neglected.
Linearizing Equations (1), (2), and (4), we obtain

@v0

@t0
+

1
�
rp0 –

�0

�2rp + f (–v0Oi + u0Oj ) = F(x)F (t), (10)

@�0

@t0
+ (v0.r)� + �r.v0 = 0, (11)

@p0

@t0
+ v0.rp + �pr.v0 =

p
T

J(x)F (t), (12)

where @/@t0 = (@/@t + U@/@x + V@/@y).
[16] In order for the coefficients on the left-hand sides of

Equations (10)–(12) to be constant with altitude, we define
the following variables:

	 = e–z/2Hu0, 
 = e–z/2Hv0, � = e–z/2Hw0,
� = ez/2H�0/ �0 = e–z/2H�0/ �,  = ez/2Hp0/ �0 = e–z/2Hp0/ �,
 = e–z/2HT0/T0. (13)

We also define the scaled force/heat/coolings (denoted by the
subscript “s”) as

Fxs = e–z/2HFx, Fys = e–z/2HFy,
Fzs = e–z/2HFz, Js = e–z/2H rJ. (14)

Because u0, v0, w0, �0/�, p0/p, and T0/T increase exponentially
with altitude from Equation (13), the GW and AW ampli-
tudes increase exponentially with altitude [Hines, 1960].

[17] We expand 	 , 
 , �, �,  , , Fxs, Fys, Fzs, and Js in a
Fourier series, e.g.,

	(x, y, z, t) =
1

(2�)3

Z
1

–1

Z
1

–1

Z
1

–1
e–i(kx+ly+mz)e	(k, l, m, t)dk dl dm,

(15)
where “e” denotes the Fourier transform (FT), k = (k, l, m)
is the wavevector, and k, l, and m are the zonal, meridional,
and vertical components, respectively. Equations (10)–(12)
become

@e	
@t00

– ike – fe
 = fFxsF (t), (16)

@e

@t00

– ile + fe	 = fFysF (t), (17)

@e�
@t00

– imse + ge� = fFzsF (t), (18)

@e�
@t00

– i
�

ke	 + le
 + mse�� = 0, (19)

@e 
@t00

+ ıe� – ic2
s (ke	 + le
 ) = eJsF (t), (20)

where @/@t00 = @/@t – i(kU + lV), the sound speed is cs,

c2
s = �gH = � rT0, (21)
ı = g(� – 1) – ic2

s ms, (22)
ms = m – i/2H. (23)

Since p0/p = �0/� + T0/T, the scaled temperature perturbation
is e =

�

c2
s

e –e�. (24)

Table 1 shows some important symbols used in this paper.

2.3. Laplace Transform Solution Method
[18] The Laplace transform of e is as follows

[Abramowitz and Stegun, 1972]:

Le = L(e ) =
Z
1

0
e–srte (t)dt. (25)

Therefore, L(@e /@t) = srL(e ) – e (0), where e (0) = e 
(t = 0) is the initial value of e . We define

s = sr – i(kU + lV), (26)
N2

B = (� – 1)g2/c2
s , (27)

˛ = ke	(0) + le
(0), ˇ = ke
 (0) – le	(0), (28)
AF = kfFxs + lfFys, BF = kfFys – lfFxs, (29)

where NB is the buoyancy frequency.
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Table 1. Symbols and Notation Used in This Study

Symbols Notation

(Fx, Fy, Fz), J 3-D body force, heating
F (t) temporal evolution of force/heating
�, Oa = 2�n/�, n duration, frequency, and number of cycles of force/heating
(�,� ,�) = e–z/2H(u0, v0, w0) scaled velocity perturbation
� = e–z/2H�0/� scaled density perturbation
 = e–z/2Hp0/� scaled pressure perturbation
	 = e–z/2HT0/T0 scaled temperature perturbation

Ou = (e–fz/2Hu0) =e� FT of scaled zonal velocity perturbation

Ov = (e–fz/2Hv0) =e� FT of scaled meridional velocity perturbation

Ow = (e–fz/2Hw0) =e� FT of scaled vertical velocity perturbation

O� = (e–fz/2H�0/�) =e� FT of scaled density perturbation

Op = (e–fz/2Hp0/�) =e FT of scaled pressure perturbation
OT = (e–fz/2HT0/T) =e	 FT of scaled temperature perturbation
(Fxs, Fys, Fzs) = e–z/2H(Fx, Fy, Fz) scaled body force
Js = e–z/2HrJ scaled heating
cs =
p

gH =

p

 rT0 sound speed

NB =
p

 – 1g/cs buoyancy frequency

(k, l, m), !Ir, !r wavevector, intrinsic frequency, and observed frequency
s = i!Ir, sr = i!r Laplace transform variables
!1 = !GW, !2 = !AW intrinsic GW frequency, and intrinsic AW frequency
subscripts “IV”, “FH” initial value and forced/heated solutions
S = sin!t + sin!(� – t)
C = cos!t – cos!(� – t)

[19] We take the Laplace transform of Equations
(16)–(20), then solve these equations algebraically. The
resulting dispersion relation is

s4 +
�
f 2 + c2

s (k2 + 1/4H2)
�

s2 + c2
s
�
k2

HN2
B + f 2(m2 + 1/4H2)

�
= 0.

(30)
The two roots of Equation (30) correspond to the GW and
AW, respectively:

s2
1 = –!2

1 = –
a
2

h
1 –
p

1 – 4b/a2
i

, (31)

s2
2 = –!2

2 = –
a
2

h
1 +
p

1 – 4b/a2
i

, (32)

where

a = –
�
s2

1 + s2
2
�

=
�
f2 + c2

s (k2 + 1/4H2)
�

, (33)
b = s2

1s2
2 = c2

s
�
k2

HN2
B + f2(m2 + 1/4H2)

�
. (34)

[20] The intrinsic and ground-based wave frequencies are
!Ir = –is and !r = –isr, respectively. Then, Equation (26)
becomes the familiar expression for the Doppler shifting of
a wave’s frequency in a mean wind:

!Ir = !r – (kU + lV). (35)

The intrinsic GW frequency is !GW = !1 = –is1, while the
intrinsic AW frequency is !AW = !2 = –is2. Equation (30)
becomes the well-known, nondissipative, acoustic-gravity
wave dispersion relation first derived by Hines [1960]

(see also Equation (22) in FA03):

!4
Ir –

�
f 2 + c2

s (k2 + 1/4H2)
�
!2

Ir + c2
s
�
k2

HN2
B + f 2(m2 + 1/4H2)

�
= 0.
(36)

For a GW which propagates much slower than the sound
speed (!GW/

p
k2 + 1/4H2 � cs), the usual f-plane,

anelastic GW dispersion relation is obtained from
Equation (31) for 4b/a2 � 1: s2

1 ' –b/a, or

!GW
2 =

k2
HN2

B + f 2(m2 + 1/4H2)
k2 + 1/4H2

(37)

[Marks and Eckermann, 1995]. The acoustic cutoff fre-
quency !a is obtained from Equations (32) and (33) for
f = k2 = 0 and 4b/a2 � 1: !a =

p
a = cs/(2H). Since c2

s =
�gH, !a = �g/(2cs) = [� /(2

p
� – 1)]NB. For � = 1.4 and

NB = 0.02 rad/s (buoyancy period of �B = 2� /NB = 5.2 min),
the acoustic cutoff period is 2� /!a = 4.7 min.

[21] In solving the Laplace transformed equations alge-
braically, we also obtain the full compressible, polariza-
tion relations for GWs and AWs. These are given in
Appendix B. Additionally, we derive the initial value solu-
tions (no force/heat/coolings) in Appendix C.

2.4. Wave and Mean Responses to Interval Forces and
Heat/Coolings

[22] We now derive the solution for smoothly varying,
interval force/heat/coolings. The function F(t) is the tempo-
ral portion of the force/heat/cooling, which turns on and off
smoothly for a finite interval in time. F(t) models realistic
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body force/heat/coolings which cannot be approximated as
instantaneous in time. In order to determine the solution ana-
lytically, F(t) must be a reasonably simple analytic function.
Here, we choose F to be the same function as in VF01:

F (t) =
1
�

�
(1 – cos Oat) for 0 � t � �

0 for t � 0 and t � �. (38)

The interval forcing/heat/cooling lasts from t = 0 to � and
has a frequency Oa of

Oa � 2�n/�. (39)

The number of cycles within this interval is n = 1, 2, 3, : : :,
which is a positive integer. If n = 1, then only a single
force/heat/cooling cycle occurs over �. An impulsive force
is a special case of this more general force, and is obtained
by setting n = 1 and � ! 0. Figure 1 shows F for a dura-
tion of 1 h and n = 1, 2, and 6. This model is more realistic
than step functions or impulse functions, because the heat-
ing/forcing is gradually turned on and off smoothly over a
finite duration in time.

[23] For simplicity, we set the background mean winds
to zero, U = V = 0. The forced/heated solutions (denoted
by the subscripts “FH”) during the force/heat/cooling (i.e.,
when 0 � t � �) are

e	FH(t) =
1
�

	
iOa2l

K
f

t +
(cos Oat – 1)

f 2 – Oa2

˚
iOa2(kM + lf N) – ffFys



+
Oa sin Oat
f2 – Oa2

˚
i(–kOa2N + lf M) +fFxs



+iOa2

�
1

f 2 – !2
1

	
(kO + lf P)(cos!1t – 1)

+
�

–k!1P +
lfO
!1

�
sin!1t


+

1
f 2 – !2

2

	
(kQ + lf R)(cos!2t – 1)

+
�

–k!2R +
lfQ
!2

�
sin!2t

�
, (40)

e
FH(t) =
1
�

	
–iOa2k

K
f

t +
(cos Oat – 1)

f 2 – Oa2

˚
iOa2(lM – kf N) + ffFxs



+
Oa sin Oat
f 2 – Oa2

˚
–i
�
lOa2N + kf M

�
+fFys



+iOa2

�
1

f 2 – !2
1

[(lO – kfP)(cos!1t – 1)

–
�

l!1P +
kfO
!1

�
sin!1t


+

1
f 2 – !2

2

	
(lQ – k f R)(cos!2t – 1)

–
�

l!2R +
kfQ
!2

�
sin!2t

�
, (41)

e�FH(t) =
1

��H

	
1

N2
B – Oa2

˚�
Oa2(i�Hms – 1)M –eJs

�
(cos Oat – 1)

+Oa
�
–Oa2(i�Hms – 1)N + �HfFzs

�
sin Oat



+Oa2(i�Hms – 1)

�
1

N2
B – !2

1
[O(cos!1t – 1)

–P!1 sin!1t]

+
1

N2
B – !2

2
[Q(cos!2t – 1) – R!2 sin!2t]

�
, (42)

e�FH(t) =
1
�c2

s

	
imsg(� – 1)Oa2

N2
B

Kt

–
Oa sin Oat
N2

B – Oa2

˚
M(Oa2 – imsg(� – 1)) +eJs



–

(cos Oat – 1)
N2

B – Oa2

˚
Oa2N(Oa2 – imsg(� – 1)) + g(� – 1)fFzs



+Oa2

��
imsg(� – 1) – !2

1

N2
B – !2

1

�	
O
!1

sin!1t + P(cos!1t – 1)


+
�

imsg(� –1) – !2
2

N2
B – !2

2

�	
Q
!2

sin!2t +R(cos!2t –1)
�

,

(43)

e FH(t) =
Oa2

�

	
Kt +

M
Oa

sin Oat + N(cos Oat – 1)

+
O
!1

sin!1t + P(cos!1t – 1)

+
Q
!2

sin!2t + R(cos!2t – 1)


. (44)

Figure 1. F(t) (solid) for � = 1 h; (a) n = 1, (b) n = 2, and (c) n = 6.
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The forced/heated solutions after the force/heat/cooling is
finished (i.e., when t � �) are

e	FH(t) =
iOa2

�

	
l�

K
f

+
1

f 2 – !2
1

�
(kO + lf P)C(!1)

+
�

–k!1P +
lfO
!1

�
S(!1)

�
+

1
f 2 – !2

2

�
(kQ + lf R)C(!2)

+
�

–k!2R +
lfQ
!2

�
S(!2)

�
, (45)

e
FH(t) =
iOa2

�

	
–k�

K
f

+
1

f 2 – !2
1

�
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Here, we define

S(!) � sin!t – sin!(t – �), (50)

C(!) � cos!t – cos!(t – �), (51)
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Equations (40)–(49), (24), and (13) comprise the compress-
ible solutions in spectral (k, l, m) space. For a given time t,
taking the inverse Fourier transform yields the compress-
ible solutions in real (x, y, z) space at that time. Although
these solutions are complicated, they are easily solvable
numerically. Special case solutions are given in Appendix D.
Eastward, westward, northward, and southward body forces
excite GWs and AWs, as do heatings and coolings. Note that
after the force/heat/cooling is finished, the GW and AW por-
tions of the solution are separate and distinct; the GW terms
are proportional to sin!1t and cos!1t, while the AW terms
are proportional to sin!2t and cos!2t.

[24] We compare our solutions with VF01 and Vadas and
Fritts [2013] in the Boussinesq limit (i.e., H!1 and c2

s !
1). Combining Equation (5) with the ideal gas law and
linearizing, �0/ � = (1/c2

s ) p0/ � – � 0/� . Neglecting the pres-
sure perturbation in the Boussinesq approximation (since it
is proportional to 1/c2

s ), we obtain the following:

� 0/� ' –�0/ �. (59)

It is then straightforward (but tedious) to show that the com-
pressible mean and GW solutions reduce to the Boussinesq
solutions in VF01 and Vadas and Fritts [2013].

[25] Suppose we wish to model a physical process with a
complicated temporal dependence. Because F(t) / sin 2Oat,
the desired temporal dependence can be obtained by sum-
ming the solutions for many F(t) functions with various
values of Oa, as was done in VF01.

3. High-frequency GWs Excited by a Single
Convective Plume

[26] Over the past few decades, many numerical mod-
els have been developed to simulate the GWs excited by
deep convection [Holton and Alexander, 1999; Pandya and
Alexander, 1999; Horinouchi et al., 2002; Lane et al., 2003].
Within a moist convective system, both diabatic forcings
and nonlinear forcings excite GWs [Lane et al., 2001].
Since these sources are largely out of phase, linear “dry-
air” models including only one source must reduce the GW
amplitudes by �2 [Song et al., 2003; Choi et al., 2007].
With this reduction and the condition that only GWs with
cH > 20–25 m/s be included, the modeled GWs excited by
a convective plume may be represented by either a diabatic
forcing or a nonlinear forcing. Some dry-air models imple-
ment diabatic forcing [Alexander et al., 1995; Piani et al.,
2000; Walterscheid et al., 2001; Beres, 2004], while others
model the forcing due to the overshooting of a convective
plume [Stull, 1976; Vadas and Fritts, 2009]. GW excita-
tion from deep convection excites high-frequency GWs with
�H � 1 km to hundreds of kilometers and with periods of
5 min to a few hours.

[27] Our convective plume model implements the lat-
ter process by calculating the idealized motion of the fluid
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within a plume via a vertical body force [Vadas and Fritts,
2009]. This model neglects moisture processes and solves
the linear equations in a locally unsheared environment with
a constant buoyancy frequency. This vertical body force
creates the acceleration needed to push the fluid in the
plume from the troposphere into the lower stratosphere (con-
vective overshoot). This overshoot pushes the stratospheric
air upwards, after which gravity pulls it back downward
because the air is stably stratified. This movement excites
AWs and GWs. Observations and simulations show that
there are typically many small updrafts within the “enve-
lope” of a convectively unstable region, which give rise
to GW spectra concentrated at small scales of �5–10 km
[Larsen et al., 1982; Alexander et al., 1995; Lane et al.,
2003; Lane and Knievel, 2005]. Our model neglects these
individual updrafts and therefore does not include the very
small-scale GWs which tend to break, reach critical levels,
or reflect in the stratosphere. Instead, our model calculates
the spectrum of “larger-scale” GWs excited by the “enve-
lope” of the upward motion of air within the coherently mov-
ing small updrafts. These GWs are small to medium-scale
with cH > 20–25 m/s. Our model is therefore appropriate for
mesosphere and thermosphere GW studies.

[28] Each vertical body force is modeled as a Gaussian
in space, is centered at x = x0, y = y0, and z = z0, and
is described by its geometry (horizontal width and vertical
depth), duration, maximum (vertical) updraft velocity, loca-
tion, and time of occurrence. In order to take into account
ground reflection, we also include an identical “image” force
at x = x0, y = y0, and z = –z0 [Vadas and Fritts, 2009]:

Fz = F0 exp

 
–

(x – x0)2

2
2
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–
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2
2
y

!	
exp

�
–
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2
2
z

�
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�
–

(z + z0)2

2
2
z

�
. (60)

The top of the body force, located at z � z0 + 2.25
z, is
typically set to be 1–2 km above the tropopause, in order
to account for convective overshoot. The plume location,
time of occurrence, width, maximum updraft velocity, and
tropopause altitude are determined in practice from satellite
images and Convective Available Potential Energy (CAPE)
and tropopause maps [e.g., Vadas and Liu, 2009; Vadas and
Crowley, 2010]. We determine F0 by calculating the body
force solution numerically in time and linearly scaling by
the maximum updraft velocity. The “best-fit” plume duration
and depth have been determined primarily via comparison
of the model results with the amplitudes and parameters
of concentric GWs from convective plumes as observed in
the OH airglow near the mesopause [Vadas et al., 2009a,
b, 2012]. The best-fit depth and duration have been found
to be �10 km and � � 10 min, respectively. This dura-
tion is consistent with high-time-resolution NEXRAD data,
which found that a new plume within a thunderstorm typi-
cally appears every 15–20 min [Vadas et al., 2012]. Note that
this 15–20 min time period includes the growth and collapse
of the plume plus the time for the formation of a new plume.

[29] We also utilize our anelastic, dissipative GW ray
trace model, which propagates the excited GWs (with their
phases) into the mesosphere and thermosphere and recon-
structs the GW fields there [Vadas et al., 2012]. This
model includes realistic wind and temperatures as well as

thermospheric dissipation for high-frequency GWs. It can
also include GW saturation, although we do not include this
here, in order to more easily interpret the results. Further
details of both models can be found in Vadas et al. [2012].

[30] Because convective plumes only excite medium and
high-frequency GWs, the Coriolis force is not important;
therefore, we can set f = 0 for calculating their amplitudes
(recall from Section 2.2 that f = 0 is an excellent approxima-
tion for medium and high-frequency GWs at any latitude).
In this limit, the compressible solutions derived in section 2
simplify considerably. The postforcing (t � �), compress-
ible zonal, and vertical velocity perturbations resulting from
a vertical body force with f = 0 (using Equations (45), (47),
(13), and (14)) are

�
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(62)

Here, each widetilde “ e ” encompasses the Fourier trans-
form of all factors within the enclosed parenthesis. Those
terms proportional to S(!1) and C(!1) are the GW solutions,
while those terms proportional to S(!2) and C(!2) are the
AW solutions. Note that the vertical body force is multiplied
by exp(–z/2H) before applying the Fourier transform. We
compare this solution to the simpler Boussinesq solution,
remembering that the Boussinesq approximation is valid for
force vertical depths less than H or |�z| << 4�H. From
VF01, the postforcing (t � �) Boussinesq zonal and vertical
velocity perturbations resulting from a vertical body force
are as follows:

eu0 = –
km
k2

H

!2
1

N2
B

Oa2

�!1
�
Oa2 – !2

1
� eFzS(!1), (63)

ew0 =
�
!1

NB

�2 Oa2

�!1
�
Oa2 – !2

1
� eFzS(!1). (64)

In the Boussinesq limit, for which m2!2
1 /
�
k2

H
�
N2

B – !2
1
��
'

1, !2
1 � !2

2 , H ! 1, and c2
s ! 1, it is easy to show that

Equations (61) and (62) reduce to Equations (63) and (64).
[31] Figure 2 shows contours of !2

1 /!2
2 for a buoyancy

period of �B = 2� /NB = 5.2 min. We see that !2
1 /!2

2 �
0.25, even for very large cH. Therefore, there are likely only
small changes in the GW compressible amplitudes due to the
[1 –!2

1 /!2
2 ] factors in Equations (61) and (62). However, the

factors in the numerators of the square brackets are expected
to be important for |m|H < few or |�z| > �H.

[32] While the AW and GW amplitudes are similar for
impulsive forcings, the AW amplitudes are suppressed
by (2�n)–1 Oa3/!3

2 from their impulsive values for forces
with 2� /Oa � �B. For these slow forcings, the ampli-
tudes of high-frequency GWs with intrinsic periods of
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Figure 2. Contour plot showing (!1/!2)2 (solid) for NB =
0.02 rad/s, � = 1.4, g = 9.8 m/s2, cs = 310 m/s, and H =
7 km. The right-hand y axis shows the corresponding values
of mH. Dashed lines show cH in intervals of 50 m/s.

�Ir < � /Oa are significantly reduced, where �Ir = 2� /!Ir.
This is because the GWs oscillate faster than the
forcing frequency.

[33] We model a single convective plume with a diameter
of DH = 4.5
x = 4.5
y = 20 km, a depth of Dz = 4.5
z =
10 km, and a duration of � = 10 min. Note that Dz is some-
what larger than H = 7 km. We also choose a tropopause
altitude of ztrop = 14 km and an overshoot depth of 1 km. We
locate the “top” of the body force at z = 15 km and the center
at z0 = 10 km. We also choose F0 = 600 m/s, as this results
in a maximum updraft velocity of wpl = 35 m/s. These val-
ues are typical for plumes within thunderstorms. Note that
the estimated average time taken for a fluid parcel to move
upward the depth of the plume is� Dz/(wpl/2) � 10 min. We

assume typical lower atmospheric parameters of H = 7 km,
NB = 0.02 rad/s, � = 1.4, XMW = 30, g = 9.8 m/s2, and
T = 246 K. Additionally, we set U = V = 0. We also set
f = 0 because a convective plume excites primarily medium
and high-frequency GWs. For illustration purposes, we also
consider a somewhat shorter (less realistic) plume duration
of � = 8 min.

[34] Figures 3a and 3b show the Boussinesq and com-
pressible vertical flux of zonal momentum spectra for GWs
with l = 0 [Equation(35) from Vadas and Fritts [2009]]:

km
�

2|eu0ew0*|�k�l�m
�

, km
�

2|e	e�*|�k�l�m
�

, (65)

respectively. Here, �k, �l, and �m are the spectral grid
spacings of the FT used to calculate the spectral solutions
[Equation (16) from Vadas and Fritts [2009]]:

�k =
2�
Lx

,�l =
2�
Ly

,�m =
2�
Lz

, (66)

where Lx, Ly, and Lz are the x, y, and z domain lengths,
respectively. Because of ground reflection, each spectrum
has two peaks. The peaks occur at �H � 20 – 60 km,
|�z| � 10 – 40 km, and �Ir � 8 – 15 min. Increasing the
force duration from 8 to 10 min shifts the GW spectrum to
larger periods and larger �H and decreases the peak of the
spectrum by a factor of �2. We see that the Boussinesq and
compressible spectra are similar for a given �. We show the
fractional difference for � = 10 min in Figure 3c. In gen-
eral, the compressible and Boussinesq solutions differ for
GWs with |�z| > (1 to 2) � �H. For periods �Ir > 8 min and
|�z| > 40 km (i.e., |�z| > 2�H = 44 km), the Boussinesq
amplitudes are 20–100% larger. For �Ir < 8 min, the com-
pressible amplitudes are 20–40% larger. However, because

Figure 3. (a) Boussinesq and (b) compressible vertical flux of zonal momentum for the GWs excited
by a convective plume with DH = 20 km and � = 10 min (solid) and � = 8 min (dotted). (c)
(Compressible–Boussinesq)/compressible fluxes from Figures 3a and 3b for � = 10 min. Solid (dashed)
lines show positive (negative) values. The turquoise and red dots in Figures 3a and 3b indicate GWs with
select �H for which zdiss = 150 km and 220 km, respectively. Blue short-dashed lines indicate the intrinsic
horizontal phase speed cIH in 50 ms–1 intervals. The green long-dashed lines show GW intrinsic periods
of �Ir = 8, 15, and 20 min.
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these amplitudes are quite small, and because GWs with
�Ir < 8 min reflect downward in the lower thermosphere
(since �B > 8 min there), we do not expect the latter differ-
ence to be significant in the thermosphere. Because the GWs
responsible for creating body forces in the thermosphere
have �Ir = 10–20 min and |�z| � 40–50 km [Vadas and Liu,
2009], including compressibility is expected to reduce the
body force amplitudes by 0.42 – 0.62 �20–40% if the GWs
do not saturate. Here, the body force amplitude is propor-
tional to the GW amplitude squared. We calculate the body
forces for both spectra in section 4.

[35] We define zdiss to be the altitude where a GW’s
momentum flux is maximum. At this altitude, the following
expression is approximately satisfied [Vadas and Liu, 2009]:

�3
z!Ir

8�3H(1 + Pr–1)
� �. (67)

[36] For select values of �H, we show in Figures 3a and
3b the GWs at zdiss = 150 km. Here, we solve Equation (67)
iteratively for m given a �H. We use typical values NB =
1.9 � 10–2 rad/s, H = 17 km, and � = 1 � 104 m2/s.
Those GWs far below an imaginary line connecting these
dots dissipate below this altitude, while those GWs above
this imaginary line propagate above this altitude. We also
show zdiss = 220 km. Here, we use NB = 1.4 � 10–2 rad/s,
H = 31 km, and � = 2 � 105 m2/s. While most of the
GWs with cH > 75 m/s survive to z � 150 km, only those
with cH > 180 m/s survive to z � 220 km. This state-
ment, however, assumes that the winds are zero. Because the
winds in the thermosphere can be quite large, it is possible
for some primary GWs to propagate opposite to the back-
ground winds to z > 250 km (see section 4). However, it
is unlikely that a primary convective GW will propagate to
z � 400 km, unless it has an intrinsic frequency quite close
to the buoyancy frequency [Earle et al., 2008; Vadas, 2007].

[37] In Figure 4, we show the GW temperature pertur-
bations for the exact compressible (solid) and Boussinesq
(dotted) solutions at z = 70 km and y = 0 for various times.
These solutions are obtained by taking the inverse Fourier
transform of the spectral (k, l, m) solutions. The agreement
is quite good for small to medium-horizontal-scale GWs,
showing that the Boussinesq solutions are excellent for
mesospheric studies of convective GWs.

[38] Because of the isothermal, unsheared, and nondis-
sipative assumptions used to derive the Fourier-Laplace
(exact) solutions, these solutions are not very useful in
(x, y, z) space. However, they are useful in (k, l, m) space for
defining the initial GW spectra. Then, we can ray trace these
spectra through realistic atmospheres with varying tempera-
ture, wind, and dissipation [Vadas and Crowley, 2010; Vadas
et al., 2009a, b, 2012; Vadas and Liu, 2009, 2013]. In order
to test the ray trace model, we ray trace the compressible
GW spectrum from the center of the aboveground verti-
cal body force (i.e., at x = y = 0, z = 10 km) and at
t = �/2 = 5 min through the isothermal, nondissipative atmo-
sphere. Ground reflections are not allowed. The cell sizes
within this domain (for reconstruction of the GW field near
the mesopause) are 6 km � 6 km � 3 km � 4 min in x, y,
z, and t, respectively. We reconstruct the GW field using the
formalism described in Vadas and Fritts [2009]. The recon-
structed solutions are shown as dashed lines in Figure 4. In
general, the agreement between the ray trace and Fourier-
Laplace solutions is quite good. Differences occur at large
radii where there are less GWs within the spectrum [Vadas
and Fritts, 2009]. The solutions agree somewhat less well
for small radii because of the finite plume width. There are
also differences at t = 58 min. This likely occurs because
the slower ground-reflected GWs are reaching this altitude
in the exact solutions.

4. Thermospheric Body Force/Heat/Coolings
From a Convective Plume

[39] As GWs propagate into the thermosphere, they are
eventually dissipated by molecular viscosity. Those GWs
having the largest |�z| (typically achieved for those GWs
propagating against the background wind) reach the highest
altitudes before dissipating [Vadas, 2007; Fritts and Vadas,
2008]. As these GWs dissipate, they create thermospheric
body forces in the direction of propagation, which acceler-
ate the background wind in that direction [Vadas and Fritts,
2004, 2006; Vadas and Liu, 2009, 2011, 2013; Vadas and
Crowley, 2010]. They also heat/cool the fluid [Walterscheid,
1981; Liu, 2000; Becker, 2004; Yiğit and Medvedev, 2009].
Previous work with convective plumes has only considered
the effect body forces have on the thermosphere; to our

Figure 4. Exact Fourier-Laplace and ray trace solutions at z = 70 km and y = 0 as a function of the
radius x of the concentric GW rings. (a) t = 30 min, (b) t = 42 min, and (c) t = 58 min. Solid and
dotted lines show the compressible and Boussinesq exact solutions, respectively. Dashed lines show the
solutions obtained via ray tracing the compressible solutions from z = 10 km and t = 5 min.
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knowledge, this is the first work to calculate the heat/cooling
from the dissipation of GWs from a convective plume.

[40] We employ idealized background temperature pro-
files that are modeled after extreme solar minimum and solar
maximum, with exospheric temperatures of 600 and 1200 K,
respectively. Figure 5 shows the profiles. Although the actual
background wind in the lower atmosphere and thermosphere
is quite complicated, we utilize an idealized background
wind here in order to understand the basic features of the
results. We set V(z) = 0 and choose a zonal wind that is zero
at the ground, becomes westward in the mesosphere, and
asymptotes to –70 m/s in the thermosphere:

U(z) =
1
2

Uwind [1 – tanh((z – zd)/�U)] – Uwind, (68)

where Uwind = –70 ms–1, zd = 80 km, and �U = 20 km. This
wind is shown in Figure 5.

[41] We now ray trace the GWs excited by a convec-
tive plume from x = y = 0, t = 5 min and z = ztrop =
15 km. Our numerical domain is x = [–1400, 1400] km,
y = [–1400, 1400] km, z = [0, 360] km, and t = [0, 3] h. If
a GW passes outside this domain, it is eliminated from the
spectrum. The cell sizes within this domain (for reconstruc-
tion of the GW field in the thermosphere) are 40 km� 40 km
� 4 km� 6 min in x, y, z, and t, respectively. We reconstruct
the GW field using the formalism described in Vadas and
Fritts [2009].

[42] Upon dissipating, the background fluid is acceler-
ated in the direction of GW propagation. It is also heated
by molecular viscosity and can be heat/cooled by the heat
flux. The body force and temperature tendencies from GW
dissipation are as follows [Becker, 2004]:
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Figure 5. Temperature profiles representing extreme solar
minimum (solid line) and solar maximum (dotted line) with
exospheric temperatures of 600 K and 1200 K, respectively
(lower x axis). The zonal wind profile is shown as a dashed
line (upper x axis).

where F� is the vertical flux of potential temperature
[Walterscheid, 1981] and is loosely referred to here as the
“heat flux.” The overlines denote averages over one to two
wavelengths. Thus, the spatially and temporally varying
zonal and meridional components of the body force and
heat/cooling (per unit mass) are
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respectively. Using the notation from Equations (1)–(3),
Fx,tot = FxF , Fy,tot = FyF , and Jtot = JF . If the GWs are
not dissipating or saturating, 1) (�u0w0) and (�v0w0) are con-
stant with altitude, so that Fx,tot = Fy,tot = 0, and 2) � 0 and
w0 are in quadrature (according to linear theory [Fritts and
Alexander, 2003]), so that F� = Jtot = 0. The first term on the
right-hand side of Equation (74) is often referred to as the
heat flux convergence due to GWs. This can lead to heating
and/or cooling [Walterscheid, 1981; Liu, 2000]. The sec-
ond term is the buoyancy production of GW kinetic energy.
The third term is the dissipation of GW kinetic energy due
to molecular viscosity, which represents the conversion of
kinetic to internal energy [Hines, 1965]; this term is always
positive. Note that Equation (74) is not the quasi-stationary
approximation.

[43] We now show the thermospheric body force/heat/
coolings created by the dissipation of the primary GWs
excited by a deep convective plume with DH = 20 km,
� = 10 min, and wpl = 30 m/s. Figure 6 shows the results
at t = 75 min for the exospheric temperature of 600 K. This
is the approximate time when the body force/heat/coolings
are maximum. Note that the forces are located nearly � H
higher than in Vadas and Fritts [2006], mainly because of
numerical accuracy improvements in the calculation of NB
(i.e., as NB

2 = (g/T)(dT/dz + g/Cp) rather than as NB
2 =

(g/� ) d� /dz). Although the results using the Boussinesq and
compressible GW spectra are similar, the force/heat/cooling
amplitudes using the Boussinesq spectra tend to be �10–
40% larger. This is expected, since the Boussinesq GW
amplitudes are somewhat larger for those GWs which con-
tribute the most (see section 3). We now focus on the
characteristics of the force/heat/coolings. Because the east-
ward GWs travel against the wind, they propagate to much
higher altitudes (before dissipating) than the northward and
southward GWs. This causes the eastward body force to
be centered at z � 240 km, while the north/southward
body forces are centered at z � 200 km. On the other
hand, the westward GWs dissipate at lower altitudes because
they travel with the wind. This causes the westward body
force to be centered at z � 190 km. For the compress-
ible GW spectra, the magnitudes of the eastward forces are
0.1–0.3 m/s2, the westward forces are 0.05–0.1 m/s2, and the
north/southward forces are 0.1–0.6 m/s2. The heat/cooling
rates are 0.05–0.15 K/s. Note that the meridional forces
have larger amplitudes than the zonal body forces. This is
because many of the eastward GWs reflect downward in the
thermosphere from the westward wind.
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Figure 6. Thermospheric body forces and heat/coolings at t = 75 min created from the dissipation
of GWs excited by a deep convective plume. The GWs are ray traced through the thermosphere with
exospheric temperature T = 600 K. (a, b, e, f, i, and j) Boussinesq GW spectra. (c, d, g, h, k, and l)
Compressible GW spectra. Figures 6a, 6c, 6e, 6g, 6i, and 6k show x-z cross-sections at y = –220 km.
Figures 6b, 6d, 6f, 6h, 6j, and 6l show x-y cross-sections at z = 240, 200, and 190 km, as labeled. Rows 1–3
show Fx,tot, Fy,tot, and Jtot, respectively. Solid (dashed) lines show positive (negative) values. Contours in
rows 1 and 2 are in intervals of 0.05 m/s2. Contours in row 3 are in intervals of 0.015 K/s.

[44] Figure 7 shows the results for the exospheric tem-
perature of 1200 K. Again, the results for the Boussinesq
and compressible GW spectra are similar, with the ampli-
tudes being somewhat larger for the Boussinesq than the
compressible GW spectra. Because T is larger than in
Figure 6, � decreases less rapidly, and the kinematic vis-
cosity increases less rapidly. This causes the dissipation
of GWs to “spread out” in altitude, thereby leading to
smaller force/heat/cooling amplitudes. Additionally, since
�B = 2� /NB is larger than during extreme solar mini-
mum, there is more downward reflection in the thermosphere
here than in Figure 6, because the convective spectrum has
intrinsic periods of 5–20 min (see Figure 3). This causes
a substantial loss of eastward-propagating GWs, since they
are blue-shifted to higher intrinsic frequencies from the
westward wind and reflect downward. For the compress-
ible GW spectra, the magnitudes of the eastward forces are
0.02–0.15 m/s2, the westward forces are 0.01–0.06 m/s2,
and the north/southward forces are 0.05–0.2 m/s2. The
heat/cooling rates are 0.01–0.06 K/s.

[45] It is important to note that the zonal and meridional
body forces are quite deep for both temperature profiles, with
full depths of 50–130 km centered at z � 190 – 240 km. At
these altitudes, H � 20 – 25 km and H � 30 – 40 km for
the 600 K and 1200 K thermospheres, respectively. There-
fore, these body forces are much deeper than H in both
cases. We show in the next section that the Boussinesq
solutions are not adequate for calculating the secondary GW
spectra excited by such deep body forces.

[46] We now explore the characteristics of the heat/
coolings created by the dissipation of convective GWs in
Figures 6 and 7. First, we examine the differences. For the
600 K thermosphere, there is a heating at z � 250 km where
the eastward GWs create a large-amplitude eastward body
force. Additionally, there is a smaller-amplitude cooling at
x � 200 km, y � 0, and z = 190 km, which is below the
region where the eastward GWs dissipate and create the east-
ward body force. For the 1200 K thermosphere, there is little
heating at z � 250 km, and essentially no cooling at x � 200
km, y = 0, and z � 190 km.
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Figure 7. Same as Figure 6 but for the exospheric temperature T = 1200 K. Contours are in intervals of
0.02 m/s2 in rows 1 and 2, and 0.0075 K/s in row 3.

[47] Next we examine the similarities. Horizontal cuts at
z = 190 km show two regions of heating at x = –200 km
and y = ˙250 km; these regions coincide with the locations
where GWs create large-amplitude north and southward
body forces. The vertical cuts at y = –220 km show that
these heatings are part of dipoles, with heatings (at z �180–
210 km) above coolings (at z �160–170 km). There are
also small-amplitude coolings (heatings) above (below) the
dipoles at z �220 km (z �150 km). Note that the depths
of the dipoles is Dz �40–50 km > H. We show in the
next section that the compressible solutions are necessary
for calculating the secondary GW spectra excited by these
heat/coolings.

[48] Figure 8 shows the contributions to the heat/cooling
at t = 75 min from the first, second, and third terms on
the right-hand side of Equation (74), respectively. Here, we
ray trace the compressible GW spectrum through the 600 K
thermosphere. The heat flux convergence term clearly dom-
inates and creates the heat/cool dipole at z �150–210 km.
However, the heating due to molecular viscosity accounts for
nearly all of the heating which occurs at z � 240 km from
the dissipation of northeast, east, and southeastward GWs.
Note that the buoyancy production of GW kinetic energy
(second term) is negligible.

[49] Figure 9 shows the heat flux, F� , for the same time
and locations as in Figure 8. In the region where heating

occurs (x � y � –200 km and z � 180 km), the heat flux
is positive. This suggests that w0 and � 0 are less than 90ı
out of phase there. In fact, Vadas and Nicolls [2012] showed
that the phase shift between w0 and T0 decreases (< 90ı)
as a GW within a wave packet dissipates. This equals the
phase shift between w0 and � 0 for medium-scale GWs with
|�z| < 2�H, since � 0 � T0 when the pressure perturbations
are small. However, we must be careful not to extrapolate
monochromatic GW results to GW spectral results, since
Walterscheid [1981] noted that a spectrum of GWs may
behave differently than a monochromatic wave because of
constructive/destructive wave interference.

[50] Finally, we note that Liu [2000] calculated the
heat/cooling caused by the breaking of a monochromatic
GW using saturation theory. They also found that a dipole
was created but with cooling above the heating. This result
depended sensitively on the turbulent Prandtl number and
the localization of the breaking region.

5. Secondary GWs Excited by Forces and
Heatings in the Thermosphere

[51] In this section, we calculate the secondary GWs
excited by idealized body forces and heatings in the ther-
mosphere. In order to understand the basic differences
between the compressible and Boussinesq GW spectra, we

2388



VADAS: COMPRESSIBLE f-PLANE SOLUTIONS

Figure 8. Heat/cooling contributions from Figure 6. Rows
1–3 show the first, second, and third terms on the right-hand
side of Equation (74), respectively. (a, c, and e) x-z cross-
sections at y = –220 km. (b, d, and f) x-y cross-sections at
z = 190 km. Solid (dashed) lines show positive (negative)
values. Contours are in intervals of 0.015 K/s.

calculate the GW spectra for simple force/heatings. The spa-
tial scales for these force/heatings include those which occur
from the dissipation of GWs from a deep convective plume
(see section 4).

[52] First, we argue that the body force/heat/coolings
created by convective plumes excite only medium and high-
frequency GWs. From Figures 6 and 7, the ratio of the
horizontal width to vertical depth is �3–5 for the forces and
�5–10 for the heat/coolings. If the force/heat/cooling dura-
tion is not too long, the peak periods of the excited GWs
is � �B times this ratio (VF01). Since �B �7–10 min at
z �180–200 km and �B �9–12 min at z �220–250 km,
we estimate GW peak periods of �Ir �20–60 min for the
forces and �Ir �35–100 min for the heat/coolings. The
force durations from deep convection are � < 15 min
[Vadas and Crowley, 2010]; this is also likely true for the
heat/coolings. Since � < �Ir, we estimate GW peak peri-
ods of �Ir �20–100 min. Therefore, the Coriolis force is
not important, so we set f = 0. In this limit, the com-
pressible solutions from forces and heat/coolings simplify
considerably.

5.1. Secondary GWs from Horizontal Body Forces
[53] The postforcing (t � �) compressible zonal and ver-

tical velocity perturbations from a zonal body force Fx with

f = 0 (using Equations (45), (47), (13), and (14)) are�
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The zonal (vertical) velocity perturbations contain mean,
GW, and AW (GW and AW) components. From VF01, the
postforcing (t � �) Boussinesq zonal and vertical velocity
perturbations that arise from a zonal body force with f = 0
are as follows:
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Results similar to Equations (75)–(78) are obtained for a
meridional body force Fy (i.e., replace k ! l and l ! k,
Fx ! Fy, and u0 ! v0). As before, it is easy to show
that the compressible mean and GW solutions reduce to the
Boussinesq solutions for H ! 1 and c2

s ! 1, since
!2

1 /!2
2 ' b/a2 / c–2

s .
[54] There are several differences between the com-

pressible and Boussinesq GW solutions. First, the zonal
body force is multiplied by exp(–z/2H) before applying
the Fourier transform. Therefore, if the depth of the body
force is greater than H, compressible effects are expected
to be important. Second, the compressible GW solutions
include the extra terms in the square brackets in Equations
(75)–(76). The numerator of the [ ] term in Equation (76)

Figure 9. Heat flux, F� , for the same GWs as in Figure 8.
(a) The x-z cross-section at y = –220 km and (b) the x-y
cross-section at z = 190 km. Contours are in intervals of
1� 105 K m/s. Solid (dashed) lines show positive (negative)
values.
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equals one if H|m| � 1 (i.e., if |�z| � 2�H). The denom-
inators of the [ ] terms in Equations (75) and (76) equal
one if !2

1 /!2
2 � 1; from Equations (31) and (32), this

is satisfied if 4b/a2 � 1 or 2NB/cs � (k2 + 1/4H2)/kH.
Setting !2

1 = kH
2N2

B/
�
k2 + 1/4H2

�
, this condition becomes

cH � cs/2, where cH = !1/kH is the horizontal phase speed.
Therefore, the Boussinesq solutions are only expected to be
adequate if |�z|� 2�H or cH � cs/2.

[55] We now apply these solutions to the zonal and merid-
ional body forces created in the thermosphere from the
dissipation of GWs from a deep convective plume. From
Figures (6) and (7), the vertical depths of the largest-
amplitude forces are �70–120 km. Since H �20–45 km at
z �190–250 km, the forces are therefore much deeper than
H. We calculate the GWs excited by a simple, Gaussian,
meridional body force:

Fy = v0 exp
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We choose x0 = y0 = 0, z0 = 200 km, a full width of
DH = 4.5
x = 4.5
y = 300 km, a duration of � = 15 min,
and full depths of Dz = 4.5
z = 10 km, 50, and 100 km.
We utilize the extreme solar minimum temperature profile;
at z = 200 km, T = 545 K, H = 21 km, cs = 545 m/s,
NB = 0.012 rad/s, � = 1.5, and XMW = 23. We also set f = 0.

[56] Figures 10a, 10b, 10d, 10e, 10g, and 10h show the
Boussinesq and compressible 2-D spectra of the vertical flux
of meridional momentum for GWs with k = 0. The spectra
for the deeper forces peak at |�z| � 2Dz. The spectra con-
tain GWs with �H �200–1200 km and �Ir �20–300 min for
the shallow force (Dz = 10 km), and �H �200–5000 km
and �Ir �15–180 min for the deep force (Dz = 100 km).
Figures 10c, 10f, and 10i show the fractional differences
between the solutions. The Boussinesq and compressible
spectra are nearly identical for the shallow force (since
Dz < H). However, for Dz = 50 and 100 km (> H), the
Boussinesq and compressible spectra are quite different;
they differ by�50% for |�z| > 200 km, and�100% for �H >
2000 km and |�z| > 300 km. In general, these solutions dif-
fer substantially for GWs with |�z| > 2�H for forces deeper
than H.

[57] We now discuss the applicability of Figure 10 for
the thermospheric body forces resulting from the dissipa-
tion of GWs excited by a deep convective plume. The force
with Dz = 10 km is too shallow to represent a realistic
force, while the forces with Dz = 50 and 100 km repre-
sent realistic depths (see Figures 6 and 7). Because Dz >
H, the Boussinesq solutions therefore cannot adequately
represent the excited secondary GWs; instead, the compress-
ible solutions must be utilized. From Figures 10d–10i, we
estimate the secondary GWs from a single plume to have
�H �200–4000 km, |�z| �50–1000 km, intrinsic periods of
�Ir �15–180 min, and intrinsic horizontal phase speeds of
cIH �100–500 m/s. These are similar to the GWs identified
by Vadas and Crowley [2010].

[58] Figure 10 shows the GW parameters for zdiss = 200
and 250 km. For the force with Dz = 50 km, more than 1/2
of the secondary GWs propagate above z = 200 km prior
to dissipating; the other 1/2 dissipate in the force region.
Additionally, many secondary GWs can propagate above z =
250 km prior to dissipating. For the force with Dz = 100 km,

virtually all of the secondary GWs propagate out of the force
region. Additionally,� 1/2 of the secondary GWs propagate
above z = 250 km prior to dissipating.

5.2. Secondary GWs Excited by Heat/Coolings in
the Thermosphere

[59] The postforcing (t � �) compressible zonal and ver-
tical velocity perturbations from a heating with f = 0 (using
Equations (45), (47), (13), and (14)) are�
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As before, the heat function is multiplied by exp(–z/2H)
before taking the Fourier transform. Because the numera-
tors of the GW terms in square brackets are proportional to
1/mH, compressible effects are expected to be important for
|�z| > 2�H. We compare these solutions to the Boussinesq
solutions. From VF01, the postforcing (t � �) Boussinesq
zonal and vertical velocity perturbations from a heating with
f = 0 are as follows:
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Using Equation (7) and m2!2
1 = k2

H(N2
B – !2

1 ) in the
Boussinesq limit, it is easy to verify that the compressible
solutions reduce to the Boussinesq solutions for H ! 1
and c2

s !1.
[60] We calculate the GWs excited by a simple Gaussian

heating:
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We choose a full width of DH = 300 km, a duration of � =
15 min, and full depths of Dz = 10 km and 30 km. All other
parameters are the same as in Figure 10.

[61] Figures 11a, 11b, 11d, and 11e show the Boussinesq
and compressible 2-D spectra of the vertical flux of zonal
momentum for the GWs with l = 0. The spectra peak at
|�z| � (2 – 4)Dz and �H � (1.5 – 2)DH. The GWs have
�Ir �20–200 min, with �H �200–1600 km for the shallow
force (Dz = 10 km) and �H �200–3000 km for the deeper
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Figure 10. Vertical flux of meridional momentum for the GWs excited by a Gaussian meridional body
force at z = 200 km with a full width of DH = 300 km. Contours show 10% intervals of an arbi-
trary value. Row 1: (a) Boussinesq (solid) and (b) compressible (solid) solutions for Dz = 10 km. (c)
|Compressible–Boussinesq|/compressible solutions from Figures 10a and 10b (solid). The gray, red, and
pink shaded contours show the values 1, 3, and 5, respectively. Rows 2 and 3: Same as row 1 but for
Dz = 50 km and Dz = 100 km, respectively. The turquoise and red dots show zdiss = 200 km and 250 km,
respectively. Blue short-dashed lines indicate cIH (in m/s), and green long-dashed lines show �Ir (in min).

force (Dz = 30 km). Figures 11c, 11f, and 11i show the frac-
tional differences between the solutions. Because Dz < H,
the Boussinesq and compressible spectra are nearly identi-
cal for the shallow heating. However, for the deeper heating
(Dz > H), the Boussinesq and compressible spectra differ
by �100% for �H > 1000 km and |�z| > 300 km. Thus, the
solutions differ substantially for GWs with |�z| > 2�H for
heatings deeper than H.

[62] We now discuss the applicability of the examples
shown in Figure 11 for the heat/coolings created by the dis-
sipation of GWs excited by a deep convective plume. The
heating with Dz = 10 km is too shallow to represent a real-
istic heating, while the heating with Dz = 30 km represents
a realistic depth (see Figures 6 and 7). Additionally, many
of the heat/coolings occur as deeper (�50–60 km) dipoles.
Because Dz > H, it is necessary to model the excitation
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Figure 11. Vertical flux of zonal momentum for the GWs excited by a Gaussian heating at
z = 200 km with a full width of DH = 300 km. Contours show 10% intervals of an arbitrary
value. Row 1: (a) Boussinesq (solid) and (b) compressible (solid) solutions for Dz = 10 km. (c)
|Compressible–Boussinesq|/compressible solutions from Figures 11a and 11b (solid). The gray and red
shaded contours show the values 1 and 3, respectively. Row 2: Same as row 1 but for Dz = 30 km. The
turquoise and red dots show zdiss = 200 km and 250 km, respectively. Blue short-dashed lines indicate cIH
(in m/s), and green long-dashed lines show �Ir (in min).

of secondary GWs from the heat/coolings using the com-
pressible solutions. From Figures 11d and 11e, we estimate
the secondary GWs to have �H �200–3000 km, |�z| �20–
700 km, intrinsic periods of �Ir �10–200 min, and intrinsic
horizontal phase speeds of cIH �100–500 m/s. Note that �
1/2 of the secondary GWs propagate out of the force region
prior to dissipating, and many propagate to z > 250 km prior
to dissipating.

6. Conclusions
[63] In this paper, we derived the f-plane, compressible,

linear solutions to local, interval body forcings and
heat/coolings in an isothermal, unsheared, and nondissi-
pative atmosphere. These force/heat/coolings oscillate at
the frequency Oa and turn on and off smoothly over a
finite interval in time. The solutions include a mean
response, GWs, and AWs. We found that the com-
pressible solutions are important for correctly calculating
the amplitudes of the excited GWs which have |�z| >
(1 to 2) � �H if the force/heat/cooling depth is greater
than H.

[64] We applied these solutions to the excitation of
primary GWs in the lower stratosphere from a single
convective plume. Such a plume has been modeled as a ver-

tical body force in previous work [Vadas and Fritts, 2009;
Vadas et al., 2009b, 2012]. We found that the compress-
ible solutions (derived in this paper) are only needed to
describe those deep primary GWs with |�z| > (1 to 2) � �H.
However, because these are the GWs which can penetrate
deeply into the thermosphere, these compressible solutions
are therefore needed for studies involving the impact of GWs
from deep convection on the thermosphere.

[65] We ray traced (with phases) the Boussinesq and com-
pressible GW spectra from the plumes into the thermosphere
using idealized extreme solar minimum and solar maxi-
mum temperature profiles and an idealized 0 to –70 m/s
westward wind. Kinematic viscosity and thermal diffusiv-
ity damped the GWs in the thermosphere. We calculated
the body forces and heat/coolings created by the dissipa-
tion of these primary GWs. We found that the body force
amplitudes using the compressible GW spectra were 10–
40% smaller than those using the Boussinesq GW spectra.
In both cases, zonal and meridional body forces were cre-
ated in the thermosphere; the zonal forces were located at
z �240–250 km east of the plume, and the meridional forces
were located at z �200 km north and south of the plume.
Because of the large westward wind and high frequencies
within the initial GW spectrum, many of the eastward GWs
had their intrinsic frequencies blue-shifted to the buoyancy
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frequency, causing them to reflect downward. This caused
the amplitude of the eastward body force to be smaller
than the amplitudes of the meridional body forces. All body
forces were located a few hundred kilometers horizontally
from the plume and were maximum �75 min after convec-
tive overshoot. For a 20 km diameter plume with an updraft
velocity of 30 m/s, the maximum amplitudes for the horizon-
tal body forces were 0.6 m/s2 and 0.2 m/s2 for the 600 K and
1200 K thermospheres, respectively. Thus, the body force
amplitudes were �3 times larger during extreme solar min-
imum than during solar maximum. This occurred because
the GW dissipation altitudes are more “spread out” during
solar maximum, since the viscosity increases less rapidly
in altitude.

[66] We also calculated the heat/cooling which occurred
in the thermosphere due to the dissipation of these primary
GWs. We found that a high-altitude heating (z �250–
260 km) occurs where the eastward GWs dissipate. This
heating was caused by molecular viscosity. Where the north-
ward/southward GWs dissipated, however, the heat flux
convergence created dipoles, with heating above cooling.
Here, the heating was centered at z �190–200 km, and
the cooling was centered at z �160–170 km. The maxi-
mum amplitudes for the heat/coolings were 0.15 K/s and
0.06 K/s for the 600 K and 1200 K thermospheres, respec-
tively. Thus, the amplitudes were �2–3 times larger during
extreme solar minimum than during solar maximum for
the same reason as for the body forces. Note that the
heat/coolings were displaced a few hundred kilometers hor-
izontally from the plume and were maximum �75 min after
convective overshoot.

[67] We then calculated the GWs excited by Gaussian hor-
izontal body forces and heatings in the thermosphere. We
found that if the depth of the force/heating, Dz, was less
than H, the Boussinesq solutions were adequate for deter-
mining the excited GW spectrum. However, if Dz > H, the
compressible solutions were necessary for determining the
excited GW spectrum.

[68] We applied these solutions to the secondary GWs
from a deep convective plume. Because Dz > H for the
force/heat/coolings created from the dissipation of GWs
from a deep convective plume, we concluded that the com-
pressible solutions are necessary for calculating the excited
secondary GWs. For a single plume, we estimated the sec-
ondary GWs to have �H �200–4000 km, |�z| �20–1100 km,
�Ir �10–200 min, and cIH �100–500 m/s. However, con-
structive and destructive interference of GWs from multiple
plumes create forces with smaller horizontal extents, thereby
exciting smaller-�H GWs [Vadas and Crowley, 2010]. Future
work will calculate the secondary GWs excited by thermo-
spheric body force/heat/coolings generated from multiple
plumes.

Appendix A: Total Energy Equation
[69] In this appendix, we derive the equation for the total

energy. For a perfect gas, the internal energy per unit volume
is �e, where e = CvT is the internal energy per unit mass
[Kundu, 1990]. Using Equations (2) and (3),

D(�e)
Dt

= –��er.v + Cv�JF . (A1)

From Equations (1) and (2),

D
�
� 1

2 v.v + �gz
�

Dt
= –(v.r)p – �

�
1
2

v.v + gz
�
r.v + �v.FF , (A2)

where g = –gOk, so that v.g = –v.r(gz) = –D(gz)/Dt. Addi-
tionally, v.(��v) = 0, since��v is perpendicular to v. The
quantity “� 1

2 v.v + �gz” is the kinetic plus potential energy
per unit volume. We define the total energy per volume to be

E = �
1
2

v.v + �gz + �e. (A3)

Equation (A3) differs from Equation (3.25) in VF01
because that formula contains the wave energy density
instead (e.g., Equation. (2.6) of Bretherton [1969]). Adding
Equations (A1) and (A2) and using DE /Dt = @E /@t+r.(Ev)–
Er.v, we obtain the total energy equation:

@E
@t

+ r.(Ev) = –r.(pv) + �(v.F + CvJ)F . (A4)

Using Gauss’ Theorem,
R

V r.(Ev)dV =
R

A E(v.dA), we
integrate Equation (A3) over a large-enough volume V to
contain the forcings/heat/coolings and dynamical response:

@

@t

Z
V
EdV +

Z
A
Ev.dA = –

Z
A

pv.dA +
Z

V
F�(v.F + CvJ)dV. (A5)

Here, A is the surface which encloses V, and A is A times the
unit vector perpendicular to this surface. Because v = 0 on
this surface, v.dA = 0. The change in time of the total energy
within V is due only to the forcings and heat/coolings:

@

@t

Z
V
EdV =

Z
V
F�(v.F + CvJ)dV. (A6)

The first term on the right-hand side of Equation (A6),
F�v.F, expresses the work done on the fluid by the external
force F per unit volume. The second term, F�CvJ, expresses
the total energy added to the fluid by the heating per unit
volume. This latter term differs from Eq. (3.24) of VF01
because only the wave energy was considered in that for-
mula. In that case, the contribution from the heat/cooling to
the wave energy was (g/N2

B)(� 0/� )JB = (gr/�HN2
B)(� 0/�)J =

Cv(� 0/�)J, where we have used Equations (7), (21), and
(27). For a linear solution (|� 0/� | � 1), the heat/cooling
contributes more to the total energy than to the wave energy.

Appendix B: Compressible, f-plane, Nondissipative
Polarization Relations

[70] In this appendix, we derive the compressible, f-plane,
nondissipative polarization relations for GWs and AWs. We
assume GW and AW plane wave solutions of the form

	(x, y, z, t) = ei(!rt–kx–ly–mz)e	(k, l, m). (B1)

This follows the same form as Equation (15). We define the
“hatted” quantities as follows:

Ou =
�

e–fz/2Hu0
�

=e	, Ov =
�

e–fz/2Hv0
�

=e
 ,

Ow =
�

e–zf/2Hw0
�

=e�, O� =
�

e–zf/2H�0/�� =e�,

Op =
�

e–zf/2Hp0/�
�

= e , OT =
�

e–zf/2HT0/T
�

=e, (B2)
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where the widetilde “ e ” encompasses all factors within
each parenthesis. Using Equations (16)–(20), (13), and (B1),
we obtain the exact, compressible, nondissipative f-plane
polarization relations for both GWs and AWs:

Ou =
ik!Ir + fl
il!Ir – fk

Ov, (B3)

Op =
i
�
!2

Ir – f 2�
ik!Ir + f l

Ou =
i
�
!2

Ir – f 2�
il!Ir – f k

Ov, (B4)

Ow =
–!Ir�

N2
B – !2

Ir
� �m –

i
2H +

i
�H

�
Op, (B5)

O� =

h
i
�
m – i

2H
�

N2
B – !2

Ir
�H

i
g
�
N2

B – !2
Ir
� Op, (B6)

OT =
–N2

B
�
im – 1

2H
�

+ !2
Ir

�H (1 – � )

g
�
N2

B – !2
Ir
� Op, (B7)

Ow =
–!Ir

�
m – i

2H + i
�H

� �
!2

Ir – f2
�

(k!Ir + if l)�
N2

B – !2
Ir
� �

k2!2
Ir + f2l2

� Ou, (B8)

Ow =
–!Ir

�
m – i

2H + i
�H

� �
!2

Ir – f2
�

(l!Ir – if k)�
N2

B – !2
Ir
� �

l2!2
Ir + f 2k2

� Ov, (B9)

Ow =
–g!Ir

�
m – i

2H + i
�H

�
i
�
m – i

2H
�

N2
B – !2

Ir
�H

O�, (B10)

OT =
N2

B
�
im – 1

2H
�

– !2
Ir

�H (1 – � )

g!Ir

�
m – i

2H + i
�H

� Ow. (B11)

If the GWs and AWs are assumed to have the oscillatory
form ei(–!rt+kx+ly+mz) instead, then one must replace i by –i
in Equations (B3)–(B11) to obtain the corresponding com-
pressible polarization relations. Equations (B3)–(B11) show
that compressible effects are important for |m|H � 1, or
|�z| � 2�H. In the limit that f = 0, it is easy to show that
Equations (B8), (B10), and (B11) agree with the compress-
ible, dissipative polarization relations derived in Vadas and
Fritts (2005) (Equations (B1)–(B3) in that paper) in the limit
that � = 0 (and for i ! –i). Note also that Equation (B4)
agrees with Equation (27) in FA03. However, Equation (B5)
differs significantly from Equation (28) in FA03 and also dif-
fers slightly from the correction to FA03 (Equation (28) in
Fritts and Alexander [2012]). We believe that Equation (B5)
is the correct expression.

[71] The Boussinesq limit occurs for GWs with |�z| �
4�H, which is |�z| � 90 km in the lower atmosphere.
In this limit, Equations (B3)–(B4) are the same, and
Equations (B5)–(B11) reduce to the following:

Ow =
–!Irm�

N2
B – !2

Ir
� Op, (B12)

O� =
imN2

B

g
�
N2

B – !2
Ir
� Op, (B13)

OT =
–imN2

B

g
�
N2

B – !2
Ir
� Op, (B14)

Ow =
–!Irm

�
!2

Ir – f 2� (k!Ir + ifl )�
N2

B – !2
Ir
� �

k2!2
Ir + f 2l2

� Ou, (B15)

Ow =
–!Irm

�
!2

Ir – f 2� (l!Ir – if k)�
N2

B – !2
Ir
� �

l2!2
Ir + f 2k2

� Ov, (B16)

Ow =
ig!Ir

N2
B
O�, (B17)

OT =
iN2

B
g!Ir
Ow. (B18)

Note that Equations (B3), (B12), (B14), and (B17) agree
with Equations (4), (C4), (C5), and (C3), respectively, in
Nicolls et al. [2010] (for i ! –i and using Equation (59)).
Additionally, in the limit that !2

Ir � N2
B, Equations (B15)–

(B16) agree with Equations (C8)–(C9) in Nicolls et al.
[2010], respectively.

Appendix C: Initial Condition Solutions
[72] In this appendix, we derive the initial value solutions

(i.e., for no forces/heat/coolings, Fx = Fy = Fz = J = 0). We
use the fact that the inverse transform of L(e ) ise (t) =

1
2� i

Z
esrtL

�e (sr)
�

dsr =
1

2� i
ei(kU+lV)t

Z
estL

�e (s)
�

ds,
(C1)

where we have used Equation (26), since dsr = ds. We then
solve Equations (16)–(20) with F = 0. The compressible
initial value solutions (denoted by the subscripts “IV”) are

e	 IV(t) = ei(kU+lV)t
	

i
f 2 – !2

1

��
lf E
!1

– k!1F
�

sin!1t

+ (kE + lf F) cos!1t
�

+
i

f 2 – !2
2

��
lfG
!2

– k!2H
�

sin!2t

+ (kG + lfH) cos!2t
�

+
ilI
f


(C2)

e
 IV(t) = ei(kU+lV)t
	

i
f 2 – !2

1

�
–
�

kfE
!1

+ l!1F
�

sin!1t

+ (lE – kfF) cos!1t
�

+
i

f 2 – !2
2

�

�
–
�

kfG
!2

+ l!2H
�

sin!2t

+ (lG – kf H) cos!2t
�

–
ikI
f


(C3)

e�IV(t) = ei(kU+lV)t
�

ims –
1
�H

��
1

N2
B –!2

1
(E cos!1t– F!1 sin!1t)

+
1

N2
B – !2

2
(G cos!2t – H!2 sin!2t)

�
(C4)

e�IV(t) = ei(kU+lV)t

"�
–!2

1 + ims(� – 1)g
�

c2
s (N2

B – !2
1 )

�
E
!1

sin!1t + F cos!1t
�

+
�
–!2

2 + ims(� – 1)g
�

c2
s (N2

B – !2
2 )

�
G
!2

sin!2t + H cos!2t
�

+
ims

g
I

#
(C5)

e IV(t) = ei(kU+lV)t
	

E
!1

sin!1t + F cos!1t

+
G
!2

sin!2t + H cos!2t + I


, (C6)

2394



VADAS: COMPRESSIBLE f-PLANE SOLUTIONS

where

� = imsge (0) + ge�(0)ı (C7)

E =
1

s2
2 – s2

1

�
ı
�
s2

1 + f 2�e�(0) – ic2
s˛
�
s2

1 + N2
B
��

(C8)

F = –
1

s2
1
�
s2

2 – s2
1
� �(e (0)s2

1 + �)(s2
1 + f 2) + ic2

sˇf
�
s2

1 + N2
B
��

(C9)

G =
1

s2
2 – s2

1

�
–ı(s2

2 + f 2)e�(0) + ic2
s˛
�
s2

2 + N2
B
��

(C10)

H =
1

s2
2
�
s2

2 – s2
1
� ��e (0)s2

2 + �
� �

s2
2 + f 2� + ic2

sˇf
�
s2

2 + N2
B
��

(C11)

I =
f

s2
1s2

2

�
f� + ic2

sˇN2
B
�

. (C12)

It is then easy to show that Equations (C2)–(C6) reduce to
Equations (B.1)–(B.5) in VF01.

[73] When k = l = kH = 0, then !1 = f from
Equation (31). This causes the denominators of the GW
terms in Equations (C2) and (C3) to equal zero. There-
fore, we calculatee	 IV(t) and e
 IV(t) directly from Equations
(16)–(17) in this special case, since the horizontal velocity
perturbations decouple from the pressure, vertical velocity,
and density perturbations:

e	 IV(t) =e
(0) sin ft +e	(0) cos ft, (C13)e
 IV(t) = –e	(0) sin ft +e
 (0) cos ft. (C14)

Note that the Doppler frequency shift, kU + lV, is zero.
[74] When k = l = kH = 0 and f = 0, then !1 = 0.

This causes the denominators of F and I to equal zero (see
Equations (C9) and (C12)). In this special case, e	 IV(t) ande
 IV(t) are given by Equations (C13)–(C14) with f = 0, and

e�IV(t) =
ims – 1/(�H)

NB
2 – !2

2

�
G0 cos!2t – H0!2 sin!2t

�
(C15)

e�IV(t) =
–!2

2 + ims(� – 1)g
c2

s
�
NB

2 – !2
2
� �

G0

!2
sin!2t + H0 cos!2t

�
+

ims

g
I0

(C16)e IV(t) =
�

G0

!2
sin!2t + H0 cos!2t

�
+ I0, (C17)

where

G0 = –ıe�(0), H0 = e (0) + �/s2
2, I0 = –�/s2

2. (C18)

Appendix D: Special Case of the
Forced/Heated Solutions

[75] In this appendix, we derive special cases of the
forced/heated solutions. When k = l = kH = 0, then
!1 = f from Equation (31). This causes the denominators of
Equations (40)–(41) and Equations (45)–(46) to equal zero.
Therefore, we must calculatee	FH(t) ande
FH(t) directly from
Equations (16)–(17) in this special case, since the horizontal
velocity perturbations decouple from the pressure, verti-
cal velocity, and density perturbations. During the forcing

(i.e., when 0 � t � �), the solutions are

e	FH(t) =
Oa2

�
�
Oa2 – f 2

� 	fFxs

�
sin ft

f
–

sin Oat
Oa

�
+
fFys

f Oa2

˚
Oa2(1 – cos ft) + f 2 (cos Oat – 1)


#
(D1)

e
FH(t) =
Oa2

�
�
Oa2 – f 2

� "fFxs

f Oa2

˚
Oa2(cos ft – 1) – f 2 (cos Oat – 1)



+fFys

�
sin ft

f
–

sin Oat
Oa

�
. (D2)

After the forcing (i.e., when t � �), the solutions are

e	FH(t) =
Oa2

�f
�
Oa2 – f 2

� �fFxsS(f ) –fFysC(f )
�

(D3)

e
FH(t) =
Oa2

�f
�
Oa2 – f 2

� �fFxsC(f ) +fFysS(f )
�

. (D4)

If k = l = kH = 0 and f = 0, then the denominators of
Equations (D1)–(D4) equal zero. For this special case, the
horizontal velocity solutions are simple. During the forcing
(i.e., when 0 � t � �), the solutions are

e	FH(t) =
fFxs

�

	
t –

sin Oat
Oa


(D5)

e
FH(t) =
fFys

�

	
t –

sin Oat
Oa


. (D6)

After the forcing (i.e., when t � �), the solutions aree	FH(t) = fFxs (D7)e
FH(t) = fFys. (D8)

When k = l = kH = 0 and f = 0, then s1 = 0. This causes
K, O, and P to be1 from Equations (52), (55), and (56). In
this case,e�FH(t), e�FH(t), and e FH(t) are given by Equations
(42)–(44) during the forcing/heating and by Equations
(47)–(49) after the forcing/heating but with the following
replacements: K ! K0, M ! M0, N ! N0, O ! O0,
P! P0, Q! Q0, and R! R0, where

K0 = –
imsgeJs

Oa2s2
2

, M0 =
�
imsg – Oa2�eJs

Oa2
�
Oa2 + s2

2
� , (D9)

N0 = –
ıfFzs

Oa2
�
Oa2 + s2

2
� , O0 = 0, P0 = 0, (D10)

Q0 =
�
imsg + s2

2
�eJs

s2
2
�
Oa2 + s2

2
� , R0 = –

ıfFzs

s2
2
�
Oa2 + s2

2
� . (D11)
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