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Abstract In this paper, we derive the atmospheric gravity waves (GWs) and acoustic waves excited by
an ocean surface wave packet with frequency 𝜔F and duration 𝜒 in an f plane, isothermal, windless, and
inviscid atmosphere. This packet is modeled as a localized vertical body force with Gaussian depth 𝜎z . The
excited GW spectrum has discrete intrinsic frequencies (𝜔Ir) at 𝜔F and 𝜔F±2𝜋∕𝜒 (“sum” and “difference”) and
has a “continuum” of frequencies for 𝜔Ir < 𝜔F + 2𝜋∕𝜒 . The momentum flux spectrum peaks at 𝜔Ir ∼ 𝜔F and
decreases rapidly as 𝜔Ir decreases. To simulate the effect these GWs have on the thermosphere, we present
a new scheme whereby we sprinkle  GW spectra in the ocean wave packet region, ray trace the GWs, and
reconstruct the GW field. We model the GWs excited by ocean wave packets with horizontal wavelengths of
𝜆H = 190 km, periods of 𝜏F = 2𝜋∕𝜔F = 14 − 20 min and 𝜒 = 30 − 50 min. The excited GWs begin to arrive
at z = 250 km at t ∼ 75 − 80 min. Those with the largest temperature perturbations T ′ have large 𝜔Ir and
arrive at t ∼ 90 − 130 min. If |𝛼| = 𝜔F + 2𝜋∕𝜒 is a solution of the GW dispersion relation and |𝛼| is less than
the buoyancy frequency at z = 250 km, the sum and highest-frequency continuum GWs have much larger
phase speeds and arrive 50–60 min earlier with larger T ′ than the GWs with frequency 𝜔F . For a packet with
𝜆H = 190 km, 𝜏F = 14 min, 𝜒 = 30 min, and height h0 = 1.3 m, the maximum T ′ at z = 250 km is ∼9, 22, and
40 K for 𝜎z = 1, 2, and 4 m, respectively.

1. Introduction

Atmospheric gravity waves (GWs) with large phase speeds, frequencies, and vertical wavelengths can transfer
significant amounts of momentum and energy from the lower atmosphere to the midthermosphere because
(1) GW amplitudes increase exponentially with altitude [Hines, 1960] and (2) the thermosphere is a viscous
fluid, thereby causing every GW to dissipate there [Pitteway and Hines, 1963; Hickey and Cole, 1988; Vadas
and Fritts, 2005; Vadas, 2007; Heale et al., 2014]. When a GW dissipates, it heats/cools the surrounding fluid
[Walterscheid, 1981; Liu, 2000; Medvedev and Klaassen, 2003; Becker, 2004; Yiğit and Medvedev, 2009; Vadas,
2013] and accelerates the fluid in the direction that it was propagating [Fritts and Alexander, 2003; Vadas
and Fritts, 2006; Miyoshi and Fujiwara, 2008; Vadas and Liu, 2009; Yiğit et al., 2009; Vadas, 2013]. Thus, energy
and momentum are transferred from the GW to the thermosphere upon dissipation. Such processes
have been studied extensively for deep convection via modeling [Vadas and Liu, 2009, 2013; Vadas, 2013;
Vadas et al., 2014].

GWs from deep convection have been observed in the ionosphere for decades [e.g., Bauer, 1958; Röttger, 1977;
Hung and Kuo, 1978; Kelley, 1997; Hocke and Tsuda, 2001; Bishop et al., 2006]. GWs excited by mountain wave
breaking have also been observed in the ionosphere [Vadas and Nicolls, 2009; Smith et al., 2013]. Recently,
interest has turned toward understanding the role that GWs excited by ocean surface waves have on the
thermosphere and ionosphere. Djuth et al. [2010] postulated an ocean wave source for many of the GWs
observed by the incoherent scatter radar at the Arecibo Observatory (AO). Nicolls et al. [2014] determined
the direction of propagation for the GWs observed at the AO during a 3 day campaign. Although deep
convection was postulated as a likely source, some of the GWs could have been excited by ocean surface
waves. In a different study at Wallops Island, Vadas and Crowley [2010] found that most of the observed GWs
were likely secondary GWs from Tropical Storm Noel. While this is still the most likely source for those GWs
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having phase speeds > 300 m/s, it is possible that some of the subsound speed GWs could have been excited
by ocean surface waves.

Tsunamis are a series of ocean waves created by earthquakes beneath the ocean surface, volcanos, land-
slides, large meteor impacts, etc. It has been theorized that GWs launched by tsunamis can propagate well
into the thermosphere and can couple into the ionosphere [Hines, 1960; Najita et al., 1974; Peltier and Hines,
1976]. Observations made during several tsunamis in the Indian and Pacific Oceans over the past decade
have confirmed this coupling process. Artru et al. [2005] used the dense GPS Earth Observation Network of
dual-frequency receivers located in Japan to image the ionospheric response created by the tsunami result-
ing from the 2001 Peruvian earthquake. Additional observations of tsunami-generated GWs in the ionosphere
made using radio techniques were reported for the 2004 Sumatra tsunami [e.g., Liu et al., 2006; Lognonné et al.,
2006; Occhipinti et al., 2006], as well as essentially every subsequent tsunami in the Pacific Ocean [e.g., Rolland
et al., 2010; Galvan et al., 2011; Makela et al., 2011; Occhipinti et al., 2013; Garcia et al., 2014].

The excitation and propagation of GWs from tsunamis have been studied previously using various models
[Peltier and Hines, 1976; Hickey et al., 2009, 2010; Occhipinti et al., 2006, 2011; Matsumura et al., 2011; Makela
et al., 2011; Galvan et al., 2012; Kherani et al., 2012; Broutman et al., 2014]. Most of these studies found that
some of the excited GWs can propagate into the midthermosphere (i.e., z ∼ 200 − 300 km). However, simpli-
fications were made in many of these models which limit their application and future predictive capabilities.
Occhipinti et al. [2006, 2011] did not include thermospheric dissipation and assumed that the Boussinesq
approximation was appropriate. However, the thermosphere is characterized by exponentially increasing vis-
cosity. Therefore, neglecting viscosity yields GW amplitudes that are far too large, even for GWs with large
phase speeds of cH ∼200m/s [Vadas, 2007]. Thus, GW excitation amplitudes at the ocean surface had to be
adjusted by hand to yield reasonable ionospheric amplitudes that matched observations. Additionally, the
Boussinesq approximation is only valid if a GW’s vertical wavelength, |𝜆z|, is small compared to 2𝜋, where
 is the neutral density scale height. This is a poor assumption for the largest-amplitude GWs that are able
to propagate to z ∼250 km, as we show in this paper. Hickey et al. [2009] used a sum of steady state GW
solutions to calculate the tsunami-induced GW solutions in the thermosphere. However, such a sum likely can-
not represent the general, time-dependent atmospheric solutions to the fluid equations, since each steady
state solution for each wave component peaks too high in altitude. This occurs because the GWs excited
by a steady state system continuously pump energy and momentum into the system in order to maintain
it, thereby pushing the GW effects up in altitude by several density scale heights [Vadas and Nicolls, 2012].
Additionally, a tsunami is highly localized temporally and spatially and is therefore poorly approximated as
a steady state system because the excited GWs cannot supply a continuous stream of energy and momen-
tum to the same (x, y, z) location in the thermosphere. Finally, Peltier and Hines [1976], Occhipinti et al. [2008],
and Hickey et al. [2009] approximated a tsunami as a steady state, plane ocean surface wave, rather than as
a localized ocean surface wave packet. (Here a “wave packet” refers to ocean surface waves having similar
periods and wave vectors that are approximately localized in space and time.) This approximation led to an
oversimplified assumption concerning the phase speeds and frequencies of the excited GWs. The steady state
assumption treated the tsunami as a “mountain” in the presence of a constant wind, thus simplifying the solu-
tion to a stationary mountain wave solution with vertically propagating lee waves. This assumption, combined
with the plane wave assumption, led to the assumption that the GWs excited by a tsunami have the same
phase speed and frequency, 𝜔F = cH∕𝜆H, as the fundamental wave (with horizontal wavelength 𝜆H) within
the tsunami (as determined from the Fourier transform of the ocean surface displacement). As we shall see
in this paper, an ocean surface wave packet excites a spectrum of GWs containing distinct frequencies and a
continuum of frequencies, thereby resulting in GWs having phase speeds that are larger, smaller, and equal
to that of the ocean surface wave. This occurs primarily because the ocean wave packet is localized in time
and space.

As described previously, there have been many ionospheric observations of tsunami-generated GWs. This
points to the distinct possibility of using ionospheric observations to monitor for tsunamis. However, sig-
nificant work still needs to be done to quantitatively relate the amplitudes, phase speeds, and timing of
these ionospheric perturbations to the amplitudes and phases of the ocean-level perturbations. Indeed, such
quantitative linkages likely require significant improvements in the modeling of tsunami-generated GWs as
they are excited from the ocean and then propagate and dissipate in the thermosphere.
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Real and modeled ocean surface displacements in tsunami events involve complicated interactions of shallow
water wave models with coastline, bathymetry, existing surface waves, and a variety of surface forcings in
addition to the triggering event. The atmospheric response to the full complexity of a real tsunami forcing is
too large an undertaking given the development of GW and acoustic wave (AW) modeling to date. Instead,
we show below that the tsunami forcing is abstracted to be represented by a body force proportional to the
vertical component of the surface displacement amplitude by a wave packet that is consistent with observed
and modeled tsunami scales, perhaps most appropriately associated with the leading edge of a tsunami event.
Qualitative support for this abstraction is taken from sources like Salmon [2014] and Gill [1982]. Note that
diffusive effects caused by the boundary layer (Ekman layer) at the ocean-atmosphere interface or from
diffusion in the planetary boundary layer are neglected here.

In this paper, we introduce a new model which determines the GW field in the thermosphere excited by an
ocean surface wave packet (i.e., localized in time and space). This model consists of two parts. The first part
consists of a model which calculates the spectral solutions for the GWs (and AWs) excited by an ocean surface
wave packet. These solutions are compressible, not Boussinesq, and are therefore not constrained by the value
of |𝜆z|. Additionally, the GW amplitudes are obtained directly from this model and are therefore not ad hoc.
The second part consists of “sprinkling” hundreds or thousands of GW spectra (obtained from the first part)
throughout the ocean wave packet region, ray tracing the GWs (with phases) into the thermosphere, and
reconstructing the GW field in the thermosphere. Because we ray trace the GWs, the thermosphere can include
realistic viscosity, thereby allowing for a significant improvement over inviscid models. This sprinkling scheme
is novel and is tailored to result in solutions that very closely resemble the exact Fourier-Laplace solutions for
the response to an ocean surface wave packet in an isothermal, windless, and inviscid atmosphere.

We review the method used to derive the compressible f plane solutions to general body forces and heatings
in section 2. In section 3, we argue that the acceleration of air above an ocean surface wave packet can be
modeled as a vertical body force. We then derive the solutions to an ocean surface wave packet. We describe
our new GW sprinkling/ray trace scheme and show how to reconstruct the GW field in section 4. In section 5,
we ray trace the GWs excited by medium-scale ocean wave packets into the thermosphere and reconstruct
the GW fields. We also determine the relative importance of the GWs with the fundamental, sum, difference,
and continuum frequencies at the ocean surface and in the thermosphere. Our conclusions are provided in
section 6. The appendices contain special case wave packet solutions and the compressible f plane solutions
to a steady state ocean surface wave.

2. Excitation of GWs and AWs From Body Forces and Heatings

In this section, we review the equations and solution methods used to determine the fluid response to general
3-D body forces and heatings having separable spatial and temporal dependencies in an isothermal, inviscid,
and windless atmosphere.

2.1. Compressible, f Plane Fluid Equations
The compressible momentum, mass, and energy equations for general body forces and heatings in a 3-D
inviscid fluid satisfying the f plane approximation are (equations (1), (2), and (4) in Vadas [2013]):

Dv
Dt

+ 1
𝜌
∇p − g + 2𝛀 × v = F(x) (t), (1)

D𝜌
Dt

+ 𝜌∇.v = 0, (2)

Dp
Dt

+ 𝛾p∇.v =
p
T

J(x) (t), (3)

where x = (x, y, z), D∕Dt = 𝜕∕𝜕t + (v.∇), v = (u, v,w) is velocity vector, u, v, and w are zonal, meridional, and
vertical velocities, respectively, T is temperature, 𝜌 is density, p is pressure, 𝛀 is Earth’s rotation vector, and
g = −gk̂ is the gravitational force. We use the ideal gas law, p = r𝜌T , where r = (8308∕XMW)m2s−2K−1, XMW is
the mean molecular weight of a particle in the gas (in g/mol), 𝛾 − 1 = r∕Cv , and Cv is the mean specific heat
at constant volume. The body force and heating have time dependence  (t). The spatial portion of the 3-D
body force is F(x) = (Fx , Fy, Fz) and that of the heat/cooling is J(x). The functions F and J can be any arbitrary
(but continuous and derivable) functions of x.
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The mean molecular weight decreases from XMW = 28.9 in the lower atmosphere to XMW = 16 in the upper
thermosphere as the molecular composition changes from primarily diatomic N2 and O2 to monatomic O
[Roble and Ridley, 1994]. At the same time, 𝛾 increases from 𝛾 = 1.4 to 𝛾 = 1.67 because of this change. The
transition from diatomic to monatomic species occurs at z ∼ 150 to 300 km. In order to solve equations (1)–(3)
analytically, we assume that the fluid is composed of a single species, and that XMW and 𝛾 are locally constant.
We also assume that the fluid is isothermal (constant temperature in x), inviscid, and unsheared. (Without
these assumptions, it is not possible to derive analytic solutions, which are necessary for ray tracing.) Variations
in the background temperature, wind, dissipation, XMW and 𝛾 are included via ray tracing away from the source
region (see section 5) [e.g., Vadas, 2007; Fritts and Vadas, 2008].

2.2. Solution Method
We now review the method we use to derive the linear solutions to equations (1)–(3). We follow the for-
malism developed in Vadas [2013]. Note that we leave the temporal dependence of the force/heatings,  (t),
unspecified here.

We expand the variables as mean (overlines) plus perturbations (primes) in local Cartesian coordinates:

u = U + u′, v = V + v′, w = w′,

𝜌 = 𝜌 + 𝜌′, T = T + T ′, p = p + p′. (4)

We neglect the Earth’s curvature and assume that the fluid obeys the f plane approximation. For medium
and high-frequency waves with periods less than a few hours, f = 0 is an excellent approximation at any
latitude, because the Coriolis force is ineffective at these time scales. This approximation is satisfied for an
ocean wave packet if its fundamental period is less than a few hours. Note that typical tsunami periods are
∼10 to ∼60 min. The hydrostatic equation (derived from equation (1) for v = F = J = 0) is dp∕dz = −g𝜌,
yielding (Hines, 1960)

𝜌 = 𝜌0e−z∕ , p = p0e−z∕ , (5)

where  = −𝜌(d𝜌∕dz)−1 = rT 0∕g is the neutral density scale height, and 𝜌0, T 0, and p0 are the mean density,
temperature, and pressure at z = 0, respectively. (Note that our isothermal assumption implies that T = T 0.)
We assume that the force/heat/cooling amplitudes are small enough that wave-mean flow and wave-wave
interactions can be neglected. The resulting linearized equations are given by equations (10)–(12) in Vadas
[2013]. We define the following variables:

𝜉 = e−z∕2u′, 𝜎 = e−z∕2v′, 𝜂 = e−z∕2w′,

𝜙 = ez∕2𝜌′∕𝜌0 = e−z∕2𝜌′∕𝜌, 𝜓 = ez∕2p′∕𝜌0 = e−z∕2p′∕𝜌,

𝜁 = e−z∕2T ′∕T0. (6)

We also define the “scaled” force/heat/coolings (denoted by the subscript “s”) as

Fxs = e−z∕2Fx , Fys = e−z∕2Fy,

Fzs = e−z∕2Fz, Js = e−z∕2 rJ. (7)

We expand 𝜉, 𝜎, 𝜂, 𝜙, 𝜓 , 𝜁 , Fxs, Fys, Fzs, and Js as Fourier series. For example,

𝜉(x, y, z, t) = 1
(2𝜋)3 ∫

∞

−∞ ∫
∞

−∞ ∫
∞

−∞
e−i(kx+ly+mz)𝜉(k, l,m, t)dk dl dm, (8)

where “̃ ” denotes the Fourier transform, k = (k, l,m) is the wave vector, and k, l, and m are the zonal, merid-
ional, and vertical wave numbers, respectively. Additionally, the horizontal wave number is kH =

√
k2 + l2.

Equations (1)–(3) become (equations (16)–(20) in Vadas [2013]):

𝜕𝜉

𝜕t′′
− ik�̃� − f𝜎 = F̃xs (t), (9)

𝜕𝜎

𝜕t′′
− il�̃� + f𝜉 = F̃ys (t), (10)
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𝜕𝜂

𝜕t′′
− ims�̃� + g𝜙 = F̃zs (t), (11)

𝜕𝜙

𝜕t′′
− i

(
k𝜉 + l𝜎 + ms𝜂

)
= 0, (12)

𝜕�̃�

𝜕t′′
+ 𝛿𝜂 − ic2

s (k𝜉 + l𝜎) = J̃s (t), (13)

where 𝜕∕𝜕t′′ = 𝜕∕𝜕t − i(kU + lV), the sound speed is cs, and

c2
s = 𝛾g = 𝛾rT 0, (14)

𝛿 = g(𝛾 − 1) − ic2
s ms, (15)

ms = m − i∕2. (16)

Since p = r𝜌T , then p′∕p = 𝜌′∕𝜌 + T ′∕T . Using this and equation (6), the scaled temperature perturbation
is then

𝜁 = 𝛾

c2
s

�̃� − 𝜙. (17)

We take the Laplace transform of equations (9)–(13). For example, the Laplace transform of �̃� is [Abramowitz
and Stegun, 1972]:

�̃� = (�̃�) = ∫
∞

0
e−sr t�̃�(t)dt, (18)

where

s = sr − i(kU + lV), (19)

and the intrinsic and ground-based wave frequencies are𝜔Ir = −is and𝜔r = −isr , respectively. (Here a Laplace
transform in time is utilized (rather than a Fourier transform in time) in order to preserve the explicit time
dependence of the solution caused by the envelope force. Such time-dependent terms can often be linear in
t [for example, Vadas and Fritts, 2001]. The resulting equations are then functions of 𝜉 , 𝜎 , 𝜂 , 𝜙, and �̃� .
We solve these five linear equations for �̃� and obtain

�̃� = 1
s(s2 − s2

1)(s2 − s2
2)

{[
(s2 + imsg)(s2 + f 2)�̃�(0) − 𝛿(s2 + f 2)(s𝜂(0) − g𝜙(0))

+ic2
s

[{
k𝜉(0) + l𝜎(0)

}
s +

{
k𝜎(0) − l𝜉(0)

}
f
] (

s2 + N2
B

)]
+
[

ic2
s (sAF + f BF)

(
s2 + N2

B

)
− 𝛿s(s2 + f 2)F̃zs + (s2 + imsg)(s2 + f 2)J̃s

]
}
. (20)

Here the Laplace transform of  (t) is  , the buoyancy frequency is NB,

N2
B = (𝛾 − 1)g2∕c2

s (21)

AF = kF̃xs + lF̃ys (22)

BF = kF̃ys − lF̃xs. (23)

(Note that equation (20) was not shown in Vadas [2013].) The corresponding compressible f plane dispersion
relation (applicable to both AWs and GWs) is

s4 +
[

f 2 + c2
s (k

2 + 1∕(42))
]

s2 + c2
s

[
k2

HN2
B + f 2(m2 + 1∕(42))

]
= 0. (24)

The two roots of equation (24) are

s2
1 = −𝜔2

1 = −a
2

[
1 −

√
1 − 4b∕a2

]
, (25)
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s2
2 = −𝜔2

2 = −a
2

[
1 +

√
1 − 4b∕a2

]
, (26)

and correspond to the GWs and AWs, respectively. Here

a = −
(

s2
1 + s2

2

)
=
[

f 2 + c2
s (k

2 + 1∕(42))
]
, (27)

b = s2
1s2

2 = c2
s

[
k2

HN2
B + f 2(m2 + 1∕(42))

]
. (28)

The intrinsic GW frequency is 𝜔GW = 𝜔1 = −is1, while the intrinsic AW frequency is 𝜔AW = 𝜔2 = −is2.

Given a specified analytic function for the temporal dependence of the force/heating  (t), we compute 
analytically, plug it into equation (20), take the inverse Laplace transform of equation (20), and then solve for
�̃�(k, t). We also differentiate and rearrange equations (9)–(13) to obtain

𝜕2𝜉

𝜕t2
+ f 2𝜉 = ik

𝜕�̃�

𝜕t
+ ilf �̃� + f F̃ys + F̃xs

d
dt

, (29)

𝜕2𝜎

𝜕t2
+ f 2𝜎 = il

𝜕�̃�

𝜕t
− ikf �̃� − f F̃xs + F̃ys

d
dt

, (30)

𝜕2𝜂

𝜕t2
+ N2

B𝜂 =
g
c2

s

(
i𝛾ms − 1

) 𝜕�̃�

𝜕t
+

g
c2

s

(
𝛾F̃zs

d
dt

+ J̃s
)
, (31)

𝜕2𝜙

𝜕t2
+ N2

B𝜙 = 1
c2

s

𝜕2�̃�

𝜕t2
+ ims

N2
B

g
�̃� +

g(𝛾 − 1)
c2

s

F̃zs − 1
c2

s

J̃s
d
dt

. (32)

Here we have substituted t′′ → t for ease of notation. Then, 𝜉(k, t), 𝜎(k, t), 𝜂(k, t), and 𝜙(k, t) are obtained
from �̃�(k, t) by analytically integrating equations (29)–(32). 𝜁 is obtained from equation (17). Note that �̃� , 𝜉,
𝜎, 𝜂, 𝜙, and 𝜁 are functions of the wave vector k and time t.

3. Excitation of GWs and AWs From an Ocean Surface Wave Packet

Consider a linear ocean surface wave packet far from shore. We first understand how this wave affects the air
directly above it and then solve the atmospheric equations of motion.

3.1. Acceleration of Air Above an Ocean Surface Wave
We first consider the simplest case of a parcel of air located just above the surface of the ocean which is
perturbed by a steady state plane ocean surface wave. As the surface wave travels under the air parcel, the
air parcel is primarily displaced upward and downward in time, like a buoy, with little net horizontal motion.
(Note that the parcels of water within the ocean surface wave form ellipses) [Gill, 1982, page 103]. Therefore,
we assume that the ocean wave only accelerates the air parcels in the vertical direction. (However, note that
both vertical and horizontal accelerations excite GWs) [Vadas and Fritts, 2001; Vadas, 2013]. If the displacement
of the ocean depth about the mean depth is given by

h′(x, y, t) = h0ei(𝜔F t−kx−ly+q), (33)

then the vertical acceleration of the ocean surface is

𝜕2h′

𝜕t2
= −h0𝜔F

2ei(𝜔F t−kx−ly+q) = −𝜔F
2h′. (34)

Here h0 is the amplitude of the ocean surface wave,𝜔F is the frequency, q is the phase, and k and l are the zonal
and meridional wave numbers, respectively. Because the ocean is ∼1000 times denser than air, we assume
that the ocean wave surface is not deformed by the back reaction of the excited atmospheric perturbations
on the ocean. Then equation (34) equals the vertical acceleration of the air just above the ocean surface.

Although equation (34) describes the vertical acceleration caused by a steady state plane ocean wave, a similar
argument holds for a localized ocean surface wave packet (i.e., that the air above the ocean wave packet is
primarily accelerated vertically). We therefore describe the effect that an ocean surface wave packet has on
the air just above it by inserting a localized vertical acceleration into the atmospheric equations of motion at
the ocean surface.
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3.2. Atmospheric Perturbations Created by an Ocean Surface Wave Packet
We model the effect that an ocean surface wave packet has on the atmosphere as a vertical body force (i.e., a
vertical acceleration). The spatial portion of this force is

F(x) = Fz(x)k̂, (35)

since our assumption is that Fx = Fy = 0. If we wanted to model the atmospheric response to a steady state
plane ocean wave, we could choose  (t) = sin(𝜔F t) for t = [−∞,∞]. However, we are interested in the
response to an ocean surface wave packet, since that best describes the leading edge of a tsunami [pg. 111
of Salmon, 2014]. Therefore, we choose  to oscillate at the fundamental frequency 𝜔F over an envelope of
duration 𝜒 :

 (t) = 1
𝜒

{
(1 − cos ât) sin(𝜔F t) for 0 ≤ t ≤ 𝜒

0 for t ≤ 0 and t ≥ 𝜒.
(36)

This function begins at t = 0 and ends at t = 𝜒 . The envelope frequency is

â ≡ 2𝜋n∕𝜒, (37)

where n is a positive integer. Although we derive the solutions for any n, we only employ n = 1 for the ocean
wave excitation mechanism. Note that the fundamental period,

𝜏F ≡ 2𝜋∕𝜔F , (38)

is unrelated to 𝜒 in general. Figure 1 shows  (t) with 𝜏F = 15 min for 𝜒 = 1 and 2 h. The 𝜔F oscillation is
modulated by a smooth envelope which turns on at t = 0, peaks at 𝜒∕2, and ends at t = 𝜒 . The envelope
functions are also shown in Figure 1.

We are only interested in the response of the atmosphere to the ocean surface wave packet. Therefore, we set
the initial conditions to zero: 𝜉(0) = 𝜎(0) = 𝜂(0) = 𝜙(0) = �̃�(0) = 𝜁 (0) = 0. We also set Fx = Fy = 0 and J = 0.
Equation (20) becomes

�̃� =
−𝛿(s2 + f 2)F̃zs

(s2 − s2
1)(s2 − s2

2)
 . (39)

Equation (39) is the Laplace transform of the scaled pressure perturbation caused by the general vertical body
force, Fz k̂. Note that Fz can be any function of x as long as it and its first derivatives are continuous.

We now determine the atmospheric solution for our chosen temporal dependence. For simplicity, we set the
background mean winds to zero: U = V = 0. (This is equivalent to calculating the solution in the intrinsic
frame of reference moving with the air at the ocean surface.) The Laplace transform of equation (36) is then

 = 1
𝜒

{
𝜔F − e−s𝜒 (s sin𝜔F𝜒 + 𝜔F cos𝜔F𝜒)

(s2 + 𝜔2
F)

+
𝛼 − e−s𝜒 (s sin 𝛼𝜒 + 𝛼 cos 𝛼𝜒)

2(s2 + 𝛼2)

+
𝛽 − e−s𝜒 (s sin 𝛽𝜒 + 𝛽 cos 𝛽𝜒)

2(s2 + 𝛽2)

}
, (40)

where

𝛼 = −𝜔F − â, (41)

𝛽 = −𝜔F + â. (42)

Here “−𝛼” and “−𝛽” are the sum and difference frequencies of the fundamental ocean wave frequency (𝜔F)
with the envelope frequency (â), respectively.

Plugging equation (40) into equation (39), we obtain

�̃� = −
𝛿F̃zs

𝜒

{Q̃(𝜔F ) +
1
2
Q̃(𝛼) +

1
2
Q̃(𝛽)

}
, (43)

where

Q̃(Υ) =
(s2 + f 2)[Υ − e−s𝜒 (s sinΥ𝜒 + 𝜔F cosΥ𝜒)]

(s2 + Υ2)(s2 − s2
1)(s2 − s2

2)
(44)
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Figure 1.  (t) × 1000 versus time for 𝜏F = 15 min (solid lines). We show (a) 𝜒 = 1 h and (b) 𝜒 = 2 h. The envelope
function (1 − cos ât) (with n = 1) is shown as dotted lines (values are shown on the right-hand y axis).

and “Υ” represents the frequency 𝜔F , 𝛼, or 𝛽 . We rewrite equation (43) in terms of simple partial fractions
(such as 1∕(s2−s2

1)) [Abramowitz and Stegun, 1972]. We then take the inverse Laplace transform of equation (43)
in a straightforward but tedious way and determine the pressure perturbation �̃� as a function of k and t.
(Note that �̃� is therefore not a function of the Laplace variable s). We then calculate the velocity and
density perturbations 𝜉, 𝜎, 𝜂, and 𝜙 by analytically integrating equations (29)–(32). These perturbations are
also functions of k and t. The final forced solutions for t ≥ 0 are

𝜉F(t) = −
i𝛿F̃zs

𝜒

{
A

(f 2 − 𝜔2
F)
(k𝜔F cos𝜔F t + lf sin𝜔F t) + B

(f 2 − 𝛼2)
(k𝛼 cos 𝛼t + lf sin 𝛼t)

+ C
(f 2 − 𝛽2)

(k𝛽 cos 𝛽t + lf sin 𝛽t) + 1
(f 2 − 𝜔2

1)
[
(k𝜔1D + lf E) cos𝜔1t + (−k𝜔1E + lf D) sin𝜔1t

]
+ 1
(f 2 − 𝜔2

2)
[
(k𝜔2F + lf G) cos𝜔2t + (−k𝜔2G + lf F) sin𝜔2t

]}
, (45)

𝜎F(t) = −
i𝛿F̃zs

𝜒

{
A

(f 2 − 𝜔2
F)
(l𝜔F cos𝜔F t − kf sin𝜔F t) + B

(f 2 − 𝛼2)
(l𝛼 cos 𝛼t − kf sin 𝛼t)

+ C
(f 2 − 𝛽2)

(l𝛽 cos 𝛽t − kf sin 𝛽t) + 1
(f 2 − 𝜔2

1)
[
(l𝜔1D − kf E) cos𝜔1t − (l𝜔1E + kf D) sin𝜔1t

]
+ 1
(f 2 − 𝜔2

2)
[
(l𝜔2F − kf G) cos𝜔2t − (l𝜔2G + kf F) sin𝜔2t

]}
, (46)

𝜂F(t) =
[N2

B − c2
s (m

2 + 1
42 )]F̃zs

𝜒

{
A𝜔F

N2
B − 𝜔2

F

cos𝜔F t + B𝛼
N2

B − 𝛼2
cos 𝛼t + C𝛽

N2
B − 𝛽2

cos 𝛽t

+
𝜔1

N2
B − 𝜔2

1

(D cos𝜔1t − E sin𝜔1t) +
𝜔2

N2
B − 𝜔2

2

(F cos𝜔2t − G sin𝜔2t)

}

+
(1 −)F̃zs

𝜒

{
𝜔F cos𝜔F t

N2
B − 𝜔2

F

+ 𝛼 cos 𝛼t

2
(

N2
B − 𝛼2

) + 𝛽 cos 𝛽t

2
(

N2
B − 𝛽2

)} , (47)

�̃�F(t) = −
𝛿F̃zs

𝜒

{
A sin𝜔F t + B sin 𝛼t + C sin 𝛽t + D sin𝜔1t + E cos𝜔1t + F sin𝜔2t + G cos𝜔2t

}
, (48)

𝜙F(t) =
𝛿F̃zs

𝜒c2
s

{
A[𝜔2

F − ims(𝛾 − 1)g]
N2

B − 𝜔2
F

sin𝜔F t +
B[𝛼2 − ims(𝛾 − 1)g]

N2
B − 𝛼2

sin 𝛼t +
C[𝛽2 − ims(𝛾 − 1)g]

N2
B − 𝛽2

sin 𝛽t

+
[𝜔2

1 − ims(𝛾 − 1)g]
N2

B − 𝜔2
1

(D sin𝜔1t + E cos𝜔1t) +
[𝜔2

2 − ims(𝛾 − 1)g]
N2

B − 𝜔2
2

(F sin𝜔2t + G cos𝜔2t)

}

+
(1 −)(𝛾 − 1)gF̃zs

𝜒c2
s

{
sin𝜔F t

N2
B − 𝜔2

F

+ sin 𝛼t
2(N2

B − 𝛼2)
+ sin 𝛽t

2(N2
B − 𝛽2)

}
, (49)
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where the subscript “F” denotes the forced solution, and  is the Heaviside step function:

 =
{

0 for 0 ≤ t < 𝜒

1 for t ≥ 𝜒.
(50)

The time-independent coefficients are

A =
( − 1)(𝜔2

F − f 2)
(−𝜔2

1 + 𝜔2
F)(−𝜔

2
2 + 𝜔2

F)
, (51)

B = ( − 1)(𝛼2 − f 2)
2
(
−𝜔2

1 + 𝛼2
) (

−𝜔2
2 + 𝛼2

) , (52)

C = ( − 1)(𝛽2 − f 2)
2
(
−𝜔2

1 + 𝛽2
) (

−𝜔2
2 + 𝛽2

) , (53)

D =
(
−𝜔2

1 + f 2
)

𝜔1

(
−𝜔2

1 + 𝜔2
2

) (
(𝜔F −p1(𝜔F))(

𝜔2
F − 𝜔2

1

) +
(𝛼 −p1(𝛼))
2
(
𝛼2 − 𝜔2

1

) +
(𝛽 −p1(𝛽))
2
(
𝛽2 − 𝜔2

1

) )
, (54)

E = −
(
−𝜔2

1 + f 2
)

𝜔1

(
−𝜔2

1 + 𝜔2
2

) (
q1(𝜔F)(
𝜔2

F − 𝜔2
1

) +
q1(𝛼)

2
(
𝛼2 − 𝜔2

1

) +
q1(𝛽)

2
(
𝛽2 − 𝜔2

1

)) , (55)

F = −
(
−𝜔2

2 + f 2
)

𝜔2

(
−𝜔2

1 + 𝜔2
2

) (
(𝜔F −p2(𝜔F))(

𝜔2
F − 𝜔2

2

) +
(𝛼 −p2(𝛼))
2
(
𝛼2 − 𝜔2

2

) +
(𝛽 −p2(𝛽))
2
(
𝛽2 − 𝜔2

2

) )
, (56)

G =
(
−𝜔2

2 + f 2
)

𝜔2

(
−𝜔2

1 + 𝜔2
2

) (
q2(𝜔F)(
𝜔2

F − 𝜔2
2

) +
q2(𝛼)

2
(
𝛼2 − 𝜔2

2

) +
q2(𝛽)

2
(
𝛽2 − 𝜔2

2

)) . (57)

Additionally, the variables p and q are functions of Υ, and are defined as:

pj(Υ) = Υ cos(Υ𝜒) cos(𝜔j𝜒) + 𝜔j sin(Υ𝜒) sin(𝜔j𝜒), (58)

qj(Υ) = −Υ cos(Υ𝜒) sin(𝜔j𝜒) + 𝜔j sin(Υ𝜒) cos(𝜔j𝜒), (59)

where “Υ” is the frequency 𝜔F , 𝛼, or 𝛽 , and the subscript “j” is either “1” (GW) or “2” (AW). For t < 0 (prior to
the wave packet), 𝜉F = 𝜎F = 𝜂F = �̃�F = 𝜙F = 0.

We dub equations (45)-(49) the exact “Fourier-Laplace” (FL) wave packet solutions because they were derived
using Fourier and Laplace transform techniques. Note that these solutions are functions of the wave vector k
and time t. It can be shown that for t = 0, 𝜉F(0) = 𝜎F(0) = 𝜂F(0) = �̃�F(0) = 𝜙F(0) = 0. Special case solutions
are given in Appendix A. When 𝜔1 or 𝜔2 equals 𝜔F , −𝛼, or −𝛽 , some of the coefficients in equations (51)–(57)
(e.g., A, B) “blow up”, which one might think would cause the solutions to “blow up.” They do not, however,
because of cancelations with factors in the numerators of the FL solutions. We have derived the solutions for
𝜔1 = 𝜔F + 𝜖 as 𝜖 → 0, 𝜔1 = −𝛼 + 𝜖 as 𝜖 → 0, etc. to prevent this from occurring in the Fortran 90 model.

For completeness, we also derived the steady state ocean wave solutions for  (t) = sin(𝜔F t). These solutions
are contained in Appendices B and C.

In equations (45)–(49), all terms proportional to cos𝜔1t and sin𝜔1t represent freely propagating GWs,
while all terms proportional to cos𝜔2t and sin𝜔2t represent freely propagating AWs. These waves obey
the dispersion relation, equation (24). Those terms proportional to cos𝜔F t, cos 𝛼t, cos 𝛽t, sin𝜔F t, sin 𝛼t, and
sin 𝛽t represent forced oscillations created by the vertical forcing. These forced oscillations are only nonzero
while the force is occurring (i.e., for 0 ≤ t ≤ 𝜒 or  = 0) and may or may not represent propagating waves
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(i.e., GWs or AWs). Only for wave vectors (k, l,m) which satisfy equation (24) for 𝜔1 = 𝜔F , 𝜔1 = −𝛼, 𝜔1 = −𝛽 ,
𝜔2 = 𝜔F , 𝜔2 = −𝛼, or 𝜔2 = −𝛽 do the forced oscillations propagate in the atmosphere away from the ocean
surface as GWs or AWs.

Equations (45)–(49) show that the atmospheric waves (GWs and AWs) excited by an ocean surface wave
packet (as modeled by a vertical body force oscillating at the fundamental frequency 𝜔F for the duration𝜒 , as
given by equation (36)) have the following frequencies: (i) the fundamental ocean wave frequency 𝜔F (GWs
if 𝜔F < NB and AWs if 𝜔F >NB); (ii) the sum frequency |𝛼| (GWs if |𝛼| < NB and AWs if |𝛼|>NB); (iii) the differ-
ence frequency |𝛽| (GWs if |𝛽| < NB and AWs if |𝛽|>NB); and (iv) a “continuum” of frequencies not equal to
𝜔F , |𝛼|, or |𝛽|, but that result from the spatial and temporal scales of the wave packet when the GW dispersion
relation is satisfied.

Only the first set of GWs (with frequency 𝜔F) was included in recent “steady state” tsunami models [Hickey
et al., 2009; Occhipinti et al., 2006, 2011], even though GWs having continuum frequencies are also excited
by steady state ocean surface waves (see Appendix B). As we shall see in section 5, GWs having sum and
continuum frequencies are very important for understanding the thermospheric response to an ocean surface
wave packet. This includes the occurrence of GWs with phase speeds faster than that of the ocean wave.
Certainly, a tsunami is a highly localized ocean wave packet, not a steady state ocean wave, and is therefore
most accurately modeled as an ocean surface wave packet. Thus, the packet envelope provides complexity
to the free and forced GW spectra that would not otherwise be present.

3.3. Horizontal Phase Speeds of the Ocean Wave and Excited GWs
The horizontal phase speed of an ocean surface wave with horizontal wavelength 𝜆H and period 𝜏 is
[Gill, 1982]

c =
𝜆H

𝜏
. (60)

A typical value for the ocean depth is ∼ 5 km [Gill, 1982; Salmon, 2014]. For the shallow water approximation
(i.e., if 𝜆H >>), c ∝

√. A tsunami obeys the shallow water approximation, because 𝜆H ∼ several hundred
kilometers. For this case, the phase velocity equals the group velocity [Salmon, 2014, page 27].

The horizontal phase speed of a GW is cH = 𝜔r∕kH, where kH = 2𝜋∕𝜆H [e.g., Fritts and Alexander, 2003]. This
is the same as the phase speed for the ocean surface wave (see equation (60)). An ocean wave packet excites
GWs having the fundamental, sum, difference, and continuum frequencies. The speed of those GWs having
the fundamental frequency 𝜔F and horizontal wavelength 𝜆H is

cH(𝜔F) =
𝜔F

kH
=

𝜆H

𝜏F
. (61)

Thus, detectors in the ocean and upper atmosphere will note the arrival of the ocean wave and these
“fundamental” GWs nearly simultaneously. On the other hand, the horizontal phase speed of the “sum”
GWs is

cH(|𝛼|) = |𝛼|
kH

=
𝜆H

𝜏F
+

𝜆H

𝜒
= cH(𝜔F) +

𝜆H

𝜒
. (62)

Therefore, the horizontal phase speed of the sum GWs is larger than that of the ocean wave by 𝜆H∕𝜒 .
For example, if 𝜆H = 200 km and 𝜒 = 40 min, this “addition” to the horizontal phase speed is quite large:
𝜆H∕𝜒 = 83 m/s. Note that these sum GWs could have played a role in the fast GWs observed by Makela et al.
[2011]. In that work, GWs likely excited by the tsunami were observed in the ionosphere ∼1 h before the
tsunami reached Hawaii (see section 6).

3.4. GWs Excited by a Localized, Vertically Oscillating Ocean Surface Wave
Consider an ocean surface wave with horizontal wavelength 𝜆H that oscillates vertically at the fundamental
frequency 𝜔F over the duration 𝜒 . The angle perpendicular to the phase lines is 𝜃 measured counterclock-
wise from east. As we will see, this oscillation excites GWs which propagate approximately parallel to and
antiparallel to 𝜃.

We model the effect the oscillating ocean surface has on the atmosphere as a vertical body force with a center
at (x0, y0, z0). We first translate our coordinate system into one that is centered on the force:

x′ = x − x0,

y′ = y − y0,

z′ = z − z0. (63)
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Figure 2. GW temperature perturbations, T ′, at z = 10 km and at t = 31, 41, 51, and 61 min for the exact FL solutions for
the vertical body force given by equation (65) with 𝜆H = 10 km, 𝜒 = 25 min, 𝜏F = 10 min, 𝜃 = 0, wocean = 0.01 m/s,
𝜎z = 1.0 m, xL = 𝜆H , and yL = 2𝜆H . Minimum and maximum values are shown in the title of each image.

Next, we rotate the coordinate system by 𝜃

x′′ = x′ cos 𝜃 + y′ sin 𝜃,

y′′ = −x′ sin 𝜃 + y′ cos 𝜃. (64)

Here x′′ and y′′are the coordinates perpendicular and parallel to the ocean surface phase lines, respectively.
We define the spatial portion of the force to be

Fz = F0 sin(kHx′′) exp

[
−
(

x′′

xL

)2

−
(

y′′

yL

)2
]

exp
[
−(z′)2

2𝜎2
z

]
, (65)

where F0 is amplitude and xL and yL are x′′ and y′′ length scales of the force, respectively. Here we chose a
Gaussian function to model the vertical acceleration of air above the ocean surface. For this function, the air
above the surface is significantly accelerated over the vertical distance∼2𝜎z . It is likely that𝜎z cannot be much
smaller than 1

2
h0, and that𝜎z cannot be larger than∼10h0 because air parcels above that height are unlikely to

directly “feel” this oscillation. Although studies have examined the ocean/atmosphere coupling for small-scale
ocean waves [e.g., Hristov et al., 2003], similar studies for medium-scale ocean waves (i.e., 𝜆H ∼hundreds of
kilometers) do not seem to exist. Therefore, we treat 𝜎z as a free parameter in this paper. We discuss how this
parameter might be determined in section 6.

In order to show that the reconstructed ray trace solutions give the same solutions as the exact FL solutions,
we consider a small-scale force given by equation (65) with 𝜆H = 10 km, 𝜒 = 25 min, 𝜏F = 10 min, 𝜃 = 0,
𝜎z = 1.0 m, xL = 𝜆H, yL = 2𝜆H, x0 = y0 = 0, and z0 = 4.0 m. The background atmosphere is isothermal,
inviscid, and windless, with T 0 = 239 K, NB = 0.02rad/s, f = 0, 𝛾 = 1.4, XMW = 28.9, g = 9.8m/s2, and sound
speed cs = 310m/s. The number of grid points in the x, y, and z directions are nx = ny = 64 and nz = 8192.
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The grid spans x = [−57.1, 57.1] km, y = [−57.1, 57.1] km, and z = [−10.7, 16.7] km, with grid sizes of
Δx = Δy = 1.8 km andΔz = 3.3 m. Most of the grid points are in the vertical direction in order to resolve both
the force and the excited GWs. We set the maximum vertical velocity of the atmosphere just above the ocean
surface to be wocean = 0.01 m/s. This equals the maximum vertical velocity of the ocean surface wave packet.
This requires setting F0 = 119.9m/s (via solving equations (47) and (6)). Writing the maximum vertical velocity
of the ocean surface wave at a fixed location as w′ = wocean cos(𝜔F t), the maximum vertical displacement of
the ocean surface due to the wave is then

h0 = ∫
𝜏F∕4

0
w′dt =

wocean

𝜔F
sin(𝜔F t)|𝜏F∕4

0 =
wocean𝜏F

2𝜋
. (66)

This ocean wave packet has a relatively large height of h0 = 0.95 m. However, because this height perturba-
tion is spread out over the large horizontal distance ∼𝜆H∕4, this wave would not cause a significant tilt to the
ocean surface in the open ocean. Figure 2 shows the exact FL GW temperature perturbations, T ′, at z = 10 km.
Here T ′ is obtained by combining equations (17), (48), and (49), taking the inverse Fourier transform of 𝜁 , then
utilizing equation (6). The excited GWs have linear phase lines with 𝜆H = 10 km. The GWs at x > 0 propagate
eastward from the force region, while those at x < 0 propagate westward. The excited GWs appear to prop-
agate horizontally within wave packets, with the center of the eastward (westward) packet moving eastward
(westward) in time. However, this is a false appearance because GWs move vertically and horizontally simul-
taneously. In reality, the T ′ maxima moves away from the force center because the slower GWs have larger
periods and therefore propagate with larger angles from the vertical in a windless, isothermal atmosphere
[e.g., Vadas et al., 2009]:

𝜔Ir ∼ NB cosΨ, (67)

where Ψ is the propagation angle of the GW from the vertical.

4. Ray Tracing and Reconstruction of the GW Field

In this section, we describe a new scheme developed to ray trace the GWs excited by an ocean surface wave
packet into the atmosphere. This scheme is quite different from that used previously for a convective plume;
there, we inserted a single GW spectrum at the central location and time of the plume [Vadas and Fritts, 2009;
Vadas and Liu, 2009, 2013; Vadas et al., 2014]. That approach will not work here, however, because the ocean
surface wave packet is spread out horizontally and evolves in time. We also determine the normalization factor
needed to convert the GW spectral amplitudes to the real-space amplitudes via comparison with the exact FL
solutions for the small-scale vertical body force considered in the previous section.

4.1. Sprinkling of GW Spectra and Setup for Ray Tracing
We wish to model the GWs excited by the body force given by equation (65) with 𝜃 = 0. Because of the
nonspatial localization of the Fourier transform, we cannot relate the reduced-amplitude GWs near the edges
of the ocean wave packet with their excitation location. Instead, we follow a different approach. We calcu-
late the GW spectrum excited by a nonspatially localized vertical body force having periodic variations in the
x direction:

Fz = F0 sin(kx)(z), (68)

where the function  contains the vertical dependence of this force. This spectrum is computed in Fourier
space from equations (45)–(49) when the body force is finished (i.e., at t = 𝜒 ), and so is a function of the wave
vector (k(0), l(0),m(0)). Here the argument “(0)” refers to 𝜃 = 0. The average GW momentum flux amplitude
for each wave vector is then computed by averaging each GW’s momentum flux from t = 𝜒 to t = 𝜒 + 2𝜋∕𝜔
numerically. Here the frequency 𝜔 is computed from the anelastic GW dispersion relation for the wave vector
(k(0), l(0),m(0)). Because there is no y variation in equation (68), we only need two grid points in the y direction
to calculate the excited GW spectrum. (Although this force only varies in x, it will be generalized to any angle
𝜃 via a rotation transformation, as described below.) The zonal and meridional momentum fluxes for each GW
in the spectrum are 𝜉𝜂ΔkΔlΔm and 𝜎𝜂ΔkΔlΔm, respectively. Here Δk, Δl, and Δm are the k, l, and m spectral
grid sizes, respectively, in the Fourier transform used to calculate the excited GW spectrum [Vadas and Fritts,
2009, equation (16)]:

Δk = 2𝜋
nxΔx

, Δl = 2𝜋
nyΔy

, Δm = 2𝜋
nzΔz

, (69)

where nxΔx, nyΔy, and nzΔz are the x, y, and z domain lengths, respectively.
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We now determine the GW spectrum for a body force with horizontal variation in the direction determined
by the angle 𝜃 (counterclockwise from east):

Fz = F0 sin(kHx′′)(z). (70)

This is accomplished by applying a rotation transformation to the horizontal wave vector and momentum
flux vector:

k(𝜃) = k(0) cos 𝜃 − l(0) sin 𝜃, (71)

l(𝜃) = k(0) sin 𝜃 + l(0) cos 𝜃, (72)

𝜉𝜂(𝜃) = 𝜉𝜂(0) cos 𝜃 − 𝜎𝜂(0) sin 𝜃, (73)

𝜎𝜂(𝜃) = 𝜉𝜂(0) sin 𝜃 + 𝜎𝜂(0) cos 𝜃. (74)

We then incorporate the spectral localization of the force given by equation (65) by “sprinkling”  of
these GW spectra throughout the approximate region for the ocean wave packet via randomly selecting
x′′ and y′′ between

x′′ = [−2xL, 2xL] and y′′ = [−2yL, 2yL], (75)

then determining x and y from equations (63)–(64). We also randomly select the launch time t between

t = [0, 𝜒], (76)

and set z to be a fixed value.

We now incorporate the amplitude dependence of the force, exp[−(x′′∕xL)2 − (y′′∕yL)2], into our ray trace
model. From equations (45)–(49), a GW’s amplitude is proportional to the force amplitude. Thus, the ampli-
tude of a GW at x′′ = −xL should be smaller by ∼ e(−1) = 0.37 than if the GW was located at x′′ = 0. Therefore,
we weight each GW’s amplitude by exp[−(x′′∕xL)2 − (y′′∕yL)2]. Additionally, the amplitude of a GW launched
at t = 𝜒∕10 should be smaller than if it was launched at t = 𝜒∕2. Thus, we weight each GW’s amplitude by
sin2(𝜋t∕𝜒) from equation (36), since 1− cos ât = 2 sin2(𝜋t∕𝜒) for n = 1. Finally, to simplify our computations,
we calculate the GW spectrum for the fixed (arbitrary) forcing amplitude of F0 = 100m/s. Then, we compute
the atmospheric response just above the ocean surface wave for this value of F0 to determine the maximum
vertical velocity of the ocean surface wave, which we call wmax. If we wish to model an ocean wave with a verti-
cal velocity of wocean instead of wmax, we would then weight each GW’s amplitude by wocean∕wmax. Combining
all of these factors, for a given launch location (x, y, z) and launch time t, we weight each GW’s amplitude by

{exp[−(x′′∕xL)2 − (y′′∕yL)2]} sin2(𝜋t∕𝜒)(wocean∕wmax). (77)

Then the spectral momentum flux amplitude for each GW, ũH
′w̃′, equals the amplitude of the FL solution,

(ũH
′w̃′)F , times the square of the factors in equation (77):

ũH
′w̃′ = (ũH

′w̃′)F

{
exp[−(x′′∕xL)2 − (y′′∕yL)2]

}2
sin4(𝜋t∕𝜒)

W

(
wocean

wmax

)2

. (78)

Here W is the sum of the weights over all  launch locations and times,

W = Σ
i=1

{
exp[−(x′′∕xL)2 − (y′′∕yL)2]

}2
sin4(𝜋t∕𝜒), (79)

uH
′ is the GW horizontal velocity perturbation, and (ũH

′w̃′)F =
√

(𝜉𝜂 )2 + (𝜎𝜂 )2. If a different force is modeled
instead, the function inside the curly brackets in equations (77)–(79) will differ. We discuss how to convert the
spectral to real-space GW momentum flux in section 4.2.

Finally, we set the initial phase for each GW. The spatial portion is

Φxy =
{

(kx + ly) for kdom > 0,
−(kx + ly) for kdom < 0,

(80)

where kdom = k if the GW is mainly propagating in the x direction (i.e., |k|> |l|), and kdom = l if the GW is
mainly propagating in the y direction (i.e., |l|> |k|). The initial phase for each GW is then

Φ = Φxy − 𝜔rt. (81)
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4.2. Excitation, Ray Tracing, and Reconstruction of the GW Field in the Troposphere
We calculate the GWs excited by the same small-𝜆H body force as used for Figure 2. We utilize equation (70)
with

(z) = exp
[
−(z′)2

2𝜎2
z

]
(82)

and set 𝜆H = 10 km, 𝜒 = 25 min, 𝜏F = 10 min, 𝜃 = 0, 𝜎z = 1.0 m, wocean = 0.01 m/s, xL = 𝜆H, yL = 2𝜆H,
x0 = y0 = 0, and z0 = 4 m. (Note that for this body force with F0 = 100m/s, wmax = 0.01 m/s.) The atmosphere
we utilize for generating the GW spectrum is the same as used in Figure 2. We employ a grid with nx = 16,
ny = 2, and nz = 8192 points in the x, y, and z directions, respectively. The grid lengths are x = [−20, 20] km,
y = [−2.5, 2.5] km, and z = [−5, 13] km, and the grid sizes are Δx = Δy = 2.5 km and Δz = 2.3 m. Here |𝜆x|
ranges from 5 to 40 km and |𝜆z| ranges from 4 to 18 km. Each spectrum contains nxnynz∕2 ∼130,000 upward
propagating GWs. Additionally, the z range extends to negative values in order to prevent artificial truncation
(in 𝜆z) of the GW spectrum. Because the GW momentum fluxes from the ray trace model must equal the GW
momentum fluxes from the FL model, we divide the binned, spectral zonal and meridional GW momentum

fluxes, 𝜉𝜂ΔkΔlΔm and 𝜎𝜂Δk Δl Δm (which have units of momentum flux times a volume), respectively by the
volume factor

Ξ = ΔxΔyΔzΔt∕. (83)

Here Δx, Δy, Δz, and Δt are the cell sizes for the grid in the ray trace model, and  is the normalization factor
with units of time. The zonal and meridional GW momentum fluxes (per unit mass) in real space at the cell
located at (x, y, z, t) are then

u′w′(x, y, z, t) = Σ(𝜉𝜂ΔkΔlΔm∕Ξ), v′w′(x, y, z, t) = Σ(𝜎𝜂Δk Δl Δm∕Ξ), (84)

respectively, where the sums are over all of the GWs that enter this xyzt cell.

By comparing the reconstructed ray trace solutions with the exact FL solutions (see section 4.3), we find that

 = 150 × (2∕ny) s (85)

best reproduces the exact FL solutions. This is similar to the factor currently employed in this ray trace model
for convective plumes (i.e.,  = 60 s) [Vadas et al., 2012, 2014].

Figure 3 shows the zonal component of the GW spectrum (normalized to an arbitrary number):

km𝜉𝜂ΔkΔlΔm∕Ξ. (86)

Here we multiply by km because a GW on any contour in the spectrum has the same momentum flux (per unit
mass) in real space at the altitude z in an isothermal, windless atmosphere [Vadas and Fritts, 2009]. Although
only the GWs with |𝜆x| = 10 km have relatively large momentum fluxes, the spectrum contains a range of
𝜆z and intrinsic periods 𝜏Ir = 2𝜋∕𝜔Ir . The sum, fundamental, and difference periods are 7, 10, and 17 min,
respectively. The sum GWs are seen as a distinct peak at |𝜆z| ≃ 8 km and 𝜏Ir ≃ 7 min. There is a gap, followed
by the fundamental GWs at |𝜆z| ≃ 5 km and 𝜏Ir ≃ 10 min. For smaller |𝜆z| and larger 𝜏Ir , the momentum flux
decreases rapidly, with a faster decline initially followed by a slower decline for 𝜏Ir ≥ 20 min. The GWs with
𝜏Ir > 10 min contain both continuum and difference frequencies, although there is no obvious peak at the
difference frequency.

Dispersion causes GWs with different wavelengths and periods to travel at different speeds, with estimated
vertical group velocities of [Fritts and Alexander, 2003]

cgz ∼
𝜔Ir|m| ∼ kHNB

m2
∼

𝜆2
z

𝜆H𝜏B
. (87)

The time it takes to reach the altitude z is then t = ∫ dz∕cgz ≃ z∕cgz . From Figure 3, we estimate the propaga-
tion time to reach z = 10 km to be t = 8 min (for the sum waves), 20 min (for the fundamental waves), ∼1 h
(for the difference waves), and ∼3.7 h for the GWs with |𝜆z|∼1.5 km. Thus, GW activity is expected to last for
nearly 4 h at this altitude because of wave dispersion and the complexity of the GW spectrum.

We sprinkle  = 200 of these (identical) GW spectra throughout the ocean wave packet region as given by
equations (75)–(76), set z = 0.1 km, and weight each GW’s amplitude by equation (77). Here we choose a
large enough value for  so that the reconstructed GW field in the troposphere converges, is smooth, and
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Figure 3. Normalized momentum flux spectra (using an arbitrary normalization factor) for the GWs excited by an ocean
surface wave packet with 𝜆H = 10 km, 𝜒 = 25 min and 𝜏F = 10 min. (a) Momentum flux spectrum summed over 𝜆z for
each 𝜆H bin. (b) Momentum flux spectrum summed over 𝜆H for each |𝜆z| bin. (c) Momentum flux spectrum at
𝜆H = 10 km as a function of wave period.

looks similar to the exact solution (see section 4.3). Figure 4a shows the random locations and times of the
GW spectra, and Figure 4b shows the corresponding weight factors. Note that kdom = k because the excited
GWs propagate mainly zonally for this force.

We then ray trace every upward propagating GW from all  spectra from these locations and times and
calculate the average GW momentum fluxes, wave vectors, and phases in each cell. These cells span a
four-dimensional (4-D) “grid” (in x, y, z, and t), and are required in order to reconstruct the GW field via inserting
the average GW momentum fluxes, wave vectors, and phases into the GW dissipative polarization relations
[Vadas and Fritts, 2005, 2009]. Because we need the average wave vectors, we ray trace those GWs having k > 0
(eastward) and k < 0 (westward) separately so that the average k and l values calculated in each xyzt “cell”
are accurate; they otherwise might incorrectly average to zero if GWs traveling in opposite directions propa-
gate through the same cell. (Note that GWs which are evanescent, reach critical levels, or leave the 4-D grid
are automatically eliminated by the ray trace model.)

We ray trace the GWs from the initial height up to z = 12 km. The 4-D grid that we employ for reconstructing
the GW field spans x = [−60, 60] km, y = [−60, 60] km, z = [4, 12] km, and t = [0, 90]min. The number of cells
in x, y, z, and t are Nx = Ny = 240, Nz = 10, and Nt = 45, yielding cell sizes of Δx = Δy = 0.5 km, Δz = 0.8 km,

Figure 4. (a) Locations of the  = 200 GW spectra (diamonds). The times are shown for each spectrum using colors
from t = 0 (blue) to t = 25 min (red). (b) Same as Figure 4a but the colors show the weight factors
exp[−(x′′∕xL)2 − (y′′∕yL)2] sin2(𝜋t∕𝜒) from 0 (blue) to 1 (red).
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Figure 5. T ′ for the (a) eastward and (b) westward GWs at z = 10 km and t = 31 min created by an ocean wave packet with 𝜆H = 10 km, 𝜒 = 25 min,
𝜏F = 10 min, 𝜃 = 0, wocean = 0.01 m/s, 𝜎z = 1.0 m, xL = 𝜆H , and yL = 2𝜆H . (c) The sum of Figures 5a and 5b. (d–f ) Same as Figures 5a–5c but for t = 41 min. (g–i)
Same as Figures 5a–5c but for t = 51 min. (j–l) Same as Figures 5a–5c but for t = 61 min. Minimum and maximum values are shown in the title of each image.
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Figure 6. Test case comparison of T ′ for the FL solutions and reconstructed ray trace solutions at y = 0 and z = 10 km at
(a) t = 31, (b) 41, (c) 51, and (d) 61 min. The FL solutions are shown as solid lines, while the reconstructed ray trace
solutions are shown as triangles.

and Δt = 2 min. It may seem that the z cell size is too large, since 𝜎z is very small in comparison. However,
the GWs excited by this force have |𝜆z| ∼ 1.5 − 9 km from Figure 3. Thus, our vertical cell size is adequate to
resolve the excited GWs. This brings up an important point— that the GW vertical wavelengths are not related
to the ocean wave height. Instead, the GW amplitudes are proportional to the ocean wave height. A GW’s vertical
wavelength is determined solely from the GW dispersion relation, given 𝜆H and cH.

The atmosphere we utilize for ray tracing is the same as in Figure 2. Figure 5 shows T ′ at z = 10 km for the
same times as in Figure 3. Figures 5a, 5d, 5g, and 5j show that the eastward GWs appear to move eastward
as a distinct wave packet with a center at x ∼ 10, 20, and 30 km for t = 31, 41, and 51 min, respectively. A
similar phenomenon occurs for the westward GWs. As before, this apparent horizontal motion occurs because
slower GWs with larger periods reach this altitude (at later times) further from the force center. Figures 5c, 5f,
5i, and 5l show the total T ′ for the eastward plus westward GWs. Eastward and westward GW packets appear
to propagate away from the vertical body force at this altitude, as expected, yielding results similar to Figure 2.

4.3. Comparison of the Reconstructed Ray Trace and Exact FL Solutions
Figure 6 shows a comparison of T ′ for the reconstructed ray trace solutions and the exact FL solutions. In
general, the ray trace solutions are quite similar to the FL solutions, although there tends to be a phase
mismatch at earlier times (t < 51 min). Additionally, some differences occur for |x| ≥ 20 km at t = 61 min.
This may occur because the periodic boundary conditions in the FL solutions at x = ±57 km cause GWs to
reflect back toward x = 0, thereby creating larger T ′ at large |x| and t. However, there are no periodic bound-
ary conditions in the ray trace model; if a GW goes outside the grid, it is eliminated. Note that the value of 
in equation (85) was chosen so that the reconstructed ray trace and FL solutions would agree well in Figure 6.
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Figure 7. Normalized momentum flux spectra (using an arbitrary normalization factor) for the GWs excited by an ocean
surface wave packet with 𝜆H = 190 km, 𝜏F = 14 min and 𝜒 = 30 min. (a) Momentum flux spectrum summed over 𝜆z
for each 𝜆H bin. (b) Momentum flux spectrum summed over 𝜆H for each |𝜆z| bin. (c) Momentum flux spectrum at
𝜆H = 190 km as a function of the intrinsic wave period. (d) Momentum flux spectrum at 𝜆H = 190 km as a function of
the intrinsic horizontal phase speed.

5. Excitation, Ray Tracing, and Reconstruction of the GW Field in the Thermosphere

While the exact FL solutions in real space (i.e., in x, y, z, and t) are important, they cannot be used to calcu-
late the GW field in the thermosphere because they cannot incorporate horizontal wind, temperature, and
viscosity variations. The ray trace model, however, can incorporate these effects. We therefore utilize the FL
spectral solutions to calculate the excited GW spectrum from an ocean wave packet in spectral space (i.e., in
k, l,m, and t). We then sprinkle these spectra into the ocean wave packet region, ray trace the GWs into the
thermosphere through realistic winds, temperatures, and viscosity, and reconstruct the GW field there.

5.1. GW Field in the Thermosphere From a Medium-Scale Ocean Wave Packet
We study the excitation and propagation of GWs from a southward moving, medium-scale ocean wave packet
with 𝜆H = 190 km, 𝜏F = 14 min, 𝜒 = 30 min, and phase speed c = 𝜔F∕𝜆H = 226 m/s. Such a packet would
excite GWs similar to the waves observed by Makela et al. [2011] from the Tohoku-Oki tsunami. We model
this packet’s effect on the atmosphere via the force given by equations (70) and (82), with 𝜆H = 190 km,
𝜏F = 14 min, 𝜒 = 30 min, wocean = 0.01 m/s, 𝜃 = 90∘, 𝜎z = 1.0 m, xL = 𝜆H, yL = 3𝜆H, x0 = y0 = 0, and
z0 = 4.0 m. Here we choose 𝜎z = 1.0 m because we are interested in an ocean wave height that is a fraction of
a meter to several meters. We calculate the GW spectrum using an arbitrary force amplitude of F0 = 100 m/s,
which results in the maximum upward velocity of wmax = 3.2× 10−3 m/s. From equation (66), the ocean wave
height is h0 = 1.3 m. Again, in the open ocean the tilt of the ocean surface caused by this wave is very small
because 𝜆H∕4>> h0. As was seen in Figure 2, a single force creates GWs which propagate parallel and antipar-
allel to the direction given by the angle 𝜃. In Appendix D, we show how the solutions derived in section 3.2 can
be used to model a propagating plane ocean wave. This involves adding a second force that is phase shifted
by 1∕4 of a wavelength and 1∕4 of a period, which results in the cancelation of the antiparallel GWs and the
amplitude doubling of the parallel GWs, for example. The waveform is otherwise unchanged. Therefore, to
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Figure 8. Background atmosphere for ray tracing. (a) Temperature T . (b) The mean molecular weight XMW (in g/mol)
(solid line, lower x axis) and the ratio of mean specific heats 𝛾 (dashed line, upper x axis) as a function of − ln(𝜌), where
𝜌 has units of g/m3 (left-hand y axis). The corresponding altitudes z (in km) are shown on the right-hand y axis. (c) Mean
background density 𝜌. (d) Density-scale height . (e) Sound speed cs.

increase the speed of the ray trace calculations, we instead utilize a single force and ray trace only the parallel
or antiparallel GWs in this paper.

For generating the GW spectrum, we use a grid with nx = 4, ny = 2, nz = 131072, x = [−95, 95] km, y =
[−47.5, 47.5] km, z = [−121, 141] km, Δx = Δy = 47.5 km, and Δz = 2 m. This grid is centered at z = 5 km
and extends “below the Earth’s surface” to z = −121 km in order that the upward and downward propagating,
large-𝜆z GWs are not truncated in |𝜆z| (i.e., are properly resolved). The largest 𝜆H we can excite here is 𝜆H =
190 km. The atmosphere we utilize is isothermal, inviscid, and windless, with T 0 = 239 K, NB = 0.02 rad/s,
f = 0, 𝛾 = 1.4, diatomic XMW = 28.9, g = 9.8m/s2, and cs = 310m/s.

Figure 7 shows the momentum flux spectrum of the excited GWs (with an arbitrary normalization factor) using
equation (86). The spectrum consists of GWs with 𝜆H = 190 km only and contains discrete and continuous
values of 𝜆z , 𝜏Ir , and intrinsic phase speeds cIH. The sum and difference periods are 2𝜋∕|𝛼| = 9.5 min and
2𝜋∕|𝛽| = 26 min, respectively, from equation (42). The fundamental and difference GWs have |𝜆z| = 133 and
43 km, respectively. For𝜆H = 190 km and = 7 km, the smallest period allowed by the GW dispersion relation
that is excited by the ocean wave packet is ∼12.3 min, which corresponds to |𝜆z| = 263 km. Thus, this ocean
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Figure 9. Reconstructed T ′ at z = 250 km for the southward propagating GWs every 10 min from t = 68 to 178 min, as labeled. The ocean wave packet has
𝜏F = 14 min, 𝜆H = 190 km, and 𝜒 = 30 min.
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Figure 10. (a) Maximum T ′ at z = 250 km for the GWs excited by an ocean wave packet with 𝜏F = 14 min, 𝜆H = 190 km,
and 𝜒 = 30 min. The average (b) 𝜏Ir , (c) meridional wavelength 𝜆y , (d) vertical wavelength 𝜆z , (e) meridional phase
speed cy = 𝜔r∕𝜆y , and (f ) vertical phase speed cz = 𝜔r∕𝜆z are shown at the location where T ′ is maximum in Figure 10a.

wave packet cannot excite a sum GW. Note that 2𝜋 ∼ 44 km. Therefore, the Boussinesq approximation (i.e.,|𝜆z| << 2𝜋) does not hold for those GWs with intrinsic periods 𝜏Ir < 25 min, which includes the fundamental
GWs. Using cIH = 𝜆H∕𝜏Ir , we compute intrinsic horizontal phase speeds of cIH ≃ 258, 226, and 122 m/s for the
GWs with 𝜏Ir = 12.3, 14, and 26 min.

The 𝜏Ir = 12.3 min GWs have momentum flux amplitudes that are ∼ 25% that of the fundamental GWs in
Figures 7c and 7d. These GWs are followed by the fundamental GWs. There is another gap in the spectrum,
followed by continuum GWs having 𝜏Ir ∼16–20 min, |𝜆z| ∼60–90 km, and cIH ≃160–195 m/s. This is followed
by the rest of the continuum GWs having 𝜏Ir ∼20–120 min, |𝜆z| ∼5–60 km, and cIH ≃20–160 m/s. Thus,
the continuum GWs have 𝜔Ir < 𝜔F here and have momentum flux amplitudes that decrease rapidly as 𝜏Ir

increases. The difference GWs only appear as a small bump in the spectrum. The momentum flux is maximum
for 𝜏Ir = 16.5 min but is only slightly smaller for 𝜏F = 14 min. Note that if we set nx = 16 and increase the x grid
length by a factor of 4 to allow for the excitation of larger-𝜆H GWs, we find that only GWs with 𝜆H = 190 km
have significant momentum flux amplitudes (not shown).

We now ray trace the GWs into the atmosphere according to the procedure detailed in section 4.1. We insert
each GW spectrum at  = 4000 random locations and times. (Here  is large enough to ensure that the
reconstructed GW field in the thermosphere converges and is smooth. It is much larger than that needed in
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Figure 11. T ′ at x = 0 and z = 250 km for the GWs excited by an ocean wave packet with 𝜏F = 14 min, 𝜆H = 190 km,
and 𝜒 = 30 min every 2.5 min from t = 70.75 to 190.75 min. Profiles are offset by 10 K. The upper x axis shows the time
t. The dotted line shows the location of the ocean wave packet.

the troposphere because of wave dispersion.) We specify x′′, y′′, and t from equations (75) to (76), weight each
GW’s amplitude by equation (77), and set the launch altitude to be z = 0.1 km. Here we only ray trace the
southward propagating GWs (i.e., with l ≤ 0).

In order to understand the basic features of the GW response in the thermosphere, we choose a simple,
hyperbolic background temperature profile given by equation (10) of Vadas and Fritts [2006] for ray tracing:

T(z) = T max + (T 0 − T max)
[1

2

(
1 − tanh

( z − zΔ
Δ

))]
, (88)

with T 0 = 238 K, T max = 1000 K,  = 0.2, zΔ = 112 km, and Δ = 16 km. We determine the pressure and
density using the ideal gas law and equations (2)–(4) in Vadas [2007] for 𝜇, XMW, and 𝛾 . The background wind
is set to zero here for simplicity and to more easily understand the results. The background atmosphere is
shown in Figure 8.

We ray trace the GWs from the initial height up to z = 300 km. The 4-D grid that we employ for reconstructing
the GW field spans x = [−2500, 2500] km, y = [−2500, 2500] km, z = [200, 300] km, and t = [0.2, 5.2] h.
The number of cells in x, y, z, and t in this grid are Nx = Ny = 125, Nz = 25, and Nt = 120, yielding cell sizes
of Δx = Δy = 40 km, Δz = 4 km, and Δt = 2.5 min, respectively. We ray trace the upward and southward
propagating GWs only.

Figure 9 shows the reconstructed T ′ at z = 250 km. Southward propagating GWs with horizontal wavelengths
of 𝜆H ∼ 200 km are seen, with maximum T ′ ∼ 10 K at t = 90 min. Note that the GWs which arrive at t ∼ 70 min
have larger |𝜆z| (but much smaller amplitudes) than those that arrive at t = 90 min. Figure 10 shows the
maximum values of T ′ at z = 250 km and the average GW periods, wavelengths, and phase speeds at these
maxima. There are approximately five distinct GW packets which reach this altitude over this 5 h period. They
arrive at t = 80–120, 135–150, 165–185, 200–225, and 240–270 min with amplitudes of T ′ ∼ 10, 2, 0.9, 0.2,
and 0.03 K, respectively. The corresponding GW periods for these packets are 𝜏r = 14–18, 22–23, 26, 29–30,
and 33 min, respectively. The earliest GWs have the largest vertical wavelengths: |𝜆z| ∼250 km. The GWs in the
first to fifth packets have the fastest to slowest intrinsic phase speeds of |cy| = cIH = 𝜔Ir∕kH ∼220, 140, 120,
110, and 95 m/s, respectively. Thus, the GWs in the first wave packet are the fundamental GWs having the same
period and phase speed as the ocean wave. The GWs with 𝜏Ir = 12.3 min are not present even though the
buoyancy period is smaller than 12.3 min at z = 250 km, because they violated the restriction that 𝜈 change
slowly enough (i.e., |𝜆z| < 4𝜋 𝜈∕(d𝜈∕dz)) [Vadas, 2007], which resulted in their automatic removal by the
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Figure 12. T ′ at x = 0 and z = 250 km created by a subset of the GWs excited by an ocean wave packet with
𝜏F = 14 min, 𝜆H = 190 km, and 𝜒 = 30 min. (a) T ′ for those GWs with 𝜏Ir =12–16 min only. (b) 4T ′ for those GWs with
𝜏Ir =16–21 min only. (c) 10T ′ for those GWs with 𝜏Ir =21–24 min only. (d) 30T ′ for those GWs with 𝜏Ir =24–28 min only.
The T ′ profiles are shown every 2.5 min from t = 70.75 to 190.75 min and are offset by 20 K. The upper x axes show the
time t.

ray trace model. The difference GWs constitute the third wave packet. The largest-amplitude continuum GWs
arrive at t = 100–120 min at the end of the first wave packet and have 𝜏Ir ∼16–18 min, cH ∼170–210 m/s, and
T ′ ∼4–8 K. The rest of the continuum GWs constitute the second, fourth, and fifth wave packets with corre-
spondingly smaller amplitudes. Note that 2𝜋 ∼ 235 km at z = 250 km. Therefore, all of the largest-amplitude
GWs (contained in the first wave packet) violate the Boussinesq approximation.

Figure 11 shows T ′ slices at x = 0 and z = 250 km. Although the phase of T ′ mostly moves southward in
time, it moves northward at t =113–123 min during the time when the first continuum GWs arrive. We better
understand this result by ray tracing the GWs having 𝜏Ir =12–16, 16–21, 21–24, and 24–28 min separately.
The ranges 𝜏Ir =12–16 and 24–28 min contain the fundamental and difference GWs, respectively, while the
ranges 𝜏r =16–21 and 21–25 min contain continuum GWs. Figure 12 shows the results. For each range,
the phase of T ′ descends southward in time, as expected, with 𝜆H ∼200 km. Therefore, the combination of
the fundamental and continuum GWs causes the northward phase progression at t ∼120 min in Figure 11.
We also see explicitly from Figure 12 that GWs with larger periods reach z = 250 km further from the excita-
tion location (see equation (67)). Note also from Figure 11 that the GWs arrive simultaneously with the ocean
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Figure 13. Maximum T ′ at z = 250 km for the GWs excited by an ocean wave packet with 𝜏F = 14 min, 𝜆H = 190 km,
𝜒 = 30 min, and 𝜎z = 1 m. Here the vertical grid spacing Δz used to calculate the GW spectrum is varied. The three
overlapping blue lines show the results for Δz = 0.5, 1, and 2 m, the green line shows Δz = 4 m, and the two
overlapping red lines show Δz = 8 and 16 m.

wave below them at t ∼80–90 min. Finally, we note from Figures 10 and 11 that there are essentially no GWs
at z = 250 km prior to t = 70 min.

5.2. Dependence of the GW Solution on 𝚫z
We calculate the same GW spectrum as in Figure 7 except that we vary the vertical grid size from Δz = 0.5
to 16 m. The background atmosphere we use is the same as in Figure 7. We then ray trace the southward
propagating GWs from z = 0.1 km into the thermosphere using the same ray trace grid and background
atmosphere as in Figure 9. The maximum T ′ at z = 250 km is shown in Figure 13. The results are identical for
Δz = 0.5, 1, and 2 m. However, T ′ is somewhat larger for Δz = 4 m and is much smaller for Δz = 8 and 16 m.
Thus, the solution converges when Δz ≤ 2𝜎z . In order to accurately resolve an ocean surface wave packet

Figure 14. Maximum T ′ at z = 250 km for the GWs excited by an ocean wave packet with 𝜏F = 14 min, 𝜆H = 190 km, and
𝜒 = 30 min. The solid, dashed, and dashed-dotted lines show 𝜎z = 1, 2, and 4 m, respectively. In each case, Δz = 2𝜎z .
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Figure 15. Same as Figure 7 but for an ocean wave packet with 𝜆H = 190 km, 𝜏F = 20 min, and 𝜒 = 50 min.

then, it is necessary to employ a vertical grid spacing of Δz = 2𝜎z (or smaller) when calculating the excited
GW spectrum.

5.3. Dependence of the Thermospheric Response on 𝝈z

We calculate the same GW spectrum as in Figure 7 except that we vary the Gaussian depth of the vertical
body force from 𝜎z = 1 to 4 m. As before, the ocean wave height is h0 = 1.3 m. We also set Δz = 2𝜎z . The
background atmosphere we use is the same as in Figure 7. We then ray trace the southward propagating GWs
from z = 0.1 km into the thermosphere using the same background atmosphere as in Figure 9. Figure 14
shows the maximum T ′ at z = 250 km. We see that T ′ increases approximately linearly with 𝜎z , with a similar
overall shape. The maximum values are T ′ ∼ 9, 22, and 40 K for 𝜎z = 1, 2, and 4 m, respectively. Although
we believe that 𝜎z = 0.5 to 10 m is a reasonable estimate for ocean waves with heights of a fraction of a
meter to several meters, we do not know which 𝜎z best describes the coupled ocean-atmosphere interface for
medium-scale ocean waves. Future comparison with 630 nm airglow [e.g., Makela et al., 2011], GPS-derived
total electron content, and other types of observations may result in the determination of this parameter.

5.4. Thermospheric Response to a Longer Duration Ocean Wave Packet
In order to better understand the effect the sum GWs have on the thermosphere, we consider a longer dura-
tion ocean wave packet with a sum period > 13 min. Such GWs could be excited (i.e., are allowed by the GW
dispersion relation) and could propagate to z = 250 km. We model an idealized ocean wave packet with
𝜆H = 190 km, 𝜏F = 20 min, and 𝜒 = 50 min. We also choose wocean = 0.01 m/s, 𝜃 = 90∘, 𝜎z = 1.0 m, xL = 𝜆H,
yL = 3𝜆H, x0 = y0 = 0, and z0 = 4.0 m. This model ocean wave has a somewhat larger height of h0 = 1.9 m
from equation (66) and has a phase speed of 158 m/s. Note that the result for this same ocean surface wave
but with a smaller amplitude of h0 = (1.9∕4)m = 0.5 m, for example, can easily be obtained from the results
shown here by dividing all GW amplitudes (e.g., T ′) by a factor of 4. The dependence of the GW spectrum on
𝜆H and 𝜆z , however, will be unchanged. Additionally, all propagation times (into the thermosphere), phase
speeds, distances traveled, etc, will be unchanged.
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Figure 16. Same as Figure 10 but for the GWs excited by an ocean wave packet with 𝜏F = 20 min, 𝜆H = 190 km, and
𝜒 = 50 min.

We generate the GW spectrum from the force given by equations (70) and (82) using a grid with nx = 4, ny = 2,
nz = 131072, x = [−95, 95] km, y = [−47.5, 47.5] km, z = [−121, 141] km,Δx = Δy = 47.5 km, and Δz = 2 m.
As before, the grid extends to z = −121 km to prevent truncating the GW spectrum in |𝜆z|. The background
atmosphere is the same as in Figure 7.

Figure 15 shows the excited GW spectrum. The spectrum only consists of GWs having 𝜆H = 190 km. The
sum, fundamental, and difference GWs have periods of 𝜏Ir = 14, 20, and 33 min and horizontal phase speeds
of cIH = 226, 158, and 96 m/s, respectively. The sum GWs are seen in Figure 15 with |𝜆z| ∼135 km. This is
followed by continuum GWs with 𝜏Ir = 16.5 min, |𝜆z| ∼ 85 km, and cIH ≃ 190 m/s. The fundamental GWs
follow with |𝜆z| ∼60 km. The rest of the continuum GWs follow with 𝜏Ir ∼21–60 min, |𝜆z| ∼15–55 km, and
cIH ≃60–150 m/s. The continuum GWs have 𝜔Ir < |𝛼| and have momentum flux amplitudes which decrease
rapidly as 𝜏Ir increases for 𝜏Ir >𝜏F . The difference GWs only appear as a small bump in the spectrum. The
momentum fluxes are largest for the fundamental GWs, and decrease rapidly with increasing 𝜏Ir . Note that if
we increase nx but keep Δx = 47.5 km, we find that only those GWs with 𝜆H = 190 km have nonnegligible
momentum fluxes (not shown).

We ray trace the GWs from the initial height up to z = 300 km. The 4-D grid that we employ for reconstruct-
ing the GW field spans x = [−2500, 2500] km, y = [−2500, 2500] km, z = [200, 300] km, and t = [0.2, 5.2] h.
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Figure 17. Same as Figure 11 but for the GWs excited by an ocean wave packet with 𝜏F = 20 min, 𝜆H = 190 km, and
𝜒 = 50 min.

This grid has Nx = Ny = 125, Nz = 25, and Nt = 120, yielding cell sizes of Δx = Δy = 40 km, Δz = 4 km, and
Δt = 2.5 min. We sprinkle the GW spectrum shown in Figure 15 at  = 4000 random locations and times
and then ray trace all upward and southward propagating GWs from z = 0.1 km into the thermosphere using
the same background atmosphere as in Figure 9. Figure 16 shows the maximum values of T ′ at z = 250 km, as
well as the average periods, wavelengths, and phase speeds at those maxima. We see that approximately five
distinct GW packets reach this altitude over this 5 h period having 𝜏Ir = 14 to 35 min. The sum, fundamental,
and difference GWs have maximum T ′ at t = 80–110 min, t = 140 min, and t = 260–290 min, respectively,
with T ′ ∼10, 5, and 0.1 K, respectively. The largest amplitudes (i.e., T ′ ∼8–10 K) occur at t = 90–130 min from
the sum and continuum GWs and have 𝜏Ir = 14–18 min, |𝜆z| = 150–250 km, cH = |cy| ∼170–230 m/s, and|cz| ∼140–280 m/s. For this ocean wave packet then, the largest thermospheric response is created by the
sum and continuum GWs with periods of 𝜏Ir ∼ 14–18 min, not the fundamental GWs, even though the funda-
mental GWs dominate the excited GW spectrum (see Figure 15). This is because the GWs with 𝜏Ir ∼14–18 min
have much larger |𝜆z| and cH and therefore propagate more deeply into the thermosphere prior to dissipat-
ing [Vadas, 2007; Miyoshi and Fujiwara, 2008]. Note that the fundamental GWs are beginning to dissipate at
z ≃250 km because cIH = 158 m/s [Vadas, 2007]. Figure 17 shows T ′ at x = 0 and z = 250 km. The arrival
of the different wave packets is evident. The phase of T ′ mostly moves southward but moves northward
at t ∼130–145 min when continuum and fundamental GWs arrive simultaneously. Importantly, the sum
and earliest continuum GWs arrive ∼50–60 min before the ocean wave and have much larger horizontal
phase speeds.

6. Conclusions and Discussion

In this paper, we derived the compressible f plane linear solutions for the excitation of GWs and AWs from
ocean surface wave packets in an isothermal, windless, and nondissipative atmosphere. Here we modeled
the ocean wave packet as a vertical body force at the ocean surface, with horizontal and temporal scales
characteristic of the wave packet. (Note that diffusive effects from the Ekman layer or planetary boundary
layer were neglected here.) The temporal portion of the forcing included the fundamental ocean wave
frequency 𝜔F multiplied by a single sin2(𝜋t∕𝜒) envelope for t = [0, 𝜒]. The GW amplitudes were proportional
to the ocean wave packet height. The frequencies of the excited GWs included the fundamental ocean wave
frequency, the sum and difference frequencies with the packet duration, and a continuum of frequencies.
Note that if the solution for a more complicated temporal envelope function is desired instead, the
envelope function could be written as a sum of sin2(𝜋t∕𝜒) functions; then the solutions could be added
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together linearly. This would likely yield a GW spectrum that is more “blurred” than the cases analyzed here.
The total solutions would then be analyzed in a way similar to that done in this paper.

We also derived the linear compressible f plane solutions excited by steady state ocean waves (Appendices
B and C). We again modeled the ocean waves using a vertical body force oscillating at the frequency 𝜔F .
These solutions included the fundamental and a continuum of frequencies. Because the ocean wave packet
solutions better describe localized ocean waves such as the leading edge of tsunamis, we focused on the
ocean wave packet solutions in this paper.

In order to include a realistic atmosphere which incorporates spatially and temporally varying background
temperature, wind, and thermospheric dissipation, we input the GW solutions into a 3-D ray trace model. We
developed a new scheme to randomly sprinkle hundreds or thousands of GW spectra into the region occu-
pied by the ocean wave packet, assign each GW a unique phase that accounts for its location, time, period,
and wave vector, and reduce each GW’s amplitude according to its location and time in relation to the packet’s
peak location and time. We then ray traced all GWs to higher altitudes. During ray tracing, we saved the
average momentum fluxes, wave vectors, frequencies, and GW phases in xyzt cells within a 4-D grid in the
atmosphere. We then reconstructed the GW field on this grid using the GW dissipative dispersion relations.
This is allowed for the determination of the temperature, wind, and neutral density perturbations created by
the GWs. Because the solutions are linear, the reconstructed GW amplitudes are proportional to the ocean
wave packet height h0. We then determined the ray trace normalization factor needed to convert the spectral
to real-space amplitudes via comparison with the exact solutions in the troposphere.

We then calculated the results for several medium-scale ocean wave packets with𝜆H =190 km,𝜒=30–50 min,
and 𝜏F ∼ 14–20 min. Such wave packets excite GWs similar to those observed by Makela et al. [2011]. The
excited GW spectra contained a mix of discrete and continuum frequencies. The discrete frequencies occurred
at 𝜔F ± 2𝜋∕𝜒 and 𝜔F , which corresponded to the sum, difference, and fundamental frequencies. The contin-
uum GWs had frequencies which ranged from very small values (𝜏Ir > 100 min) to almost 𝜔F + 2𝜋∕𝜒 . The GW
momentum flux spectrum peaked between 𝜔F and 𝜔F + 2𝜋∕𝜒 and decreased rapidly for decreasing 𝜔Ir (for
𝜔Ir < 𝜔F). The excited GWs had phase speeds of cIH ∼50–260 m/s. The sum GWs had phase speeds that were
much larger than that of the fundamental (frequency) GWs by 𝜆H∕𝜒 . If the sum GWs were not allowable by
the GW dispersion relation, then GWs with the smallest allowable wave periods were excited instead.

We then ray traced the excited GWs into a thermosphere with an exospheric temperature of T = 1000 K and
reconstructed the GW field at z = 250 km. We chose to examine this altitude because it is the approximate
center of the 630 nm airglow layer, and GWs with |𝜆z|> 100 km can be detected in this layer. We found that
GWs with cIH ≥ 100 m/s propagated to z = 250 km. We also found that these GWs tended to arrive as wave
packets. However, except for those GWs with frequencies of 𝜔F , |𝛼|, and |𝛽|, this may have been due to the
fact that 𝜆z was discretized in our Fortran 90 model. If the sum GWs were allowed and the sum frequency
was less than the buoyancy frequency at z = 250 km, we found that the sum and highest-frequency contin-
uum GWs had much larger horizontal phase speeds and reached the observation site 50–60 min before the
fundamental GWs.

We modeled an ocean wave packet with 𝜏F = 20 min, 𝜆H = 190 km, 𝜒 = 50 min, 𝜎z = 1 m, and height
h0 = 1.9 m. The fundamental GWs had cIH = 158 m/s, while the sum GWs (with 𝜏Ir = 14 min) had much
larger phase speeds of cIH = 226 m/s. The highest-frequency continuum GWs had cIH = 160–220 m/s. We
found that the highest-frequency continuum GWs arrived at z = 250 km after the sum GWs but before the
fundamental GWs. At this altitude, T ′ ∼ 10, 8, and 5 K for the sum, highest-frequency continuum, and funda-
mental GWs, respectively. Therefore, although the fundamental GWs dominated the excited GW spectra, the
sum and highest-frequency continuum GWs dominated the thermospheric response with cIH ∼170–230 m/s,
𝜏Ir ∼14–18 min, and |𝜆z| ∼150–250 km. (Note that such large-𝜆z GWs can be detected, in principle, in
the 630 nm layer.) The sum and highest-frequency continuum GWs arrived at z = 250 km approximately
50–60 min before the fundamental GWs. In contrast, the difference GWs had cIH ∼96 m/s and 𝜏Ir = 33 min
and arrived∼2 h after the fundamental GWs with very small amplitudes. The continuum GWs had 𝜏Ir = 16 min
to at least 35 min, although T ′ was quite small for GWs with 𝜏Ir ≥ 30 min. Note that T ′ is proportional to the
height h0 (or the vertical velocity wocean) of the ocean wave packet.

We also found that T ′ was approximately linearly proportional to the Gaussian depth of the vertical body
force. Because typical tsunami amplitudes are a fraction of a meter to several meters on the open ocean
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[Salmon, 2014], we chose 𝜎z = 1, 2, and 4 m. For these values, the maximum T ′ at z = 250 km was T ′ ∼ 9, 22,
and 40 K, respectively, for an ocean wave packet with 𝜆H = 190 km, 𝜏F = 14 min, 𝜒 = 30 min, and h0 = 1.3 m.
(Because the GW response is linearly proportional to h0, T ′ would decrease by a factor of 2 for a smaller wave
height of h0∕2, for example.) We do not know which 𝜎z best describes the ocean-atmosphere interface for
these medium-scale ocean waves; however, we believe that 𝜎z = (0.5−10)h0 provides a reasonable estimate.
Comparison with 630 nm airglow observations may result in the determination of 𝜎z in the future.

We emphasize that the results for the same ocean surface waves but with smaller heights hnew can be trivially
obtained from the results shown in this paper by multiplying all GW amplitudes (e.g., T ′) by hnew∕h0. The
dependence of the GW spectrum on 𝜆H and 𝜆z would be unchanged for this new wave height hnew. Therefore,
all propagation times (into the thermosphere), phase speeds, distances traveled, etc., would be unchanged.
We emphasize that only the GW amplitudes are affected by decreasing the ocean surface wave height.

Finally, we found that it is necessary to include compressibility for calculating the GW spectrum excited by
high-frequency, medium-scale ocean wave packets. For packets with 𝜆H = 190 km, 𝜏F = 14–20 min, and
𝜒 = 30–50 min, the sum, highest-frequency continuum, and fundamental GWs had |𝜆z| ∼50–260 km at the
ocean surface, which did not satisfy |𝜆z| << 2𝜋. Thus, the Boussinesq approximation is not satisfied for the
GWs that are most important in the thermosphere. This is true in general for any lower atmospheric GWs that
can propagate to z = 250 km [Vadas, 2007].

An important conclusion of this paper is that if an ocean wave packet has a sum period ≥10–12 min, then
the excited sum and/or highest-frequency continuum GWs have much faster horizontal phase speeds than
that of the ocean wave, and thus reach a fixed latitude/longitude well before the ocean wave packet. This
effect may have already been observed; indeed, some “early” GWs occurred in the 630 nm airglow layer an
hour before the Tohoku tsunami reached Hawaii [Makela et al., 2011]. Although a tsunami does slow down as
it approaches land, this effect cannot account for this 1 h difference. Makela et al. [2011] considered several
possible explanations for these early GWs. The first was that they were caused by infrasonic waves generated
by the earthquake. This possibility was dismissed because the wave direction was incorrect. Additionally, infra-
sound waves have 𝜏r < 5 min. The second was that the tsunami itself created these early waves. This possibility
was dismissed because the available coupled GW/ocean wave models could not reproduce these early waves
[Occhipinti et al., 2006, 2008; Kherani et al., 2009]. (However, those models were steady state and assumed that
only GWs with frequency 𝜔F were excited by an ocean surface wave.) The third was that the early GWs were
created by ocean waves not included in the ocean models. From ocean buoy data, they discovered the
presence of high-frequency ocean waves which preceded the tsunami but which were not included in
the ocean models. Although they could not determine 𝜆H for these waves, Makela et al. [2011] tentatively
concluded that the early GWs might have been created by these early ocean waves. Given the fact that a
tsunami is a highly localized ocean wave packet, and that wave packets excite GWs with phase speeds much
greater than the ocean wave, we suggest the possibility that these early GWs might have been the sum and/or
higher-frequency continuum GWs excited by the Tohoku tsunami. Such “ultrafast” GWs may prove valuable
for early tsunami detection using this observational technique. Work is currently being done to determine
the thermospheric response to GWs excited by realistic tsunamis using the wave packet model presented in
this paper.

Appendix A: Special Cases of the Ocean Wave Packet Solutions
We now derive special cases of the ocean wave packet solutions derived in section 3.2. When k = l = 0,
the horizontal velocity perturbations decouple from the vertical velocity, pressure, and density perturbations.
Then the horizontal velocity perturbations are zero:

𝜉F(t) = 0, (A1)

𝜎F(t) = 0. (A2)

When k = l = 0 and f = 0, then s1 = 0. The forced solutions in this case are the same as equations (45)–(49)
but with the following substitutions: A → A′, B → B′, C → C′, D → 0, E → 0, F → F′, and G → G′ where

A′ = ( − 1)(
−𝜔2

2 + 𝜔2
F

) , (A3)
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B′ = ( − 1)
2
(
−𝜔2

2 + 𝛼2
) , (A4)

C′ = ( − 1)
2
(
−𝜔2

2 + 𝛽2
) , (A5)

F′ = 1
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, (A6)

G′ = − 
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(
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𝜔2

F − 𝜔2
2

) +
q2(𝛼)

2
(
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2

) +
q2(𝛽)

2
(
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2

)) . (A7)

For example, the scaled pressure perturbation is

�̃�F(t) = −
𝛿F̃zs

𝜒

{
A′ sin𝜔F t + B′ sin 𝛼t + C′ sin 𝛽t + F′ sin𝜔2t + G′ cos𝜔2t

}
. (A8)

Appendix B: Steady State Ocean Wave Solutions
For completeness sake, we now derive the f plane compressible solutions to a steady state ocean surface
wave that is modeled as a vertical body force. Special case solutions for this force are given in Appendix C. We
choose  to be a real function which oscillates sinusoidally in time for t = [−∞,∞]:

 (t) = sin(𝜔F t). (B1)

Here 𝜔F is the frequency of the plane ocean surface wave. The Laplace transform of equation (B1) is

 =
𝜔F

s2 + 𝜔2
F

. (B2)

We plug equation (B2) into equation (39) and solve for �̃� , 𝜉, 𝜎, 𝜂, and 𝜙 in a manner similar to that done in
section 3.2. The final steady state solutions for all time t = [−∞,∞] are

𝜉SS(t) = i𝜔F[g(𝛾 − 1) − ic2
s ms]F̃zs

{
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, (B3)

𝜎SS(t) = i𝜔F[g(𝛾 − 1) − ic2
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𝜂SS(t) =
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}
, (B6)
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𝜙SS(t) =
g(𝛾 − 1)F̃zs

c2
s

(
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where the subscript “SS” denotes the steady state solution, and where the time-independent coefficients are

M = −
(
𝜔2

F − f 2
)(

−𝜔2
1 + 𝜔2

F

) (
−𝜔2

2 + 𝜔2
F

) , (B8)

O = −
(
−𝜔2

1 + f 2
)(

−𝜔2
2 + 𝜔2

1

) (
−𝜔2

1 + 𝜔2
F

) , (B9)

Q =
(
−𝜔2

2 + f 2
)(

−𝜔2
2 + 𝜔2

1

) (
−𝜔2

2 + 𝜔2
F

) . (B10)

Equations (B3)–(B7) show that the frequencies of the GWs excited by a plane ocean surface wave include the
fundamental frequency 𝜔F and a continuum of frequencies.

Appendix C: Special Cases of the Steady State Ocean Wave Solutions
We now derive special cases of the steady state ocean wave solutions presented in Appendix B. When
k = l = 0, the horizontal velocity perturbations decouple from the vertical velocity, pressure, and density
perturbations. Then

𝜉SS(t) = 0, (C1)

𝜎SS(t) = 0. (C2)

When k = l = 0 and f = 0, then s1 = 0. The steady state solutions in this case are

𝜂SS(t) =
𝜔F F̃zs(
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where

M′ = − 1
−𝜔2

2 + 𝜔2
F

, (C6)

Q′ = 1
−𝜔2

2 + 𝜔2
F

. (C7)
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Appendix D: Modeling a Propagating Plane Ocean Wave
In section 3.2, we assumed a temporal dependence for the body force of  ∝ sin𝜔F t. For 𝜃 = 0, this can be
thought of as being created by two ocean surface waves traveling simultaneously in the+x and−x directions.
In order to create a single ocean surface wave using the solutions from section 3.2, we must linearly add the
solutions from two distinct phase-shifted forces. If a plane ocean surface wave has zonal and meridional wave
numbers k and l, respectively, where

k = kH cos 𝜃, l = kH sin 𝜃, (D1)

then its variation in time and space is proportional to

cos(𝜔F t − kx − ly) = sin(𝜔F t) sin(kx + ly) + sin(𝜔F tshift) cos(kx + ly), (D2)

where tshift = t + 𝜋∕(2𝜔F). Thus, the first force has spatial dependence Fz ∝ sin(kx + ly) and begins at t = 0,
while the second force has spatial dependence Fz ∝ cos(kx + ly) and begins at t = 𝜋∕(2𝜔F). Note that the
second force is phase shifted in time by one fourth of a period and is phase shifted in space by one fourth of
a wavelength.
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